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Abstract

In the realm of Hilbert space, the applicability of the system of modeling equations in
Operator Theory is investigated and considered. Recently, the interest in studying this type
of systems has increased greatly. This article, employing the operators” equations applicable
to Hilbert space, deals with two systems of equations. It attempts to examine the required
stipulations for the presence of a solution to this posed system. The first system comprises of
two equations. For A and F that achieve regularity with non-invertibility, the general solution
formula is investigated based on the Moore-Penrose inverse. Furthermore, the second system
includes four equations having adjoint operators. Among the required stipulations, the
operator attained self-adjoint attribute. The general solution formula is established based on
the are regular of the operator when both A and F are regular.
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1. Introduction

In mathematics, the problem of resolving equations of operators is playing
a fruitful and significant role in control theory and other allied disciplines,
blurring of boundaries between purely scientific disciplines and reviving interest
in applied mathematics. It has attracted and aroused the interest of numerous
scientists, see [1-8]. In this regard, the application of operators existing in
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Hilbert space to describe and resolve mathematical equations models is one of
the most significant realms of Functional Analysis (FA). Following this line of
analysis, remarkable contributions have been made to its evolvement by several
investigators. Interestingly, in 1976, Khatri and Mitra [9] obtained expressions
for the general, non-negative, and constrained Hermitian solutions of the three-
equation system AX = 0 = AXF and XF = D, after specifying the essential and
required stipulations for the existence of these solutions. In 2007, Daji¢ and
Koliha [10] presented the stipulations for the presence of the Hermitian and
positive solution and the general solution formula for equation AX = (2. Then
they discussed the system of equations AX =2 ,XF=D and provided
representations of the solutions. In 2007, Wang, Chang, and Lin, [11] looked at
the explicit and general resolution to the system of equations: A;X; = 4,
N X, =0y, A3X; =05, A X, =10, and AgXsFz =05, AgXcFg =10 by
discussing the substantial and required stipulations for the existence of the
solution. Thereafter, in 2012, Farid et al. [12] explored some leading and
required stipulations criteria for the presence of a resolution to the system of
equations: A,Y =0,,YF, =D,,A3Z = 0;,ZF; = D3,C3YQ5 = D;Z D = A;.
Subsequent, in 2013, Deng [13] investigated and gave explicit resolutions to
equation FAX = F = XAF for linear bounded operators on Hilbert spaces,
specifying uniqueness requirements and term the unknown operator X as the
inverse of A along F. Both Vosough, M. and M. S. Moslehian established certain
essential and Enough prerequisites to the presence of an answer to the equation
system FXA= F= AXF in 2017, They then demonstrated that, under certain
circumstances, x represents a solution to the system before presenting the
system's general solution, [14-24]. Several aspects of this theme are also
addressed in [15, 30]. Where a section of this reference addresses the definitions
and characteristics of certain types of influences, while another section discusses
the solutions to some operator equations under specific circumstances.

In this study, the symbols H, B(H), R(A) and N (A) represent the complex
Hilbert space, all bounded linear operators from H to H in the space, the range A
and the null space of A, respectively. In the next section, we will review some
definitions and theories that will be useful in proving the claims that will be
presented in the third section of this work, which will take the form of theories.

2. Preliminaries

This section addresses some definitions and relevant theories utilized in
this work are enveloped, needed by the reader of this article to be familiar with
most of its basics, and we also refer to a set of sources that were useful in
presenting this information.

Definition 2.1: [25] If A:H — D such that H, D are normed space, then A is
called bounded if there exist C > 0 such that | Ax IS C |l x Il
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Definition 2.2: [25] Let H and D are vectors space then the operator A: H —
D. 1t is called invertibility. If there exist an operator F: D — F where AF =
FA = I, where [ is identity operator

Definition 2.3: [26] Let H and D are Hilbert spaces and A:H — D be liner
operator then the operator A*: D — F is called to be adjoint operator of A if
< Ax,y >=<x,A*y >foreachx e H,y €D.

