Journal of Interdisciplinary Mathematics
ISSN: 0972-0502 (Print), ISSN: 2169-012X (Online)
Vol. 28 (2025), No. 3-B, pp. 1117-1124

DOI : 10.47974/JIM-2088

Build new operator using cluster system

Mustafa Hasan Hadi *

L.A. A. Jabar’

Department of Mathematics

College of Education for Pure Sciences
University of Babylon

Hillah

Iraq

Abstract

The new (-operator construction procedure is centered on the cluster system. Some
features of the (j-operator without conditions have been examined in this paper. Specific
requirements must be met in order to gain specific qualities. Additionally, we introduced
a few theories that connect the ideals of (j-operator and [-operator. Additionally, we
demonstrated the degree to which the mtnet-work influenced the (j-operator’s characteristics
and established an equivalency between them. This study refers to a space (V, J) that has a
cluster system [ on V as [ topological space, which is represented as CSJS V7.
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1. Introduction

Many researchers and those interested in the field of mathematics have
tried to develop new and advanced concepts of operators through which they
provide a broader topology than the usual one and compare them in terms of
construction and properties, with or without any conditions. Among these
scientists is Kuratowski [1], who introduced the definition of ideal space in
1966. In 1947, Choquet [2], introduced the idea of grill space, and each of them
developed a deeper and broader topology by building families for these
definitions. A new idea for grouping sets in topological spaces was presented by
Matejdes [3] in 1984. He named it a cluster system which is a non-empty system
of the form [ € 2V/{@}, and 2V is the power set. He examined some of its
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features and used it to define an operator on the set Z, which he named the -
operator. Using the [-operator under specific circumstances, Thangamariappan
and Renukadevi [4] provided a more comprehensive explanation of topology in
2015. If 7 = Int5(CLx(2)) is called regular open [5]. By CLx(7) and Int5(2).
represent the closure and interior of subset 7 in (V, ), respectively.

There are three portions to the work: The analysis of the main traits of
the{ -operator is covered in section 2. The most significant aspects of the newly
defined operator, which we named the £g-operator, were presented in section 3.
In section 4, we use a condition 7rnet-work in V to show a few characteristics.

2. Preliminaries

First, we need some concepts and basics in terms of theories, definitions,
and ideas, which are considered the basic foundation from which we will start
our research, and we will address them briefly.

Definition 2.1: [4] Let V{' be a CS3S . So | satisfy the:

i)  Satisfy I, if py, py € fsopy Ny € f.

ii) Satisfy H, if for any ¥ € Jyand,BSVIpn €[ 3 n S ¥N(ZUB),s0
IpLm € 2 p S¥NZorp, SNNB.

Definition 2.2: Let W? be a CSJS. So | satisfy the property C whenever
@+PcZandZ€f soPef.

Definition 2.3: [2] Let V? be a CSJIS. So | satisfy the property stack whenever
Zefand7 <P, soP €.

Definition 2.4: [6] Let W? be a CS3JIS. And 7SV, we define f(Z) =
{(vEV:VNE I Ine S 31 NNZ), is called f-operator of 7. In other word:
1) vef@iffvReIyInefann(V-®nD)=0.
2) vel@iffaNeIyVrREfapn(V-®nD) =0

Example 2.5: Let V= (—,0) with I={V,0,(-,s):s €V} and | =
{(q—1,w):qez u{0}} . If 7=[-55-45]U(-2,-1). So f(@ =
[—1,0]. Where Z~ is a set negative integer.

Proposition 2.6: [6] Let V? be a CSJS. The following hold. For 7 , ¥ C V
a) [(@)=0.

b)  [(2) is closed.

©) CLy(D=25(.

d) IfZcKsof(Dci@®.
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Proposition 2.7: [4] Let V? be a CSIS. Any 7 € V. The following hold:
D J@=201F@.

2) Iff,and [, are a cluster system on V and {; € {,,s0 §1(D) € [,(D.
3) Rnf@END =8Nl cf@ZnH),ifNES.

4) ForanyE € [, Int5(E) # @, , so CLx(Int5(2) 2 § (D).

