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Abstract

This research introduces the concept of an orthogonal set and explores the idea of
orthogonality within the setting of a vector metric space. In addition, we provide fixed point
theorems for the proposed concept and provide illustrated examples to demonstrate that our
conclusions effectively generalize existing findings in the literature. In addition, the primary
results are utilized to establish fixed point solutions for orthogonal in vector metric space. In
addition, a unique and specific solution was created for the orthogonal shape in the vector
space that we mentioned earlier. Finally, a solution to a problem was discovered through
practical application.
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1. Introduction

The Banach contraction principle, a well-known theory among
mathematicians, is of great importance in analysis and in the field of fixed-point
theory. This fixed-point theorem is widely applied in fields and has been
extended in several ways [10]. One common way to improve Banach contraction
principle involves replacing a space that specific public space. Civic and Alton
introduced the concept of vector space, which researchers have thoroughly
explored and has led to significant results. [1, 2, 3, 7, 15]. Gordgi discusses the
concepts of orthogonal sets and orthogonal metric spaces in [5]. This study aims
to introduce the concept of orthogonality in sets, specifically in the context of
vector metric space. It explores the idea of the equivalent of a vector metric
space within orthogonal sets. Let E be a Riesz distance and F be a non-empty
set. A map < :FxF—E named vector or E-metric over F where its satisfies: [3,
13]:
a) o (€ _(1),,€ (2))=0ifandonlyif € (1)=k (2);
b) o< (I _(1)I€_(2),)2c (1 (1), _3 y+oc (1€ _(2),I€_3).

For each I€ (1),,€ (2),J€ 3€F. The triple (F,x ,E) is referred to as a
vector metric. A generalization for a metric is vector metric. The following
statements apply to all arbitrary elements ¥ (1), € (2),k€ 3,F€ 4 in a vector
metric space.

o _(1)I€_(2)=0;

i) o (I _(1)J€_(2))=eC (I _(2).J€ _(1));

i) [oC (FE_(1),I€_(3))-oC (I _(2).I€_(3 ) (1€ _(1).J€_(2) );

iv) e T(HC_(1 )€ _(3 ) ) (I€_(2 )LE_(4 ) )z (I _(1 )IE_(2))
t (€ _(3),I _(4)).

Civic and Alton introduced the concept of vector space. Many researchers
have extensively explored this topic yielding results [2, 5, 12].

Furthermore, the Banach contraction principle has been extended in ways,
such as incorporating metric spaces. These spaces are characterized by the
definition of an orthogonal relationship with a given set and are shown to be
complete when any orthogonal Cauchy sequence converges. This property
makes it valuable for studying fixed points and contractions. [11]

The latest research seeks to add to existing studies in this field by delving
into the properties and uses of vector spaces and their corresponding
counterparts in groups. By undertaking this exploration, our aim is to provide
perspectives on the concepts of fixed points and contractions, within these
extended spaces and thus advance our understanding of mathematical
frameworks.
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Many researchers have discovered ways to improve on the Banach
contraction principle by replacing area with metric space. Civic and Alton
introduced the concept of vector space, which gained the attention of many
scientists and led to remarkable discoveries. [3, 7, 9, 14-17] and [18], [19].

If E is Riesz space & & non-empty set. A map & F X F — E is called
vector metric (or E-metric) on  if:

a) & (I€,,[€,)=0iffl€, =IE,;
b) & (€, ) <& (€, I€;) +& (€, , IE,).

For each €,,[€,,[€; € §. The triple (&, &, E) is referred to as vector
metric space.

The following statements hold for all arbitrary elements €, , €, , €3, €, in
a vector metric space.

i) & (€,[€;)=0;

ii) &(fépféz)z&(fézjéﬂ;

i) |& (€, 16;) —& ([, [€3)| <& (f€,, [Ey);

iv) |& (€, €;) —& (I, [E,)| <& (€, €, ) +& (€5, FE,).

Definition 1.1: [7] A sequence (f€,} in (&, &, E) is called vectorial converges
(E- converges) to some I€ € E, if there is a sequence {§,,} in E such that $,, 1 0
and & (€, [€) < §,, for each n.