Definition 2.4: [27] An operator A: H — D where H and D are Hilbert space. It
is called self-adjoint if A = A*.

Definition 2.5: [26] Let A € B(H), then the Moore-Penrose invers of A,
symbolized by A* and identified as the unique solution X to the system operator
equation: AXA=A, XAX =X, (AX)" = AX , (XA)* = XA.

From this definition, we obtain A*AA* = A* = AT AA*, which provides us
with the following:R(AT) = R(A*) = R(AtA) = R(A*A), R(A) = R(AA) =
R(AAY), Prgzy = AA* and Pgz= = A A. For more information, see [28].

If there is F self-adjoint operator such that AF = 0 and 4'F= 0, So we
write A < F. It is said that order < is the logical order on the linear operator
space B(H), when all operators in this space is self-adjoint. For A, F € B(H), let
A < F mean AA* = FA*, A*A = AF, it is known that, for 4, F € B(H), when all

operators in this space is self-adjoint, 4 < F if and only if 4 < F see [29].

Theorem 2.6: [30] Let A,F € B(H) and W dented the closure of a space W. (i)
AN =FA" & A = FPrsy © A =FQ for some Q € G(H), where G(H) the
set of all orthogonal prOJectlons (ii) "AN=AFe A= FPR(A) < A=FP

for some P € G(H), (iii) A < F o F=A+ PyanFPyay (iv) A < FeAd=
PreyF = FPraamy = PrenFPramy-

Theorem 2.7: [10] Let A, 2 € B(F) and A is regular. Then the next
requirements are comparable: (i) there is X € B(F) a solution of the equation
AX =, (i) AAT0Q =10, (iii)) R(Q) S R(A). The general solution in this
instance is X = AYQ + (I — AYA)T, where T € B(H) random.

Theorem 2.8: [9] Let A, F, 2 € B(H) are regular, then the next requirements are
comparable: (i) There is X € B(H) a solution of the equation AXF = 0, (ii)
R(Q) € R(A), R(2*) S R(F*); (iii) AA*QF*F = 0.

In this case, X = A*QB* + U — A*AUBB*. Where U € B(H) is arbitrary.

3. Result discussions
This section gives a statement for the operator equation system's solution
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AXF =0 =FXA” (1)
as well as the prerequisites for the presence of a solution, then we will discuss
how to construct its formula. And then we discuss the system's solution

AXF =0, = F'XA*, A"XF* =10, =FXA )
where we start with the requirements for the existence of the solution and
conclude with constructing its formula.

Theorem 3.1: I[f A,F € B(H) is regular and R(F) S R(A*), then the sentences
that follow are interchangeable

i) The operator equation system (1) is solvable.
ii) R(Q),R(Q*) € R(A) and the system FX=Q(A)* XF=ATQ is
solvable.

Proof: (i)=(ii) Let the system (1) is solvable, then we have R(£2),R(2") ©
R(A), taking 6 € B(H) is the system (1) solution, then we get:
AOF = 0 = F0A".
Now we will take the right side of this operator equation system and
multiply it from the right by A™ to yield us
A+ ABF = A*Q. 3)
Considering that R(F) € R(A*), the next equation is the result of Theorem

2.7,
A (A)*F =F.
Because of this relationship, (3) takes on the next for
ATABN*(A)TF = AN, 4)

Now we will take the left side of this operator equation system and
multiply it from the left by (A*)* to yield us
QAT = FoA* (A", %)
and our possession of A*(A*)*F =F provides us with F* = F*ATA. and by
taking the relationship that has recently developed for us and compensating it in
(5), we will obtain:
QAT = F AT 464 (A%)*, (6)

Through (4) and (6), it is clear to us that A* A0 A*(A*)* is a solution for the

system
F'X = Q(A)* ,XF = A*Q.

