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Abstract

In this article, a 4th order non-linear two-dimension evolution equation as a kind of
partial differential equations and its reduction is studied and solved by efficient approach
to get exact solution. This type of differential equations represents mathematical models
of various physical phenomena in the real world. The authors reduced the order of partial
differential equation by using inverse operator for the linear partial derivative with respect
to the time independent variable. Then the unknown dependent function u can be expressed
as infinite series. Two illustrated examples are introduced and the results show the proposed
approach is reliable, effective and direct so can be used to solve any differential equation.
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1. Introduction

Partial differential equations (PDEs) theory plays a central role within the
general advance meant of mathematics, since they help us to describe the
evolution of many phenomena in various field of science, engineering, and
numerous other applications [1, 2]. PDEs that contain unknown dependent
variable with respect to the time derivatives are said to be evolution equations or
nonlinear evolution [3]. Wave equations are PDEs involving 2™ derivatives with
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respect to the time independent variable (t). Such equations have been
intensively studied for the past decades. Several new methods either analytically
or numerically are available to solve in-homogeneous non-linear PDEs, [4, 5].

A mathematical model is a description of a complex issue that we may
encounter in our daily lives and is difficult to solve. It may be in the field of
medicine, the environment, biology, economics, and other different sciences. It
is explained through this model, which includes linear or non-linear equation
and mathematical symbols according to the type of system adopted [6, 7]. Its
purpose is to understand the issue, find appropriate solution, and analyze its
results. The primary aim of an ecosystem is to achieve ecological balance
through a series of continuous interactions between living organisms and their
surroundings, generating complex dynamics may be described as differential
equations [8, 9].

There are many approaches can be used to solve fourth order PDEs
specially evolution equation such as tanh-coth method [10], collocation method

[11], (G/Gz) expansion method [12], DTM [13], F-expansion method [14],

VIM [15, 16], Darboux Transformation [17, 18] and parallel processing
technique [19-22]. In this article, the researcher will be proposed a new method
to solve 4™ order non-linear, in-homogeneous PDEs and get reliable, efficient
and analytical accurate results. The following section articulates the steps of the
new suggested approach.

2. Suggested Method
Consider the non-linear, in-homogeneous 4™ order PDE as follows

(ulx, y,0) + R(u(x,y, 1)) + R(ulx, y,t)) = g(x,y,t) )]
For initial conditions:
kuxyt
T = ARGy, k=013 )

Where {(.) is a linear operator for the partial derivative of time t, and
defined as |(.) = 270

atn ’
nonlinear part, R(.): is the remained of the linear part, y and x are independent
variables for space. R(.) and X(.) are free order of partial derivatives of ¢t. In
suggested approach the unidentified dependent variable u(x,y,t) will be
defined as infinite series has the form

u(x,y, t) = uO(le) + ul(x! Y)t + uz(x' Y)tz +oee= Zf:o uk(x'y)tk (3)

16ku(x,y,t)
k! atk g )

n = 1;2;3,g(x,y,t): inhomogeneous part, X(.): a

where u(x,y) =

The components u,, (n = 0,1,2 ...) are calculated in the next step.
Rewrite (1) as the form:

Wux,y, ) = —Ru@,y, ) = R(u(xy,0) + gy, t) Q)
Taking the inverse operator {1 for each sides of (5), to get:

T (v 5 0)) = 1R + R +17 g (v, 5 0)] (6)
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u(y5t) - Tpob e O o iR + Nl + 1 g (s D] ()

otk le=o
Depending on (2) , can be get:
u@,x; t) = LiSp t“fie (v, 0) —1THR@) + Nl + 17 g (v, 0] (8)
In the follow we substitute (3) in (8), to get:

