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Abstract

In this article, we introduce a tripled G,-cyclic mapping in Ps-dislocated metric space,
and we prove some convergence and best proximity point theorems by using tripled G,
cyclic mapping.
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1. Introduction

One of the most important theorems at the beginning of the 20th century
happened around 1922; this theorem is known as Banach's thesis [1]. Since this
theorem has many applications, many researchers have been interested in
expanding and developing the fixed point (F.P) theory. [2-25] Keeler and Meir
[4], they proved Banach's theorem via M-K contraction. Also, proved that a
unique F.P of M-K contraction in metric space. After that, many authors worked
on this concept, as Basha, Sadiq, and Jeyaraj [5] studied some theorems of best
proximity points (B.P.P) for types of -cyclic mappings. In 2013, Karapinar,
Kumam, and Salimi [6] introduced the definition of a--M-K contraction maps.
Many others offered various modifieds of the concept of M-K maps in multiple
metric spaces [7-9].
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Definition 1.1: The non-empty set A, and the function dps: A X A X A = R is
defined as Ps-dislocated metric if there is ®: R* —» R* a continuous function
such that ®(t) <t,Vt€ R*and ®(0) = 0 exists V a,z ¢ € Athe following
conditions hold:

1. 1Ifdpg(a,ze) =0 then a=z=¢
2. dps(a,a,2) =dps(z,2,Q)
3. (LP§(CK!Z'€|) < CD(CLPg(q' %1{) + cLPg(Z ,Z,U') + CLPg(eu € LO) VLKE A

The pair(A, dps) is defined as Ps-dislocated metric space. This is an
example of this metric.

Example 1.2: Let A =R, dps(q,7,€) = max{|a—5|,|z7 — 5/, | — 5[}, for all
a,%6€A.
Example 1.3: Let A =R, dps(q, 7€) = laJ +[z| +¢* is not Ps-dislocated
metric space
Definition 1.4: [4] A pair of mappings T:S — E and J:E — § is said
1. Kps-cyclic map if there exists kK < i such that
dps(Ta, Ta, Fb) < k[dps(a,a, Ta) + dps(h, b, F)] + (1 — 2K)dps(5, 5, ),
for a€S,h€EE.
2. Cpg-cyclic map if 3k < %such that

dps(Ta, Ta,Fh) < k [dpg(a, a,Fh) + dps (b, b, T)| + (1 — 2K)dps(S, S, E),
for a€S,hEE.

We also recall M-K mapping. 9: [0, 0) — [0, o) is said to be M-K mayp if,
Vg >0t 863> 0suchthat, Vt € [0,0)withg <t<g+J5— 9() <g.

2. Main Results
In this section, we give a tripled Gpg-cyclic mappings, and we prove
convergence and best proximity theorems in P§ —dislocated metric space.

Definition 2.1: Let S and E nonempty subsets of A. A mappings T:S — E and
F:E — § are tripled-Gpg-cyclic between $ and E if there is a stronger M-K map

Y:[0,0) - [0,%) in A such that for a € S,h €E,
des(Ta, Ta,Fb) — deg(5,5.E) < ¥ (des@a b)) [Ges(a a,h) — 2dpy (5,5, B)]

(1)
When,

Grs(a,a,h) = s max {dps(a,a,b), des(a,a, Ta),dps (b, b, F), des (3, , F), de (g, b, Ta)}:
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Lemma 2.2: If T and ¥ form a tripled-Gps-cyclic mapping. Then there exists
(ay) in A s.t.
limn—mo clng(a\n' an, 21n+1) = CLPg (S' S' E)

Proof: Let 2,1 = Taypand ay,45 = Fagneiforeachn € No . So,
q}i’g (a2n+1v A2n+1 e\2n+2) - q;Pg (Sl S: E) = dng (Taan Taan fa2n+1) - q)Pg (S; SJ E)

< ¥ (dos(Bzm Azn Aons1) ) - [Ges(@zns Bzm Aznea) — 2de5 (5§, B)] @)