(i) =(): Taking R(2),R(2*) €S R(A) and the system FX =
N(A)*T,XF = A*TQ is solvable. By utilizing this data and applying Theorem
2.7, we will obtain the following information:

0N =A4T02 ,0" = A4 (7)
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And taking 0 is solution of the system F*X = 2(A")* ,XF = A*) we get:
OF = A0 ,F*0 = (A9,

Now, after we multiply the last two equations consecutively by A from the
left and A* from the right, and then substitute 2 and Q" with the values they
equal in (7), we will obtain new equations in the following form

AOF = AATQ =0 ,FOA" = Q(A)TA = Q,
here we can clearly observe that 6 is a solution to the system (1).

In the following theorem, it will be proven that 27 satisfies the system (1)
under certain conditions.

Theorem 3.2: [f A,F € B(H), if 2 € B(H) is regular and Q < F*,F, A, A*. Then
the system of operator equations (1) is solvable such that the solution of this
system is Q.

Proof: From the presumption we have 2 < A and 2 < F. Therefore, using these
data respectively with Theorem 2.6, we obtain 2 = 0Q0*A = AN*Q and
N = N0*F = FN*0 consecutively. Using these last two relationships, we can
build a new relationship represented by

0 =A0%0 = A0 00TF = AQ*F. ®)
Also, from the presumption we have 2 < A* and 2 < F*. Therefore, using
these data respectively with Theorem 2.6, We acquire 2 = 20*A* and 2 =

F*07 2 consecutively. Using these last two relationships, we can build a new
relationship represented as follows

FtA* = P 00 A = Fotn = 0. )
From relationships (8) and (9), we can clearly observe that 2% represents a
solution to the system of operator equations (1).

In the subsequent theory, the solution formula for system (1) will be
constructed after addressing its existence requirements.

Theorem 3.3: If A,F € B(H) is regular, 2 € B(H) and R(2) € R(A),R(2")
C R(F"),F ; A* then the system (1)'s general solution is
X = AYOQF + (F)Y (2 — FAYQFTADSY + W — (F)TFWSS?
—ATA[(F)T(Q — PATQF AD)ST + W — (F)TFPWSSt]FFY,
Where W € B(H) is arbitrary, § = A" — F.
Proof: From the assumption R(2) € R(A),R(2*) € R(F*). This provides us
with the following data:
N =AA*0Q and Q = OF*F,

these data provide us with the following result
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0 = AAT0 = AATQFYE.

We notice here that the condition of Theorem 2.8, which requires the
existence of a solution for Equation AXF = (2, has been satisfied. Therefore, we
can use this Theorem 2.8 to construct the solution for Equation AXF = 2 in the
following manner:

X = AYQFt + Z — ATAZFFY, (10)
where Z is arbitrary. Now we will consider X as a solution to the equation
0N =FXA,

So, we will substitute it into this equation to obtain
0 =F(A*QF" + Z — ATAZFFH) A%,
from him, and after opening the bracket it contains, provides us with the
following equation.
0 =FATOQF A" + F*ZA* — F*AT AZFF* A*, (11)
By the assumption we possess F ; A*, and by using Theorem 2.7, This
brings us to the next point
F = A"F*F,F = FF* A", (12)
and this provides us with R(F) € R(A"). Based on this recent relationship

that has formed, and using Theory 2.7, we will obtain A*(A*)*F = F And this
generates

F*=FA*A. (13)
Using relation (12) and relation (13), the formula of equation (11) will be
transformed into this form
FA*QFTA* + FFZA* — F*ZF = 0,
After rearranging this equation, we derive the next equation
F'Z§ = 0 — FF ATQF* A", (14)
The equation (14) that we recently formed represents the formula

mentioned in Theorem 2.8, where Z is its solution. Therefore, using Theorem
2.8, it will be Z in the form of