Definition 1.2: [7] A sequence {I€,} in (§, &, E) is E-Cauchy where there is
sequence {I€,,} in Es.t {I€,}| 0 & & (€, fénﬂ,) < $, forevery n & p.

Definition 1.3: [7] Each E-Cauchy sequence in § is E-complete where its E-
converge to limit in § .

Definition 1.4: [6] If§ #= @ & L S § X § is binary relation. If L satisfies

If there is €, € ¥ sothat (VIE, €F,IE, LI, )or (VIE, €F,IE, L
I€,), it is known as an orthogonal set, or simply O-set. This is called O-set by
& L.

Definition 1.5: [8] Suppose that (&, 1) is an O-set. An sequence {I€,]} is
orthogonal if (Yn € N, i€, L I€,,; )or ((Vn €N ,I€,,, L IE,).

Definition 1.6: [4] A map &: ¥ — & orthogonal continuous in € € & if for O-
sequence {,}pey in § s.t [€, - € then P(I€,) —» P(f€). Also, P is O-
continuous on § if its O-continuous at all [€ € & .

Definition 1.7: [4] Let (¥, L) is an O-set. A mapping &: ¥ — § is O-preserving
if PIE, L PIE, where [€;, 1 IE,.
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2. Main Results

This section contains the key outcomes as well as more definitions and
properties

Definition 2.1: A map &: § X § — E is called vector metric on an orthogonal set

(&, L), if:

i) & (fél,l%z) = 0iff [, =, for any points I€;,[€, € F such that
€, LI, andI€, 1L I€;;

i) &(€,,[€,) <& (€, ;) +& (I€,,[€) for any point [€,,[€,,[€; €
& such that 1€, L €,,[€, L€, and €, L IE;.

here orthogonal set & denoted by (&, X, L) and named orthogonal vector metric
space.

Definition 2.2: A mapping P:F - § in (& &, E) is O-preserving if there is
sequence {[€,} in E s.t PIE; # PI€, whenever €, 1 €, and & (I€,, €,,,) <
., for every n and p.

Definition 2.2: A mapping P: & — & in orthogonal vector metric space (§, &, E)
is called orthogonality continuous (O-continuous) in I € § if for each O-
sequence {F€,}ncq such that I€, — €, then P(I€,) » P(I€) Also, P is O-
continuous on § if P is O-continuous in each € € §.

Theorem 2.3: If § is O-complete orthogonal vector metric space with E is
Archimedean and P:& — § is an O-preserving and O-continuous mapping so
that

& (PIE,, PIE,) < 2 & (I€, E,) )
for all I€, ,[€, € ¥ with [€; L F€, wherever 7 € [0,1).
So & have a unique fixed point €* € § & & (€], I€;) = 0.

Proof: According to the definition of orthogonally, there is [€; € & such that
for every I€, € &,[€, L€, orforevery I, € §&,I€, LIE,.

It fOllOWS that I'El 1 P}Fél or Pfél 1 I'Fél. Let I'El = Pféo, féz =
PIE, ,i€; = PE,,...,[€,,, = PIE,, whenever n€ N, since P be aO0-
preserving and E Archimedean then {I€,,} is an O-sequence .

Then, by (1), we get

& (PIE,, [€,41) =& (PIE,_4, PIE,) < 2™ & (I€,, E,).

Foralln € N.Foreachm > 1and p > 1 it follows that
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& (I"ém+ﬁ: I:‘ém) <& (I’ém+ﬁ' I"ém+ﬁ—1) + & (}’ém+ﬁ—1v I"ém)
& (Fémﬂi' m+ﬁ—1) + & (}~€m+ﬁ—1ﬂfém)
< (Fémﬂit I:\ém+ﬁ—1) +& (}Em+ﬁ—1' I:\émﬂ?—z) + & (I'Aémﬂi—z' ITém+ﬁ—3) + et
+& (I’ém+2r I’ém+1) +& (}’ém+1' I"ém)
< 7ML & (1€, 1) + 2P 2 & (I€,, IE,)
4 gm+D-3 (Fépféo) 4t
+Zm & (€, 16)) + 2™ & (€, E,)
< (FMAPTL 4 gmAP2 4 gmAp 3 4 gmtl 4 gmy & (6, 16))
S % & (I'Aél, }Eo).
Using the limit as m — oo, we get lim & ([€,,45,1€,,) =0
m-&