Ges(azn Bzns Azns1) = 3 Max{dps(@zn Azns Azn+1)s A (@zns Az Tazn),
CLPg (@zn+1a2n+1,Fazn+1)s cLPg (azns azn,Fazn+1), (LPS (@zn+1,a2n+1, Tazn) }
= ~max{dp;(azn Azn Azn+1)> o5 @zn Az Azns1)s dos(@zns1s Azns1s Aznsz),
dps(@2n, Q2n Az2n+2)> des(@2n+1) Q2n+1r Aone1) }
< max{q,ps (@zn, 32ns A2n+1)s vag(azn' A2, A2ns1)s dps (@zn+1, A2n+1, A2n+2)s
@ (dps(@zn A2ns A2n+1) T des(Qzn A2ns 3zn+1) + dps(@2nt2, A2ne2 A2ne1))s
CLPg(alanr Q2n+1 A2ns1) )
Since ®(t) < tand dpg(a,a,€) = dps(€, €,a). Then
< imax{d&’s (azns 3zns A2n+1)) ‘14)5(5\211: Az, A2n+1)) (LPS (azn+1, A2n+1, 3zn+2)s
dps(@2ns Azns A2n+1) + dps(@2n, A2n A2n+1) + dos(@ane 1, A2ne1r Azne2)s
d;l’g (@zn+1, 32n+1 A2n+1)
= 2 max{dp; (azn Azn Azns1)> A5 (@znse 1 Azne1r Aznsz))
Gos(Azn Bzms Azns1) < > Max{dpy (B2, Azns Azns1)s Ips @znes Aznrts Aznsz))
Ges(@zn Azn Azns1) < 5 max{dps(@zns Azn Azns1)s dpsn1 Azns1s Aonez)}
Gos(azns A2ns Azn+1) < 2 Max{dps(azn, A2ns Azn+1)s Aps (Azn+1s Aznss Azns2) )
3)
Taking into account (2) and (3), we have that for each n € N.
dps (zn+1 A2n+ 1 A2ne2) — CLPg(S' S E)
< ¥ (des(@zn Azn Azn41) ) - [Gos@zns Azns Aznst)

— 2dp(S, S, E)]
< max{dps(azn 42n A2n+1), dps(Qan+1, A2n+1, A2n+2) }
- d.ePg (S' S' E)

And
CLPg (a2n+1: An+1s e\2n+2) - d:Pg (S: 5, E) < q:Pg (aan A2n, a2n+1) - dzPs (S' S' E) (4)
And for each n € N
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CLPg(aZn' Q2n Aon+1) — CLPg(S' SE)= QPg(Fazn—pféhn—p Tagn) — d.ng(S' S,E)
< ¥ (des(@zm Azn Azn-1) ) - [Gs(@zns Azms Aznt) = 20os (5,5 B))] (5)
Ges(@zn Azns Azn-1) < 5 Max{dps@zns A2n Azn-1), dps @zns Azns Aznsa)s
dps(azn, A2, 32n-1), Aps (Azn, A2n A2n), dps(Q2n-1, A2n-1, 2n) +

dps(az2n-1, 32n-1, 42n) + des(azn, d2n, A2n+1))}

< = [max{dp; (zn, Azn> Azn-1)> dps(@zn, A2y Azns1)} +

max{dps(a2n, 2n, d2n-1), dps(Azn, A2n, A2n+1) +

max{dp; (azn, d2n, zn-1)> dps (Azns Azns Azn+1)}]

< 2 [max{dps(@zns Azn Azn-1), dog (B2 Azn Azns1)) (6)

Taking into account (5) and (6), we get that for each n € N

dps(azn A2ns Azna1) — dps(5,5,E) < ¥ (dfg(am_l. Azn-1, a.Zn))'
2[max{dp(azn-1, Azn-1,32n)> s (@zns Azn Azns1)} — des (5, S, E)]

< maX{CLPg (a2n—1f A2n-1/ a\Zn)f C‘.«Pg (a\an A2n, ax2n+1)} - d:Pg (Sr S' E) (7)
And so we conclude that