THRW) = 1 (REZo w0 D)) = Tig Ry, x)) o 7 (9)
Rewrite the nonlinear part N(u) in (8), as follows:
N(u) = X Nit” (10)
Such that
1 BkN(u(y,x,t))
Ne=o—G% o (11)
Hence
THN@W) = 1 e Net¥] = Zeg Nl M) = Big Ne o €7 (12)
Rewrite the inhomogeneous part as:
k
COxt) =T gy, x 0] = Tio g (13)
Where,
_ 1 6kG(x,y,t)
Ik = X otk =0 (14)
In the following step we substitute (9), (12) and (13) in (8) to obtain:
u(y,x,t) = Xils o fk(}’: x) — Y=o R(ur (¥, %)) (n+k), A
n+k tk
— 2k ()]\fk(nJrk),t + Xk=09k o (15)
Substituting (15) in (4), V j = n, to get:

1 dJu(xy,t)

weey) =50, =

19/ _ tk o k! ©
07 [ZRZ e G0 ) i = B0 iy (R (0, 7)) + MU + B gut*|
(16)

Since j = n, then
0 k<j

¢k k _
S e ] = 0 and e = e kxj
k—j)!
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Thus (16) becomes:
w(6,Y) = 5[~ T (R(uic (6, ) + N) oo £ 4
S0 GGy ¥ lemo (17)
u;(x,y) = % [— U;T)! (R(wj—n) + Nj_p) + gjgtk_f] (18)
Hence
500 y) = g;— L2 (R (wonCe) +Niw), =0 (19)

Final step, substitute (19) in (3) to get the result u(x, y , t).

3. Explanation Examples

Herein, two clearing examples for solving 4™ order non-linear, in-
homogeneous two-dimension evolution equation are presented by using
suggested method.

3.1 Examplel
Consider 4™ order non-linear, in-homogeneous PDE [20]:

Uy — OUUY, — 6(ux)2 + Uxxx +3Uyy =0,
With IC: 1,(y,%,0) = —0.5 esc? (£22) coth (L2)
It is clear that {(u) = %, R(u) = (uxxxx + 3uyy)» R(w) = —(6uuy, +

6(u)?), gy, 1) = 0 = Uy = 6UUy + 6(Uy)? — Upyrx — 3Uyy

From IC: ugy(y,x,0) = —0.5¢sc?0.5 (y + x)coth0.5(y + x) = u, =
csch?0.5(y+x)
2

Ugxx = Ugyy = icsch“O.S y+x) + icschZO.S (y + x)coth?0.5 (y + x)
Uggrx = —CSch*0.5(y + x)coth0.5(y + x) — %cschZO.S(y + x)coth30.5 (y + x)
Uogrrr = icsch6 (05 (@ +x)+ %csch4 (0.5 (y + x))coth?(0.5 (y + x)) +
%csch2 (0.5 (y + x))coth*(0.5 (y +x))

from (11), to get: —Ny = 6(UgUpyy + (Ugy)?)

Ny=6 E csch®(0.5 (y +x)) + %csch“(O.S (v +x))coth?(0.5 (y + x))]
R(up) = —%csch60.5 y+x)— %csch“O.S (y + x)coth?0.5 (y + x) —
%csch2 0.5 (y + x)coth*0.5 (y + x) — %csch“O.S y+x)— ScschZO.S (v +
x)coth?0.5 (y + x)

By (19), we have: u;,(y +x) = — (1)—i (R(uo (v + X)) + No)
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Uy (y +x) = —csch*(0.5 (y + %)) — 2csch?(0.5 (y + x) )coth?(0.5 (y + %))
= d[2csch?(0.5 (y + x)) coth(0.5 (y + x))| ; u; = 2csch?0.5 (y +

x) coth0.5 (y + x)

Uy, = —csch*(0.5 (y + x)) — 2csch? ((y;—x)) oth? ( Y+X))

Uy = 4esch*(0.5 (y + x))coth0.5 (y + x) + 2csch?0.5 (y + x)coth®(0.5 (y +
X))

