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Abstract

In this work, we derived two new mathematical concepts in |[-topological spaces with
significant effects on topological concepts, which are (-focal nested set, [-focal ingrained set),
and were constructed based on the grill and its properties. The most important properties of
both were highlighted by providing various examples and an intensive study of their shared
and interrelated properties.
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1. Introduction

The topological mathematical concepts of various types (interior, exterior,
bounded, closure,) appear in multiple forms depending on the topological space
or the shape of the space. Many scientists and researchers have studied these
properties in various spaces such as metric spaces (X, d)and prximity spaces
(X,68), which is a bold generalization of metric spaces and is considered a
qualitative leap in scientific research, especially in its applied field, as defined
by Riesz in 1909 [1]. These concepts have also been studied concerning
i —topological and [ —topological space particularly in relation to adherent
points, which were termed by the local function defined by Kuratowski in
1933[2]. Then, the researcher Yazi studied it concerning the ideal proximity
space, and specific mathematical concepts emerged, which he referred to (focal
and nested) [3]. The researcher Ali studied the concepts occlusion set via
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i — open set [4], while the researcher Raghad moved on to study local functions
in spaces proximity, which introduced new concepts as well as follower set,
takeoff set, sporadic family [5-8]. From here, the work became parallel and
coordinated to extract and derive concepts, and this research specialized in the
concept of focal sets.

2. Basic definitions and concepts

Definition 2.1: [6] Let [ is a family of a non-empty set in topological space is
called a grill if satisfies two conditions: 1.$ € [ andS € RS K = R € [2.
if SURE [for§,R € K,thenS € [orR € [

Definition 2.2: Let [ be a grill define on a nonempty set X , the binary relation
= defined on K as follow: S= R ifandonlyif(S—R)UR—-S) €[.

Example 2.3: K={sr,¢} and [={K {1 {0n¢}) S={s) R={s.1}
S$= Rbecause S —R)UR-9) ={s}—{srH) ulsr3-{H=1{} ¢ [

Definition 2.4: Let [ be a grill, a [ —topological space on X is a family T, of a
subset of X that satisfies the conditions:

. K@ E€eT.

2. Every J S Ty, there exist E € T suchthat UJ = E.

3. Every U,E € T, there exist H € Ty such that J n E = H.

4

Ty N (PEGO\J = {2}

Definitions 2.5: Let KEL be [ — topological space. Then, KEL is called

advanced [ — topological space if it is closed under the intersection.

Definition 2.6: [7] A binary relation § defined on the power set of X is called
proximity on X if and only if it satisfies the following axioms:

1.  SOR implies R6S

2. SURGE ifand only if SOE or R6E

3. SO6RimpliesA # @and R # @

4. SNR# @ implies S6R

5. S6R implies there exists a subset [J of X such that S5UJ and ¥ — SR .

The pair (K, §) is called a proximity space.

Proposition 2.7: [7] Let (K, §) be a proximity space then:
1. IfROE, then SOE where R € S.

2.  IfROE, then R6H where E € H.

3. IfRSE, then R6H where H C E.
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Definition 2.8: The quadruple (KEL,S ) is called [ —topological proximity

space where KEL is a [, —topological space and (K, ) is a proximity space.

Definition 2.9: Let KEL be a [ — topological space, then a subset S is named a
J,—focal set of a point k € K ,if there exist U € T;(k) such that J = $. The
system of all [ —focal sets of point % is denoted by [s(k) = {S ck:3Ye

Example 2.10: LetX = {s5,1,¢},T; = {0, K {5, 1}, {5, ¢}} and [ = {K, {s}. {5, 1},
{5: (f‘}}:TL(s) = {K ’ {SJ I'}: {5: 9}}5TL(I') = {K ’ {$' r}}sTL (g) = {K' {5: C}} > P(K) =
{0, {3 {3 {c) {s, 11 {r b {s, 1} s (9) = L6 () = Le(©) = {{s}. {5, 1}. {5, ¢} K 3.

Theorem 2.11: Let XLTL be a [, — topological space and A,B € X , then each
of the following properties are holds:

1. Forevery A € T(x), then A € [s(x) and @ & [¢(x).

2. IfA € fs(x) thenX — A & [s(x).

Tig.
Proposition 2.12: Let XJ;- L‘,i = 1,2 be a [, —topological spaces such that TZJ;z is
finer than T, Lo [ 1is finer than [;, then:

L. L§T2L2 (X) s LéTl_ﬁ (X)
2. L2§T2L2 (x) L1§T1£1 x).

Definition 2.13: Let ( KEL ,6 ) be a [ —topological proximity space then a point
k of K is called a [ —nested point of a subset S of X if there exist a proper subset
U of K such that Y € Tg(k) and J 6 §.