Proposition 2.8: [4] Let W? be a CSJIS. The properties hold, for 7, B € V.
i) Iff issatisfy H. So
D f@ZUE) =@ USE).
2) §Z-B-fE =5 -fE <fZ-5).
i) Iff is satisfy C, so [(2) = CLy(2).
iii) Iff issatisfy I,s0 f(ZNE) = (2 n [(E).

Definition 2.9: [6] Let V}' be a CS3S. For any Q,K S Vifevery g # Q€ S,
and@#Ke€IJIIE€ [2EC Q CK,sof mnet-work in K.

Proposition 2.10: [4] Let W? bea CSIS. Any 7 € Vand Q € J then:

1) f amnet-workin Q if and only if {(Q) = [(CL5(Q)) = CL5(Q).
2)  CLx(Intx(D) < f(2), whenever | a wnet-work in V.

3) fU@) =, whenever | mnet-work and Ints(n) # @,V € |.
4) (V) =Viff{ mnet-work in V.

3. The New £;-Operator

Our investigation will require some crucial properties associated with the
study of the concepts [-operator. Through which we will build a new topology
that is broader than the original topology.

Theorem 3.1: Let W? be a CS3S, s0 d—f()Nf(a—[(d)=0. Forac
V.

Proof: Let ve[d— ()N (d—T[(d)] so x€[d—F(d)]Axef[d-
f(0)], we have ve(f(d), so IVEI VL Ef3[V-UN ] Nnp, #
@..(1). Now, vef(a—1[(d), we get VWEI, A, €fap,n[V-
(VN @—-(3))N] =9, we have 1, N [V—(Vn(anV—(()))] =0, so
tN(V-—Unad))cmn[V-UnanV-F(38))] =09, therefore p, N
(V—(WUn 3)) =0... (2). Contradiction by (1).

Theorem 3.2: For every v EV, XSV and [, ={{ S V:v e} is a CSIS on
(D IfveénN
Viso f, () = {CLS({vD Ifvex
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Proof: For any v €V, if v ¢ ¥, and it was |,(¥) # @,i.e. there p € [,(N),
therefore, for any Fb € 3y, there E € [, 3 v € E € b N K, then v € N, which
runs counter to the hypothesis. Suppose that, for v € ¥, p € [,(¥), then for any
Ve S(,,), there, E € fv 3 v € E €V NNXN therefore v € V, in a different sense
p € CLy({ v}). Conversely if p € CLy({v}), then every V € 3y and V N {v}
non empty, so v €V, and {v} € VN¥ ,this is accurate, providing us with
pEf,(M.

Theorem 3.3: Let V? be a CS3IS. If § is satisfy the property stack and any p &
f,s0f() =0.

Theorem 3.4: Let W? be CS3S. If { satisfy the property H. And 0 €V so, the
two that follow can be compared.

1) Ifanf(d) =@.Then, (3) = 0.

2 f(o-f(d) =0

3) (0 =f(anf().

Theorem 3.5: Let W? be a CSIS and any 0 S V. If | satisfy the satisfy H, the
stack property and Vp € §, then f(dup) = () = (0 —p).

In this theorem we will introduce the equivalent definition of the 7 net-
work which we will use to prove many fundamental facts and theorems.

Theorem 3.6: Let V}' be a CSIS. Equivalent sentences.
1) [ isnnet-work in G, for M € J/{@}.

2) Every M € 3/{@}, then M C f(M).

3) f(V)=V.

Definition 3.7: Let V? be a CSIS. An operator {r: 2V > I is defined, any
7SV, 6@ ={veV:aU eIy, VRefan g UNV -}

Remark 3.8:

) veEliffIVeI,Vre fannV-(UNV-2)) =0.

i) ve@iffvu ey Ine fapnn(V-(Unv-2))=0.

i)y €@ =V-fV-2.

V) f@=V-¢v-2

Example 3.9: Let V = {¢,¢,, ¢33 with | = {{¢1},{¢5}} and I = {V,0,{¢,},
{¢2},{¢1, ¢;} }. Then the operator #;(2), for 7 <V is: £p({¢1}) = {¢1, ¢},
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Fe:D) = {¢,}, L({es}) = {e2} £ ({e1, €21 = {¢4, €2}, €y ({¢1,d}) =V, £r({¢2,
¢z} = {¢:}, (V) = V.