Z=FQ-FATQFtA)St + W — (F)*FWSST,
where W is arbitrary. Now we will replace Z that appeared in (10) with its
equivalent to obtain
X =ATQFt + (F)T(Q — F ATQFtADST + W — (F)TFWSS™
— ATA[(F)T (2 — FFATQFTAD)ST + W — (F)TF'WSS|FF.
Now we will present a solution formula for System 1 after addressing the

requirements for the presence of this solution, and this is a result based on
Theorem 3.3.
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Corollary 3.4: Let A,F € B(H), if A, F is regular, A is self-adjoint and F < A,
Consequently, the generic solution to the operator system equations AXF = F =
F*XA*, is
X = AYFFY + FY(F — FA*FFYA")ST + W — FYPWSSH
—ATA[F*(F — FA*FF*A)S* + W — FFEWSST]FFY,
Where W € B(H) is arbitrary, S = A* — F.

Proof: From the presumption, we have A is self-adjoint and F < A, and these
two circumstances provide us with

F< A, (15)
and since we have F ; A, and by referring to Theorem 2.6, we will get:
R(F) € R(4). (16)
Obviously, we have
R(F*) € R(F"). 17)

We note that relations (15), (16), and (17) represent the conditions of
Theorem 3.3, when we express {2 as F, so their fulfillment allows us to use that
theorem to construct the general solution formula for system AXF = F = F*XA",
in the form

X = ATFF* 4+ F*(F — FA*FF*A")S* + W — F*FWSS™
— ATA[F*(F — FA*FF*A")S* + W — F*FWSS*]FF™.
In the subsequent theorem, we will present the general solution formula for
the system of operator equations (2), after mentioning the prerequisites for the

solution's presence, and this will be based on a set of theories that have been
previously mentioned, including our latest theory.

Theorem 3.5: Let A, F, 0,0, € B(H), if A,F is regular and S is invertible,

R(2,) €S R(A),R(2,") € R(F*), A < F"F < A", then the general solution of
the system of operator equation (2) is

X = A0, F + ((F)* 0, — N)S™  + M +[K — L — F((F)* 2, — N)S~14
FEAYA(F)* 2, — N)STEFYAJAY + W — M *M WAAY) — (F)*F*(M *[K — L
F((F)*Q, — N)S™1A + FA*A((F)* 0, — N)S~'FF* A]A*
+W — M *M WAAY)) — AT A((F)*Q, + N)SFF*,

Where W € B(H) is arbitrary, N = (F)*F*A*(,F*A* , K = FFt0, A" A,
L=FATQF*A,and M = F(I — FF*),§ = A* —F,

Proof: If A, F is regular and § is invertible, and since R(2;) € R(A),R(2,") €

R(F"), F < A", These requirements represent the requirements for the existence
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of the solution for the system of equations (1) mentioned in the previous
theorem 3.3, then the general solution for the system of operator equation
AXF =0, =FXA"is
X = AT FY + (F)T (2, — FFATQFPA)S 1+ Z — (F)'FZ
—ATA[(F)T (2, — PP AT FTA)S ™ + Z — (F)TF Z]FF*. (18)
where Z is random operator. We will consider that X is a solution for the system,
A*XF* =, = FXA, so we will substitute it into them
AN AT + A*(F)T (2, — FF AT FTA)SIF* + A*ZF* — A*(F)YF* ZF*
—NATA[(FHYY (2, — FATQ FYADS ™ + Z — (F)YF*Z]FFTF*
=0,
= FA*0,F*A + F(F)* (2, — F*A*Q,F*A")S 1A + FZA — F(F*)*F*ZA
—FATA[(F)* (2, — FFATQ Ft A0S + Z — (F)YF*Z]FF* A.
Now we will multiply the sides of this system of equations by ATA from
the right and by FF* from the left to obtain
FF*A*ATQ FYF* ATA + FFY A*(F)* (2, — F* AT, FTA")SIF* AT A
+FFrA*ZF* AYA — FFYA*(F)YFZF At A
—FFr A" AT A[(F)* (2, — F AT, FPA)S ™ + Z — (F)YFZ]FFYF* A% A
=FF*0, At/
= FFYFAY(,FTA ATA + FFYF(F)Y (2, — F*ATQ FYA)S™ 1A A% A
+FF*FZA A*A — FFYF(F*)TFZA At A
—FF*FATA[(F)* (2, — FFATQF*A)S ™1 + Z — (F)YFZ]FFTA AT A. (19)
From the assumption we have A % F*F é A*, this condition, leads us to
the following data
FFA*A=A, FFtA*=F.
These data, when used in the system of equations (19) and after making