Uixxx = —2¢5ch®0.5(y + x) — 11csch*0.5 (y + x)coth?0.5 (y + x) —
2¢sch?0.5 (y + x)coth*0.5 (y + x)

Ui pxxx = 17¢5ch®0.5 (y + x)coth0.5 (y + x) + 26¢sch*0.5 (y +
x)coth30.5 (y + x) + ZCSChZO 5 (y + x)coth®0.5 (y + x)

Also, from (11), N; = [ 6(Ulyy + (Uy)?)] = —6(UgUyry + Uy +

2Ugy lUyy) = 6 [E csch®(0.5 (y + x)) coth (0.5 (y +x)) + 4csch* (0.5 (y +
x))coth®(0.5 (y + x))] ; From (19); uy, (y +x) = — % (R(u (y +x)) + Ny)
x = %[—16csch4(0.5 (v + x))coth(0.5 (y + x)) — 8csch?(0.5 (y +

x))coth®*(0.5 (y +x)] — up, = %[4csch4(0.5 (y +x)) + 8csch?(0.5 (y +

x))coth?(0.5 (y +x))], andsoon, from (3): u = Xpou,(x, )tk
u=

%csch2 ((Y+X)) + 2tcsch? ( (y+ x)) coth ((Y+X)) tz—zl(élcsch4 (@) +

8csch? ((yzx)) oth? ((Y+X))) + - So u(y,xt)= %csch2 ((YH;—_M)) is the

exact solution. Some researchers solved this example and get approximate
solution see [15]. Others solved the example using more complicate method
such Herioto bilinear method [18, 19].

3.2 Example 2
Consider the nonlinear 4™ order non-linear, in-homogeneous PDE [20]
1 .
Ut = Uy = 5 (U) yx = Uyy — Uypxy = 0, with ICs:

u(x,y,0) = 6sech? (()%’)) and

2 ((x+y) (x+y)
u(x,y,0) = 24(\/_)5 ch ( N )tanh( N )
We used suggested method to solve the model equation. Firstly determine

T(U) tZ,R(u) — Uyy = Uxxxxs N(u) = _%(uz)xx ’ g(xv Y, t) =0
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— 1.2
= Uy = Uy + Py (U ) yx + Uyy + Uyxxx

From ICs:
Uy = 6sech? (0%7)), and u; = 24 (\/_)s ch? ((X\;'EY)) tanh (%)
Upx = Ugy = _—\gsech (( ‘/Jr_y)) tanh ((X}Y)) ; Ugxy = —bsech* ((X%Y)) +
12sech? (()%’)) tanh? (%) and so on
() = — 2 (R(uo(x, ) + No) =
—|—24sech* <(X;_y)) + 48sech? (( +y)) ( ) ]
Uy = Uy, = 12sech* (%) —24s ((X+Y)) ((X+Y))

o= ()0 (2 (2) () () e (52)
Uixxx =

—48sech® (()%y)) + 264sech* (()%y)) tanh? (%) — 48sech? (%)

tanh* (%) Now, should be calculate us(x,y)

) = (2 (S2) e (52) + o (52) et (42)

and so on, depending on (3), we have: u = Y5, u, (x, y)t*.
_ 2 [(x+y-2t)
u = 6sech (—ﬁ )
This is exact solution. Some researchers solved this example by more
complicate method such Herioto bilinear method [11, 21].

4. Conclusion

The precise solutions for 4™ order non-linear PDEs are of significant
importance for the explanation of some practical physical problems. The main
aim of this article is to obtain the exact solution of this type of PDEs. By
comparing the results in this article with the other research works, we find that
the most accurate solutions as well as the function solution in this article is more
general than the solution in the existing references. Because of not need any
restriction conditions unlike VIM, which required additional time to calculate
Lagrange multiplier and did not require further calculations like Adomian
polynomials to handle the nonlinear parts in the ADM. So suggested approach
can be used to solve any differential equations.
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