Now we will review the important characteristics of the research in the
theory below. ﬁ;-operator that work unconditionally and which in turn will be
essential in the proof of the fundamental theorems.

Theorem 3.10: Let 3? be a CSJS, for any 7 € V. Hold the following:
D G@ = G @) it GV -7 = f WV - D).

2) ﬂ[(V) =V.

3) If7cS,s0 ﬂy(Z) c Q’y(S).

4) VeI, soV (V).

5)  £7(2) is open.

6) £;(0 2 Inty(D.

7 #5,(0 € &y (O, whenever [, € f,.

8) Ifg+@cX,thenfp(QUYD 2QUE(D =Q@UL(QUD.
9 LD < (D).

10) IfVE €, Inty(E) # @,, then Int5(CL5(D)) < &5 (D.

In the following note, we will present the properties that work on certain
basic satisfies, and we will also show that without these satisfies these properties
do not work by creating some examples.

Remark 3.11:
1) By theorem 3.1 show that. ZU (V = £;()) U 5 (z u(v- fZ;(Z))) =V.
AnyZ7 € V.

2) By remark 3.8. It is clear that. Then ;(@) # @. By example 3.9 and
£ (@) = {13.

3) If § satisfy H, so #@ZNE)=£€ (D NL(E). Every Z,ECV. The
condition cannot be removed. Let V = {¢,,¢,,¢5} and J = {X, @, {¢4, ¢5}}
with y = {{¢1, ¢3}' {¢2' ¢3}}' If Z = {¢1}' E = {¢1' ¢3}’ where Q’Y(Z) =
{6625, €)=V, Then €(ZNE)=25(0) NE(E) = {6163} But
cluster system | does not achieve the satisfy H, because if M = {¢,} ,
K ={¢;}and E = {¢,,¢3}, then ECVN(MUK) ,butVNMand VN K
does not contain any of the elements |

4) If § with satisfy 1, so £;(ZVE) = £;() U £ (E). Every Z,E S V. The
condition cannot be removed. Let V = {¢;, ¢,, ¢33}, I = {V, @, {¢,, ¢35}, {¢3}}
with | = {{¢y, ¢,}, {¢2, ¢33}. If 7 = {¢,} and E = {¢,} where £; (D) = {¢5},
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ﬂy(E) = Vand ﬂy(z UE) = V. Then ﬂy(z UE) = ﬂy(Z) U ﬂy(E) = V. But
[ is not satisfied by cluster system |

5) If { with satisfy H, Then () —£;(E) = £;(D — (Zy(W -(@Z-E)c
e [Q,’f(V — (Z—E))]. Any Z,E € V. The condition cannot be removed.
Let V = {¢1,¢;,¢3} and I = {V,0,{¢;, ¢33} with | = {{¢1, ¢5},{¢2, ¢33} If
7={¢,¢;} and B={¢,}, ﬂy({¢1,¢2}) =V, ﬂf({(tz}) =@ with
Ci({ez,¢:) =V, If V—[¢(V—{e.))] =V —[¢({¢z¢:D] =0. So
£y(D —Lp(E) €V — [ng(w -7 - E))]. But H is not satisfied by cluster
system {.

6) If { has satisfy C, so Int5(2) = #£;(2), every 7 S V. The condition cannot
be removed. Let V = {¢y,¢,,¢3}, 3 = {V,8,{¢,}} with [ = {{¢y, ¢33} If
7=1{¢y,¢5}, also £;({¢2,¢:) =V and Int5({¢, ¢3}) = {¢,}. Then
ﬂy (7)) # Int5(2). But C is not satisfied by cluster system .

4. mNet-Work via The £;-Operator

Through which we show that this satisfy is necessary to obtain new
features and without it we cannot obtain them.

Theorem 4.1: Let V? be a CSIS and @ + 7 €V, is closed. Then { mnet-work in
V —2iff 4D = £ (Int5(D) = Int5 (D).