Now, since E Archimedean, so {f€,} be a E-Cauchy O-seq. and O-
complete, there is I€; € F. So that €, » € asn > &. Since P isO-
continuous we obtain

PIE* = P(lim,_s €,) = lim,_& PIE, = lim,_ I€,,, = €*

Hence F€* fixed point for P.

Assume I€; € ¥ fixed point for P. So we obtain P I€* = [€* and PI€; =
IFEVE forl n € N. According to the definition of orthogonally, there is I€; € § so
that [[€; L [€" and [€; L €] or [[€* L [€;and €} L [€,]

Since P is O-preserving, hence [P"€; L P"I€* and P"i€, 1 P"I€5] or

[P"I€* L P™€, and P"IE, 1 P™E,] foralln € N . therefore,
& (Ie}, I€;) =x (P"I€; , P"IE,) =& (PMIE; , PME,) +& (PME, , PMIE})
< & (16,16, + 2" & (€, €}).

Taking limit as n —» &, we obtain & (IFEVI, I-Eé) = 0,50 €} = I€5.

Theorem 2.4: Assume that (§,&) is an O-complete orthogonal vector metric
space and P:§ — § is an O-preserving and O-continuous mapping such that

& (PIEy, PIE,) < Zmax{ & ([€,,I€,), & (€, PIE,), & (I, PIE,)  (2)
for all f€,, €, € & wherever 0 < Z < 1.so P have unique fixed point [€* € F &
& (€, 1€) =0

Proof: According to definition for orthogonally, thus there is [€; € & such that
for every I€, € §,I€, L I€, or forevery I, € §,I€, L I€,.
It follows that [, L PIE, or PIE, L I€,. Let €, = PIE,, €, = PIE,,
[€; = PiE,,...,I€,,, = PIE,, for n€ N, since PisO-preserving & E is
Archimedean then {I€,,} is an O-sequence. Then, by (2), we have
& (@n+1' fén) =& (P}Aénﬁpfén—l)
< zmax{& (I€,, €,_,), & (€, PIE,), & (f€,_,, PI€,_1)}
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< Zmax{& (€, €, 1), & ([, , 1€,,1), & (f€,_1, [€,)}
< Zmax{& (I, [€,_1), & (f€,, €, 1)}.

If for some n,max {& (I€,, €, 1), & (I, €,11)} =% (€41, 1€,), we
have

& (}En+1' I'en) SIX (}€n+1'fén) <& (fén+1' I:én)
which is contradiction.
Thus, max{& (€, €,_,),& (€, €,,1)} =& (€, €,_,) foralln > 1.
Again, we have
& ([€,41,1€,) <2 & (€, [€,_,), we obtain
& ([, €,) < 2" & (€, I€) 3)
foralln > 0, m,n € N with m > n, we have
& (6, ) <& (B [6rmy) + & (Brs, )
= & (}’én: I:‘€n+1) + & (fén+1r I"én+2) +& (3n+2r I"ém)
<& (fénv I:‘én+1) + & (fén+1! I"én+2) +& (I"én+2: I:‘€n+3) +oe T+ (I:ém—l' I"ém)
From inequality (3), we get
6& (I’Aén, }Em) S ZTL 66 (I’Aél, I'Aéo) + Z’TH-l ’Ov( (Itél' }Eo) + Zn+2 ’Ov( (}Aél, @0) +
+2m7 & ([€,,1€) < 2"(1+ 2" + 2% +-) & (€, [E))
= =
= E X (I’€1, }60)
Since Z € [0,1), m,n — & and according to the above inequality that
limﬁ‘m_,go X (I‘Aén, }Em) = 0
Therefore, {f€,,} is an E-Cauchy sequence.
Since § O-complete, there is [€* € § so €, » [€*asn » &. As P is O-
continuous, one write
PIE = P(imfE,) = limPR, = lim &,,, = €.
n,—» n-& n-&a
Therefore, F€* is fixed point. We show that I€;, # I€; € § as fixed point of
P. So, we obtain P"I€; = I€; and P*E; = [€;. By the definition of
orthogonally, there is [€; € § so that [I€; L }’é? and [€; L fé;] or [}’éi’{ 1
[, and I€; L IE,].
As P is O-preserving, we have [P"I€; L P"IE; and P"I€; L P"IE;] or
[PME; L PMEE, and PMIE, L PMIE,].
For all 7i € N, then we have
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s (€, 16) =x (PG, P"iE3)
< 7man( (€5, 65, % (16, PIES) & (16, PIES)
(% (16, 1), (1€, 16, (1€, 1)
& ()
<& (I€}, 1€3)