CLPS (e\Zn' 2n a\2n+1) - d.«Pg (S: S, E) < q;Pg (E\Zn—li A2n-1 e\Zn) - q;Pg (S; S E) (8)
Generally, by (4) and (8), we get that for each n € N

dps(@n+1An+1s8nsz) < dps(an, an, an+1)
Aoy (@1 Ansrs Anez) = dog(5, 5, E) < ¥ (dpg(@n an ner))-

2. [dps(an, an ant1) — des(5, 5, B)]
Thus, (a,) = (dps(an, n, an+1)) is decreasing and bounded, and hence, it

is convergent. Letlim,_,o, dps(an, an, an+1) = g, = 0.1i.e.,
9 < dps(an A Ans1) < G+ 9 ©)
And hence: llu(d_npg(an; an, 2%n+1)) = ]/guav nzn. (10)

Now,

dps(@ns an, Ans1) — dps($, S, E)
< ¥ (des(@n-12n-1.20) ) - 2 [dps (@n-1 n-1,20)
- CLPg (S! S, E)]

q:Ps (3171' an, am+1) - q:Pg(S! S' E) < Zyg,' [d.«Pg (am—lﬁ An-1, an) - (LI’g (S' S' E)]
< (2]/9,)2' [d:Pg (an—Z! an-2, a\n—l) - q;-Pg (Sr S! E;)]

continue, we have
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< (Zygu)n_m. [d_,p§ (anc, Adne) ana+1) - CLPg SS, E)]
Since Yq, € [0’1)a then we get lim,,_,o, dﬂ’g(an' an, an+1) - dng(S' S, E) = 0.
lim dpg(an, an, an1) = des(5, 5, B).

Theorem 2.3: Under conditions of above lemma. If agniq = Tagpand agnes =
Faons1-Suppose that (ay,) has a subsequence converging to a €S such

that dps(a,,a,a) < dpg(S, S, E).Then a is best proximity point of T.

Proof: 1f (azy,,) converge to a €. So,dﬂas(a\zﬂk_l, a2nk_1,ank) converges to
dps($, S, E). Now,

dps(Q2n, A2nr Ta) = dpg(Ta, Ta, azn,) = dos(Ta, Ta, Fazn,-1)
< ¥ (des(a, 2, 2n,-1) ) [Ges (@2 Azn-1) — 2deg(5, 5. B)] + diy(5, 5. )
<y [Ges(a, a0 Azm 1) = 2dpg($, 5, )] + dis (5,5, B) (an
Grs(a,a, Azn—1) = 3y max{dps(a, 2, azn,-1), drs (a2, TA),
des(Azn, -1 A2ny-1 A2n,. ), os(A A Azny,)s dos(Azn-10 A2mye-1, TA)

1
= E max{zd{’g(%' a, E\an)dePg(E\an—l ’ a2nk—1! E\an)' dPg(qr a, TEO'

dps(Azng-1> Azng-1- Azny ) s (A0 A A2y )» 2dps(Azng—1) A2ng—1) A2ny ) +
2dps(Ta, Ta, Azn,,) + 2dpg(a, 3, Azn, )}
< dps(a, a azn,) + dps(Azny A2ng Azng-1) + dps(Azng Azn, TA) (12)
By (11) and (12) we get
dps(Azng Azne TA) < Vg [Grs(@ &) 2ng—1) = 2dps($, S, E)] + dps (S, S, E)
des(S S, B) < dpg(azngazn, Ta) < 1%’% [des (2. azn,)

1

+dps (Aznye Azng Azn-1)] + 1__1 % ey (S, S, E)
When k > 0, dp($,$,E) < dpy(a,a, Ta) < If;’;g[dys(a,aua) +
Qrs(5,5, )] + 12 Ay (5,5, )

< Ttdes(S5 D))

Then, dps(a,a,Ta) = dps($, S, E).Then a is a best proximity point of T.

3. Conclusions
In this article, a generalize of tripledGps-cyclic mappings introduced and

convergence and best proximity theorems in Pg —dislocated metric space are
showed
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