Proof: =);(Int5(D)) =V = f(V—Int5(2)) =V - f(CLy(V—-7)), then
Z;(lntg(Z)) ={¢;(2). (From proposition 2.10, 1). Now, Int5() =V -

CLy(V—27) =V —[(V -2, we have £;(Int5(D) = £; () = Int5(). (From
Proposition 2.10,1).

&) Since, (D) =Int5(D iff V-f(V-7 =V—-CLy(V-7) iff
f(V—-2 = CL5(V —7) ,then [ mnet-work in V — Z.

Theorem 4.2: Let W? be a CS3S, then {s() < Int5(CL5(D)), Whenever §
nnet-work, for 7 < V.

Theorem 4.3: Let V? be a CS3S, Iy (ﬁy(Z)) = ¢ (), whenever { mnet-work
and Int5(E) + O VE € [ for7 € V.

Remark 4.4: The example demonstrates that Theorem 4.3 fulfill cannot be
dropped.

Example 4.5: Let V= {¢,¢,, ¢}, with [ ={{¢;},{¢:}}, I={V,0{¢.},
{¢23, {¢1, 6,3} If 7= {¢;}, then [(V) #V. And ¢ (ffly({(h})) =f({¢e,}) =
{¢1, 623
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Theorem 4.6: Let VF be a CSIS. L(D) = D iff § mnet-work in V.

Theorem 4.7: Let V? be a CS3S, for any S € V. If | is satisfy satisfy H and
satisfy stack. Equivalence below in points.

1) {is mnet-workin V.

2) IfSis closed, then £;(S) — S = 0.

3)  £p(Int5(CLx(S))) = Int5(CLy(S)).

4) If S is regular open, then S = £¢(S).

5) Ifg # K €S, then £7(K) < Intg(CLy(K)) <€ f(K).

6) IfE ¢f,sofp(E)=0.

Proof: 1 — 2) Since S = {(S) € [(S) € CLx(S) =S, then £;(S) €S, so
#;(S) — S = @. (From proposition 2.6, part 3).

2> 3) Since Intg(CLs(S)) is open we have Int5(CLy(S)) S
Z;(Intg (CLy(S)))...(1). (From theorem 3.10, part 2).

But CLy(S) is closed and £;(CL3(S)) S CLy(S) and have £;(CLy(S)) =
Ints (¢5(CLs(S))) € Intg(CLy(S)), then Lp(Inty(CL(S))) € Ly (CLs(S)) €
Inty(CLy(S))...(2). From (1) and (2), therefore ¢ (IntS(CLS(S))) =
Int5(CL5(S)). (From theorem 3.10, part 3).

3—>4) Since S is regular open, then {£(S) = ¢ (IntS(CLS(S)))

05(5) = f (Ints (CLy(S))) € Intg(CLy(S)) = S. (From part 2).

4-5) Let KES, then K € f(K) and CLy(K) S CLy(f(K)). (From
proposition 2.7, part 3 and from proposition 2.6, part 2).

Now K = Intg(K) S Int5(CLy(K)) € CLy(K) € f(K) ...... (1), then
Int5(CLy(K)), then ¢p(K) € ¢5(Inty(CLy(K))) € Int5(CLy(K)) € f(K)
...... (2), (from (1) and (2), then £;(K) € ¢;(Int5(CLy(K))) € Inty(CLy(K))
C §(K). Therefore, #;(K) € Int5(CLy(K)) < f(K).

5-6) If E¢f, then £;(E) =V —[(V), but Ve 3, we get £;(V) €
Int5(CL5(V)) =V € f(V), then (V) =V, so £;(E) = 0.

6 — 1) Since @ € {, then £;(0) =V — f(V) = @.Then, V = (V).

5. Discussion and Conclusion

We see that compared to the open set in the original topology, our new
idea produces a broader open set. New definition types of proximity ip-set can
be created with this new operator. As demonstrated in theorem 4.6, it is also
evident that if § nnet-work in V, then £;(@) = @ is satisfied. Concepts in [7-10]
can also be developed using the £g-operator, The new operator can also be
generalized in the system neutrosophic.
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