The set of all [ —nested points of K is called a [ —nested set denoted by
Np,($) = (k€ K:3K # U € T;(k), U5 S},

By example 2.10, § is proximity define by: SSRV S # 0,R # @ except
the relation :{s}6 {r, ¢}.{r, ¢}6 {s}, {536 (1}.{r}6 {s}.{536 {c.{c}6 (53, $ =5,
Ny, (§) = {{s. 1} {5, 63}

Proposition 2.14: Let (K?; ,0) be a [ —topological proximity space and let
S,R € K, then each of the following properties are holds :
I SCR thenNy(S) € Ny, (R)

2. Ny nR) < Ny (§) NNy (R)
3. Np(®UNp(R) =N (SUR)



1176 M. K. KAREEM AND L. A. A.JABAR

4. If§ €Ty, then $ S Ny (5).
5. Np(® cs.

Definition 2.15: Let (Kgﬁ,é) be a [ — topological proximity space, then
kin K is called an ingrained point of a subset U of % such that [J € T;(k) and
USRS

The set of all ingrained points of X is called an ingrained set denoted by
Cr(§) = ke ki VK # U € Ti(D, US K\ 5).

By example 2.10, § is a proximity define by: S6 RV S # @,R # 0 except
the relation : {s5}6 {r,chir.c}6 {s}. {536 (rL.U}6 {s}{s}6 {c}.{c}o (5}, $=
(51ARS = {6} G, (9) = 0.

3. The [ —focal nested set
Definition 3.1: Let (KEL ,0) be af — topological proximity space then a point

k € K is called a [ —focal nested point of $ S K if and only if there exist
U € [5(k) is a proper subset of K,k € U such that J § $. The set of all [ —focal

nested points of a set § is called a [ —focal nested set and denoted by N; ’ (5), i.e
N, ($) = {ke Kt 3Y € LR, U8 S} where [ (k) = {U € [5(), k € U},
o k¢ NL§(S) ifand only if VK # U € [s(k), U $.

By example 2.10, § is proximity define by: SRV S # @,R # @ except

the relation:{s}6 {r, ¢}.{r, ¢}6 {s}. {536 {r}.{r}6 {5}.{5}6 {c}.{c}6 {5}, S ={(s}.
N, (§) = {{s} {5, 13, {5, 61}

The relation between the two types of [ —nested set is discussed below

Proposition 3.2: Let (KLTL,6) be a [ — topological proximity space then
NT;(S) c NJ;§ (S)for each subset S of K.

Proof: Let k € NTJ;(S) by definition 2.14 3 kK # U € T;(k), such that UJs § and
by theorem (2.12 part (1)) we have U € [¢ (k), hence k € NL§ (9.

The converse of above proposition is not necessary true by example 2.10,
§ is proximity define by: SSRVS+#0,R+@ except the relation

{536 (r, eh{n 636 {s}, {536 (1.U30 (530530 {c}.{c}6 (s}, $={s}, Ny (=
{513 {5, SILNL () = {53, {5, 13 {5, 631Ny () € N, (5) but N (5) & Ny (5).

Note 3.3: Let (KEL , 6) be a [ — topological proximity space and S € K, then
for some k € $, N, ($) < VU efs®:USK,Uss}.
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Proof: Let k€ NL§(S) such that k€S, so 3K #[ € [s(k),JdSand by
definition (2.6) k € U, hence k € U{U € [s(k): Y S K, 5§}

The converse of above in bot necessary true for example: let ¥ = {s, 1, ¢},

T ={0.5{s} {3} L ={& {1 0L s 1) G563 (n a3 e = {0} 5.1 {63 K,
6 is proximity define by: SSRVS#0Q,R# @ except the relation

{36 {5, M5, 3 (13, (30 LS (o {33 (1}, $={0 N9 =
sl iuisuing =k €N, (5.

