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Abstract

A modify approach for approximating an analytical solution of some PDEs with
fractional order is the Variational Adomian decomposition methodology (VIADM). We
provide several examples to support our conclusions. the results of the solutions process
showed that the suggested approach is highly simple, dependable, and effective. The
outcomes demonstrate the effectiveness and accuracy of current technology in solving a
variety of applied scientific nonlinear challenges. All of the calculations and visualizations
were done using the MATLAB R2024B software. In Caputo Sense, fractional derivatives
are mentioned. Additionally, a graphical representation of the solutions to a few cases was
created. Solution graphs are displayed for problems of both integer and fractional order.
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1. Introduction

Due to its focus on the study and use of differential equations and
derivatives of any order, the fractional calculus holds an essential place in
numerous domains. Fractional calculus may be seen as a topic that is both
ancient and new. It begins with a conjecture by G.W. Leibniz and L. Euler, who
proposed applying this connection to non-integer values of n. Historically,

* E-mail: huda.h.o@ihcoedu.uobaghdad.edu.iq (Corresponding Author)
" E-mail: dr .buthyna@yahoo.com
S E-mail: adil.r.a@ihcoedu.uobaghdad.edu.iq

© @ Taru PuBLicaTIONS


http://www.tarupublications.com
http://dx.doi.org/10.47974/JIM-2115

1138 H. O. ALTAIE, B. N. SHIHAB AND A. R. A. ALI

Locroix (1819) is the first derivative of arbitrary order to be discussed; J.B.
Fourier developed it. Furthermore, Abel used fractional calculus to solve an
integral equation, which was the first use of fractional derivatives. Liouville
tried to define fractional derivatives logically. Fractional differential equations
(FDEs) are a recent development that generalize PDEs. A variety of numerical
and analytical methods, including the ADM, HPM, VIM, SVIM, and others,
have been proposed to the results of fractional non-integer differential equations
[1-14].

2. Solutions of Differential Equations by VIADM
Consider the fractional differential equation as follows:
cDEy(r, ) + L(y(r, D) + Ny (1) = (1) (1)
Where, ch‘ is the Caputo fractional order derivative, L, N are linear

differential operator and nonlinear terms respectively, then Eq. (1) is given by:

Yus1(70) = YO, 8) + J3 A0, 5) [FDEYn(r,5) + LG (r,1))

NG ) — F(r5)] ds @
Then
Y1 (78) = Y7 8) + JE [A0r) (DE G 9)) + LGl 1)
NG 5) — 9 (Y] 3)
Yn1 (1) =y (1) —(B - D J{
[259:07,9) + L () + N, 9)) = g 5)] )

The unknown linear function y =Y, ¥, and N(y) = Y(y) can be

expressed by N(y(r, D)) =Y0) =X An st Ag=Y0o) , 4=

Y 00y A=Y 0o)yz + T20y2 0 A=Y o)ys + Y Go) yaya +

" ' 1 " 1 "
wy{ Ay =Y'o)ys + (; y3 +Y1YZ) Y'(vo) + ;3&2 y2 ¥Y' o) +
1 axsrmr . )
a1y o)

So, the iteration formula of Eq. (4) reduces to:
yn+1(4ﬂ'§) = yn(/r’!t) - (ﬁ - 1)]?

FI

[0, 9) + Lm0, ) + 3% Ay — g(r,9)].

3. Applications and Results
3.1 Example: (1) Consider advection partial differential equation of the time
fractional as

Dy +y@N e —e—et?=0,>0,0<a <1 (5
With ¥(2,0) =0 ©)
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Solution: By using FVIADM to find the solution of Eq. (5), the iteration
formula is given by:

9% dyn(o,
Yns1(@ D) = yle, ) - J <myn(9, ESACE) % —(e+ 9$Z)> ds

(7
Applying the Adomian polynomials for nonlinear term of above equation,
then Eq. (7) becomes:

B o
Yne1(@ 1) = Yo, ) — [ (myn(e, $+XiZo Ai—(e+ 952)) ds
By using FVIADM, starting with y,(o,t) = 0, then
¢} a
Ynr1(@)) = (@D + @+ 01D — I On 3D —F G

_ 1@ gat2 I 1@ +2
V1 (Q; Q =0 (r(a+1) r(a+3)) =e r(a+1) te I'(a+3)
3 @ 942 Pere2a) 4T3+ 2a) 392
y2(0,t) = ¢ (r(a+1) r(a+3) r(1+a)2r(1+3a) r(i+a) r(3+a) r(3+3aq)

4I(5 + 2a) 39+ )
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Figure 1
The approximate analytical solutions of y; (wWhere x = 0.25 (left ), x =
0.5(right))
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Figure 2
The approximate analytical solutions of y, (x = 0.25 (left),
x = 0.5 (right))



1140 H. O. ALTAIE, B. N. SHIHAB AND A. R. A. ALI

3.2 Results and Discussion

The following Figures present the approximate analytical solutions and
absolute error at @ =0.5, 0.6, 0.8 and a = 1. Here, we use some terms to
approximate the exact solution, the proposed method FVIADM has a high
convergence order and higher accuracy we get. All the approximate results on
the Graphs have shown are much closed and explain the reliability of the
present technique as shown in the following figures 1, 2, and 3.
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Figure 3
The absolute Error of y; — y,
3.2 Example: (2) Consider fourth-order fractional singular PDEs:
% (e oy _ oty _
Tt () S5 =0 0<e<1,t>0 1<as<2z ()
With y(p,0) =0 —sinsing, 0<p<1
3—3; (0,0) = —(p —sinsing), 0<p<1
Andy(p,0) =0, y(,t)=e* (1 -sinsinl), t >0
aZ—y(Ot)=0 az—y(lt)=e‘tsinsin1 t>1
agz ) ) agz ) )
Solution: By applying VIM, Eq. (8) can be expressed as:
0% (ot) a* n
Yrs1(0,6) = ya(o,t) = (a = JE [0 1 T (1 4 ) | ©

Then

3%yn(ot) | 3*yn
Yus1(@,8) = yale, D) = (@ = DJE [F222+ Do (14 2—) | (10)

sinsin o

o P Q _ * __ \00 * _ Q
YiZp Al=_ o=y y =XiZo YA =g
_ Q _
4, = ZSL'nsinQ’A2 =2
* 1 * * *
Where, y = 0, y*= s Vi= o+t + ) e v ys +

sinsin o
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Ao =Yo¥o = Gromgs A =WYoot Yoyi =2 s A2 =2 Yoy +
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Show the approximate analytical solutions of y4
0.0025 0020
s —_—a=1.5 0018 a=15
VW a=16 0016 X a=16
e " a=17 N a=17
A 0014
A a=18 — a=18
00015 — a=19 e a=19
N — a=2 0010+ = a=2
02 o o6 o8 o ¥ 02 ] o8 08 KD
Figure 5
Show the approximate analytical solutions of y,
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Show the absolute Error of y; — y,



1142 H. O. ALTAIE, B. N. SHIHAB AND A. R. A. ALI

3.3 Results and Discussion

Figures 4, 5, and 6 present the absolute error at various values of a =
1.5,1.6 ... and 2 . Here, we use several terms to approximate the exact solution.
The proposed method FVIADM has a high convergence order and higher
accuracy. The approximate results on the graphs shown are very close and
explain the reliability of the present technique.

4. Conclusion

When dealing with specific processes, differential equations are important.
Nonlinear partial differential equations may not necessarily have analytical
solutions. In this example, we use a semi-analytical approach to provide series
solutions. The solutions to these difficulties are sought as a series. Identifying
the series from initial conditions serves as the foundation for semi-analytical
approaches. As a result, I must perform a convergence study of these strategies.
Some semi-analytic approaches can achieve extremely good convergence with
only a few arithmetic operations of the series, but further arithmetic operations
may be required to improve convergence for larger problems and analytical
solution.
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