some simplifications, will transform this system into a single equation of the
next form.

FATOQ,FTA + F(F)Y(Q, — FFATQ,FTA")S 1A + FZA — F(F)*FZA
—FATA[(F)* (2, — FFATQF*A)NS 1 + Z — (F)*F*Z]FF* A
= FF*0, A* A,
after simplifying this equation, the next equation is produced
FATOQ,F*A + F(F)Y(Q, — FFATQ,FTA")S 1A + FZA — F(F)*FZA
—FATA(F)*Y (2, — F* AT, FtA*)S IFF*A — FATAZFF* A
+ FATA(F)TF ZFFT A
= FF*t0, A*A. (20)
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From the assumption, we have A ; F*. This relationship, along with
Theorem 2.6, provides us with relationship Prcz;yF* = A. From this relationship,
we obtain R(A") € R(F). According to Theorem 2.7, and the final relationship,
we arrive at FF*A* = A*. This leads us to the following relationship

A= A(F)TF.

Now we will use these last two relationships to simplify equation (20) to
take the form

FA*Q,F* A + F(F)*(Q, — FFA*Q,F*A")S 1A + FZA — F(F*)*F*ZA

—FAYA(F)* (2, — FFATQFYA")SIFFT A
= FF*0, A*A.

After rearranging the equation and placing the constants on one side and
the variables on the other, the equation takes the following form
F(I — FF")ZA = FF*Q, AYA — FATQ,F*A — F(F)* (2, — FF AT, FTA%)S 1A

+FATA(F)Y (2, — FF AT FYAY)SIFFT A.
here we notice that Z represents a solution to the last equation, so by using
Theorem 2.8, we obtain

7 = (F(I = FF")) " [FF*Q,4% A — FA*Q,F* A — F(F)* (2, — F AYQ,F* A7)S 1A
+FAYA(F)Y(Q — FATQFYA)SIFFY AIAT + W — (F(I — FEY) T (F(I —
FFt)WwAA™,
where W is arbitrary. We substitute the value of Z into (18), At the same time,
we will express (F*)*F*A*Q,F*A* as H, FF*Q, A*A as K, FATQ,F*A as L,
and F(I — FF*) as M to obtain

X=A"QFt + ((F)'Q; —N)S 1+ M*[K—L—F(F)*Q, —H)S A
+FAYA((F)Y02, — N)STIFFTAIAY + W = M *M WAA™) —
(FYYF(M *[K — L —F((F)*Q, — N)S7*A + FAYA((F)*Q, — N)
STIFFYAJATY +W — M *M WAAY)) — ATA((F*)*Q, + N)SIFF*.

4. Discussion and Conclusion

In this paper, the general solution formula for the system of equations
AXF = 0 = F'XA" is discussed by examining the conditions that must be met
for this solution to exist. Initially, the essential conditions for the presence of the
solution represented by 8 were proposed, in addition to other cases. Afterwards,
the general solution for this system was proposed based on the Moore-Penrose
inverse. Furthermore, the general solution formula for the system AXF = Q, =
F*XA*, A'XF* = Q, = FXA was also proposed based on the Moore-Penrose
inverse. Therefore, the method used to construct these solutions might be
suitable for constructing solution formulas for other systems, such as the system
AXF + FXA = Q = AXB + BXA, for example.
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