Remark 3.4: Let (KEL ,0) be a[ — topological proximity space, then we have
the following features of [ —focal nested set:
LN 5 (S) is not necessary [ —clopen set in general, By above

example, [5(5) = {{s}, (5,13, (. ¢ &} S = (1}, Ny () ={13 €T and
not [ —closed set.
2. It is not necessary that I}IL§(S) C S in general, for example: let K =

e T =046 53 =K sniaha)l o
={{s,¢}, K}, & is proximity define by: SERV S # @,R # @ except the

relation :{s}6 {r, ¢}.{r, ¢}6 {5}, {536 {1}.{r}6 {5}.{s36 {c}.{c}6 {5}, S = {5},
N, =16 E 5

3. IfS= NL§(S) is not necessary § € T; , By example in note 3.3 [¢(¢) =
{5 KL S ={s 11N () ={s1} = SbutS €Ty

Proposition 3.5: Let (Kgﬁ ,0) be a [ — topological proximity space such that
S,R € K then each of the following are holds:
1. IfS < Rthen I}IL§(S) c Nﬁé(R).

2. NS R) S N () NN (R).
3. NS UR) = N, (9) UN,(R).

4 Ny® e (N, )
50N, @=0

Proof:
1. Let k€ NL§( §), so there exist U € fs(4),Jd$ but $CR, then by
proposition (2.7 part 2) J § R ,hence & € I}IL§ (R).
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2. Since $NRE §by (1) N, ($NR) € N,(5) and SNRESR by (1)
NJ;§( SNR) < NJ;SS(R)theH, Ng§( SNR) < Nj;é( SN NJ@(R)

3. Since $ € $URby (1) N($)SNL(SUR) and RE SURby (1)
N, (R) € N, (S UR)then, Ny () U N, (R) € Ny, (SUR). Conversely,
let k& € NL§( $ U R),then there exist Y € [¢(k),k € U such that Y& SUR,
hence by definition (2.6 part (2)) we have J § $Sor U 6 R and from that

4. Let k€ NLSs(S)' if possible that % & NL; (Ngé(S))' then for each | €
£s($), U(STNLSS(S) but k£ €U, kSI}ILSS(S), k¢ NL§(S) which is a
contradiction , thus & € N(NL§( S)).

5. If not, 3k€ Nﬁé((é), then there exist U € fs(k) such that U & @ this
contradiction NJJ;; (@) =0

6. If S=0 &N£§(®)=® so @ = SQNL¢(®)=®' If $#0,s0 3k€
S,but $6Sand § € Ty(k),s0k € I}ILSS(S).

The converse of (1) is not necessary true for example: let X = {s,r1,¢},

T ={0.{3 0} [={& {6 n e} L@ = {013 (¢} £},
6 is proximity define by: SSRVS+#0,R# @ except the relation

{36 s.h{s130 (¢}, {6 L6 {chis}o {chic}o {535 = {1}, R ={c},

Also the converse of (2) is not necessary true because By example 2.10, &
is proximity define by: SSRVS#@,R#*@ except the relation

{136 {5, 6305, 36 (1}, {536 (11030 (5136 (1} (1}, $ =051 R=1{r.¢},
SR = (3. Ny, (5) = Ny, () = {5}, .13, {5, 63} = Ny, (5) 0 Nyy (RN (5
R) = {51} € Np,($) 0 N, (R)but Ny ($) 0 Ny, (R) € Ny, (S 0 R).

The converse of (4) is not necessary true because by above example,
5= 00N, = (5,53, Ny, (N, 9) = {H 5.1 b5, 3} and N, (N 5)) ¢
NJ;§(S)~

Corollary 3.6: Let (KEL ,8) be advancef,— topological proximity space, then

T,
Proposition 3.7: Let (KLL‘ ,6) i=12beaf— topological proximity space,
if [, is finer than [; then I}IL1§( S)c Nﬁzgs( S) for each S of K.



FOCAL NESTED SET 1179

Proof: Let k € Nﬁlé( $) so there exist Y€ [;5(k) such that Y& $, by
proposition (2.13) U € frs(k)andJ § Ssok € N£2§( S).

Proposition 3.8: In [ —topological proximity space (KEL ,0), NL§( S) # @ for
each [ —focal proper subset S of K.

Proof: Let § is a [[—focal proper subset of K. Then § € [s(k), thatis, $ & §,
thus S € NL§( S), hence N£§( S+0

Proposition 3.9: Let (KEL,S) be a [ — topological proximity space and
S € T((k) V k€ K then:

LU AN($) SN (SN ).

2. Y Ny (HENL(SNY).

Proof:

I Let reUnNy($) =reland reNy($)IHET(), HS §. By
proposition 2.14 part 5, NTJ;(S) c S, thenr €S, thatis,r€ (HNUYNS).
By Definition 2.6 part 4, HSU N Sthusr € NTJ;(S ny).