It is a contradiction, we obtain & (}E*, 2) =0.

Corollary 2.5: If (§, &) is an O-complete orthogonal vector metric space and
P: ¥ — & is an O—preserving and O—continuous mapping so that
& (PiE,, PIE,) < z2max{ & (f€,, PIE, ), & (I€,, PIE,)}

for all 1€,,1€, €F wherever 0 <2 < 1. hence P have unique fixed point
Eegax(€€)=0

Example 2.6: Consider § =L, Given &:FxF - R as & (€, [€,) =
R I
|Zn:1(}€111€2) 2.
Define (1) on § by I€; L IE, iff €, = I€, or €;, €, > 0. Then (§, &) is
an O-complete orthogonal vector metric space. Define the mapping P:F — &
Ta E,
by P(RE) = {=2}.
Let I€,, €, € Fwith €, L IE,.
l. lffél = I"éz, then
& (PIEy, PIE,) =0 =

1 ~ ~ ~
~ & (P, PIE,)

is satisfied.
2. ifI€;, €, >0, then
1
Fin  Fon
& (PR, P3;) = S, (B - B2

- [z (@)zf

= % [Z;?:l(}Aéln - ITéZn)z]%
1 _ —

=7« (1, f€2)

3. Application
The aim for this part is to utilize theorem (2.4) to explore existence &
uniqueness for solutions of a Fredholm integral equation. We put a space C(I)

for continuous map. defined over I=[0,1] , equipped with a orthogonal vector
metric space given as
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& ([€,,1€,) = |I€,(F) — [€,(B)|, forall I}, €, € C(D)
This space may be alternatively endowed with orthogonal given as
E,l€,ec(D)IE, L€, & €, <I,.
Now, let's examine the following integral equation of Fredholm type:
€. = fol k (t, s, [, (f)) ds forallt,s €[0,1] 4)
Where k € ([0,1],R).
So (§, &, E) orthogonal complete vector metric space.
Theorem 3.1: For 1€, €, € ([0,1], R). Assume
|k (t,s, fél(f)) +k (t, s,}~€2(f))| < 7|, (B) + e, (D)
forallt,s €[0,1], when Z € [0,1).
Then (4) have unique solution on the interval [0,1]
Proof: Define P:§ — & is given by P(€,()) = folk (t, s, fél(f)) ds for all
t,s €[0,1].
So existence for fixed point over operator P same as existence for solution

of (4)
Thus, [, < 3,, €, L€, and t,s € [0,1]. We obtain

a(PlEy, PIE,) =  |kIEL(D), kIE, (D)
=1k (65, ®) = k (6,5, By(®)) ds|
< Jy [ (&5 ®a®) =k (£.5,8,(D))| ds

< 2 [J|&,(®) — (D) ds

< 2(&, (D) - €, (D) [ ds
2 & (€, 1)

Hence P has a unique solution on [0, T].

IA

4. Conclusion

The idea of an orthogonal vector metric space, which is based on a fixed
point of an orthogonal set, has been described in this article, and various fixed
theorems have been proven in this space. Ultimately, our findings show that has
unique solution for Fredholm integral.
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