2. by(H U n NTJ;( S) c NTL(SD U ) and by proposition 3'3NTL( SNy) c
NL(SNULU NN () SN, (SNY)

4. [ —Focal ingrained set
Definition 4.1: Let (KEL ,0) be af — topological proximity space then a point
k € K is called a [ —focal ingrained point of $ € K if and only if for each
U € [s(k) is a proper subset of K,k € such that J 6 K — $. The set of all
[ —focal ingrained points of a set S is called a [ —focal ingrained set and denoted
by G, ($). 1€ G (9) = (k€ K: 3Y € [;(h), USK\S) wherefs(8) = (U €
Ls(), ke U}

By example 2.11, § is a proximity define by: S6 RV S # @, R # @ except

the relation: {s}8 {r, ¢L{r,¢}6 {s}, {536 {rL{r}6 {s}.{s36 {c}.{c}6 {s}. $ = {5},
K\ = 11,6}, G, () = {5}

Remark 4.2:

Lo RN K\ S) = G ($)
2. N (R\$) =K\C, (5).
3R\G(R\S) = Ny (5)
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Proof:

1. ke K\Ng§(K\S) K if and only if k ¢ NL§(K\S) ifand only if VK # U €
£ (k) such that Y& K\§ if and only if k € CL; (S.

2. ke NTﬁ(K\S) if and only if k¢ K\NL§ &\S) = CL; (S) by above 1
k¢ Cgé(S) if and only ifk € K\C£§(S)'

3. ke K\CL§(K\S) if and only if k & CL§(K\S) if and only if 3K # U €
Fs(k) such that Y § K(K\S) = § if and only ifk € NL5§ (.

Proposition 4.3: Let (KEL ,0) be a [ —topological proximity space, then
CJ;§( S) € CTL( S) for each subset S of X.

Proof: k € CJ;§( S) ifand only ifk € K\Nﬁgg (K\ S) if and only if k & NJ;;s X\S)
by proposition (3.3) k ¢ N, (K\S) then k € K\NT;(K\ S) thenk € CTL( S).
The converse of above proposition is not necessary true by example, let

K={sr1¢ T =0.K {350 [={&K6L L 6.0 In g} L)
={{s}{s, 1}, {5, ¢}, K}, & is proximity define by: SGRV S # @,R # @ except

the relation : {136 {s5.¢}. {5,636 {1} {36 (1} {36 (s} {36 s}, {36 {1}, $ =
o BS=03) G ={669} ¢ @=L ¢ ® <

G1,($) but Gy, ($) & G (5).

Note 4.4: Let (KEL ,6) be a [ — topological proximity space, then CJ;Ss( S) cu
{U efs00,USK\S ke s}

Proof: Let k ECL§(S) VK =#U €[s(k) such that [ SK\S, UNK\S=
9 =1 <€ $butk € Y hence,keu{y €fsk),JdK\S ke S}

Remark 4.5:
L. G 5 (S) is not necessary [ —clopen set in general. By example in definition

4.1 G, (5) = {s} & T and not [ —closed set.

2. It is not necessary that CJ;§ (S) € § in general. By example in proposition
43 CL§($) 5.

3. IfS= CJ;§(S) is not necessary $ € T; . For example, let K = {s,1,¢},
T ={0.6{s 0} [=K 60 51 5.6 n 3} () = {511, K}, 6
is proximity define by: SSRVS#0,R+ @ except the relation

{e)6 {s,rhis 136 {c}, {36 (1. {c}.{s}6 {c}.{c}6 {s}. $S={s71}
RS =1{¢}, ¢, ={51} =5but5 & T
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Proposition 4.6: Let (KL'FL ,0) be a [ — topological proximity space such that
S,R C X, then the following are holds:

1.

If § € R then 1. ($) € Gy, (R).

2. Cgé( SNR) = CL§( SN CL§(R)-

3. If (K", 6) be advance, then G, (SUR) = G, () U G, (R).

4 6, (5,(9) S 6,9,

5. Cj;§ @ =0

6. If@+§ € T(k),then CL§(K\S) C K\S.

Proof:

1. ScRif and only if K\R € K\ § by proposition(3.5 part 1) NLSs(K\R) c
N, (&K\$) if and only if K\N; (K\$) < K\N,(K\R) if and only
ifC_[;§ ® < G ®B).

2. ke CL§(S NR) if and only if k€ K\I}%(K\Sﬂ R) if and only if
k¢ NL§(K\ SNR) ifand only if & ¢ NJ;§ (K\S U K\R), by proposition(3.5
part 3) k ¢ ((Nﬁé(K\ SHu NL§(K\R))if and only if k ¢ N£§(K\ S)and k ¢
NL3§ (K\R) if and only if k € K\Nj;sg(K\ S)and k € K\NL§ (K\R) if and only
ifk e CL§( S)and k € CLg(R) if and only if k € (CLg( SHn CJ;SS(R)).

3.

Since S€ SUR so by 1 CL§(S) ECLE’g(SUR) and RS SUR so by 1
GRS C(SUR)  we get that G (5)UC,R)SC (SUR).
Conversely, let k£ € C£§( S UR) ifand only if k € K\N£§(K\ SUR) ifand
only if k & NJ;§( K\ SUR) ifand only if k & NL; (K\S N K\R), by corollary
(3.6) k¢ ((NLg(K\ SHn NLSg(K\R))if and only if k€ NL§(K\ S)orkg
NL§ (K\R) if and only if k¥ € K\NL§ (K\S)ork e K\Nﬁsg(K\R) if and only if
ke CJ;§( S)orke Cﬁé(R) ifand only if k € (C£§( SHu C£§(R)).

ke CJ;§(CJ;§( S)) if and only if k€ K\I}Iﬁé(K\C%( S)) if and only if
k€ R\N, (K\K\N;, (K\ $))if and only i k€ K\Ny, (N, (K\S)) k¢
N£§ (N£§(K\ S)), by proposition (3.5 part 4) then k¢ NL§(K\ S), k€
K\N B\ $) = G, ($)

If not, 3k € (,@((Z)), then there exist U € fs(k) such that U SK\Q=
X this contradiction CJ;§ @=0

S €Ty (Mby proposition (3.5 part 6),SC N, (5), $ESK\GK\S),
G, (K\$) S K\s.
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Corollary 4.7: If'S is [ — closed then CL; S) cs.

Proof: k € S,k & K\S, K\S € T;(k).K\S < NJ;§ (K\ S)by proposition (3.6 part6),
KN, (K\$) €K\ (K\$) =5, 0, (9 €5

T(,
Proposition 4.8: Let (KJ;‘ ,6)i = 1,2 be a [ — topological proximity space,
if [, is finer than [; then CJ§1§( S)c CL2§( S) for each § of X.

Proof: Let k € CL1§($) if and only ifk € K\NL2§(K\S) if and only if k &
N, (K\S) by proposition (3.9) k € N, (K\S). & € K\Ny , (K\$) = G, (R)

Proposition 4.9: In [ —topological proximity space (KEL ,0), CLé( S) = @ for
each [ —focal proper subset S of K.

Proof: If possible CL§( S)# @, then 3k€ CL§(S) and VK # 1] € [s(k) such
that Y& K\ S and this means J N K\S = @ by proposition (2.12 part 2)
K\U €& [s(k) and § < K\U, hence $ & [s(k) which contradiction because § is
a [ —focal set.

Proposition 4.10: Let (KEL,(S) be a [ — topological proximity space and

S € T;(k) then:

LU nR\G(K\$) SK\Cr(K\SN ).

2. U NR\G(K\S) SK\GL(K\SNY). G () = (keK: VK= Y€
Tp(k), Ud K\ §}.

Proof:

1. Let reUnK\Cp(K\$) =1 € Yandr € K\Cp (K\$), thus r¢& CTL(K\
$), 3K # U € T((k) such that JJSK\S. By proposition 2.7 part 1,
USE\SNY) | thatis, 1 & Gy, (K\S N U), thus 1 € UK\Gy, (K\S N ).

2. Bypart()Un K\CTL( K\S) c K\CTL( K\S N U ) and by proposition (3.3)
K\, (K\$ N U) € K\G, (K\SN ), U nK\Gr (K\S) €
K\GL, (K\S N ).

5. Conclusion

The researchers concluded in this study that it is possible to connect the
[ —Focal set concept with the [ —Nested set concept based on proximity space,
thus finding new concepts similar to the previous ones. The [ —Focal Nested set
contains the [ —Nested set, and the [ —Focal nested set does not necessarily have
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to be an [ —open or [ —closed set, as explained in Note 3.5 (1). Additionally, a
complement can be found to define the [ —Focal Nestd set, which can be
observed in Note 4.2.
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