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Abstract
In fuzzy functional analysis, the soft fuzzy Hilbert space is a remarkable space. 

Compared to soft fuzzy sets, this space is more general and flexible. Most of the challenges 
in describing the fuzziness of the problem parameters are explained. This offers effective and 
interesting contributions to the field of operator theory. The idea of the fuzzy soft Hilbert 
space is useful in proposing a new operator of the general quasi-normal type associated with 
two parameters. It contains a number of known operators, including the soft quasi-normal 
operator, the quasi-normal operator, and the normal operator. In addition, the algebraic 
properties and various accompanying analyses are analyzed and presented. Multiplication 
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and addition are the basic abilities. In addition, the relationships between those categories 
are also addressed. 
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1. Introduction  
One important area of mathematical analysis is the Theory of Functional 

Analysis (FAT), which has gained notoriety because of its strong ties to and uses 
in Operator Theory (OT). see [1, 2]. Algebra and topology are combined in this 
theory. In fact, FAT covers algebraic methods and classical analysis. 
Additionally, solving mathematical problems actively contributes to the 
development of FAT. Fuzzy functional analysis (FFA) is one intriguing area. In 
the actual world, ambiguity caused by uncertainty typically leads to complexity. 
Because of this, FFA frequently tackles difficult issues in a variety of domains, 
including as business management, engineering, medicine, sociology, and the 
environment. In many cases, traditional mathematical methods are unable to 
effectively tackle assumptions issues. The membership function from set X to 
codomain [0,1] is a unique kind of function that may be used to ascertain the 
domain area of fuzzy sets, according to a 1965 mathematical concept introduced 
by Zadeh [3] as a subfield of set theory. Molodtsov [4] identified the notion of 
soft sets in 1999 and talked about uncertainty and challenging circumstances that 
can't be resolved using traditional methods. in several fields, including as 
computer science, numerical analysis, functional analysis, control theory, and 
approximation theory, among others. Soft sets are a specific family of subsets 
from a standardized set that mathematicians use as a model to add a set and 
collection of parameters to mimic uncertainty. Soft points, soft metric spaces, 
soft normed spaces, soft pre-Hilbert product spaces, and soft Hilbert spaces are 
just a few of the characteristics that have been recognized by additional scholars 
as they have developed new and enlarged concepts based on soft sets, illustrated 
them, and described them, [5-9]. The fuzzy soft inner product (Fs-IP) space and 
fuzzy soft Hilbert (Fs-H) space were proposed by Faried Ali, and Sakr, [10] in 
2020. The characteristics of operators posed on Fs-H space were also compared 
to those of other common kinds of operators posed on Hilbert space. Besides, 
Faried Ali, and Sakr, [11] in 2020 provided the fuzzy soft linear operators in FS-
H spaces which combine OT and the Fs-H spaces. They also looked into 
discoveries that were more thorough and in-depth. The following academics 
have also shown how Fs-H space may be used to different fields, ([12], [13]). 
Subsequently, the concept of fuzzy soft self-adjoint operators is defined and its 
attributes are analyzed, [14]. On the other hand, in relation to FAT, Mohsen [15–
17] provided a variety of operators posed on Hilbert space and examined a 
number of their characteristics.  
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Inspired by the aforementioned Mohsen studies, this research introduces a 
new class of generalized quasi-normal type operators based on Fs-H space that 
are connected to two-parameter θ and k. These operators are called fuzzy soft 
quasi-normal operators, and they are denoted to       operator. Additionally, 
several results pertaining to various analyses and algebraic properties are 
examined and displayed. Multiplication, addition, and restriction are important 
characteristics. Furthermore, the relationships among such categories are also 
investigated. 

2. Relevant Principle on Fuzzy Soft Operators 
This section provides several basic information of fuzzy soft vector spaces 

with structures upon these concepts, in order to complete this work. 

Definitions 2.1: 
i)  (Fuzzy set): The fuzzy set (FS) is the set has each element form  

     ̂  )), where      is a universal set and   ̂          be a 
mapping   call membership mapping. Through this article can be denoted as 
  ̂  [1] 

ii)  (Soft set): The soft set (SS) is the set has each element form (     ))   
where        such that    the set of all parameters and         ) is 
a mapping from  subset of parameter    into power set of universal set    
and    )     )  Through  this article can be denoted as     )  [2] 
 
The concept of fuzzy soft set (FSS), in fuzzy soft theory have been recalled 

thought the following definition, submitted first one by Maji in 2002, see [3]. 

Definition 2.2 
i)  (Fuzzy soft sets): A soft set     )  to be fuzzy soft set (FSS) in case has 

each element from   (     )̃), where             such that         the 
collection of each fuzzy subset on universal set     Through this article can 
be denoted as     )̃  [3] 

ii)  (Special case fuzzy soft points): The fuzzy soft point     point) 
of      )̃ over  , shortly as    ̃    ) , if     and      ,  ̃    )  )  
                                 }             }, such as 
       . [4] 
 

in source [4], Molodtsov, give the symbolize of the family of each fuzzy soft real 
numbers and fuzzy soft complex numbers via  ( ̂) and  ( ̂)   respectively.  

In order to complete the background of this article must give the next 
proposition, which is appeared in source [5].   

Proposition 2.3: A fuzzy soft vector space on the fuzzy soft set   ̃)  symbolized 
FSV  ̃) has linearity if requirement the down conditions   



1200� M. A. AHMED, I. ELLOUZE AND S. D. MOHSEN

i)      )̃
(      )        ))   ̃      )   ̃      )  

ii)      )̃     )   ̃   ̃    )   ,  ̃   ̃  ),  for all   ̃      )  ̃      )   FSV  ̃) 

Now, using the following formulation, we will review the generalization of 
the norm on fuzzy soft vector. 

Definition 2.5: [6] A mapping with the formula    ̃   ̃   ( ̂)  designated 
fuzzy soft norm on   ̃if the following propositions are true.   
i)   ̃    ) ̃   ̃, for each  ̃    )   ̃ ( In general),and  ̃    )   ̃  if and only 

if   ̃    ) ̃   ̃   
ii)   ̃ ̃    ) ̃  | ̃|  ̃    ) ̃ ,  for each    ̃    )   ̃, and the fuzzy soft scalar   

 ̃     ̂). 
iii)   ̃      )   ̃      ) ̃     ̃      ) ̃    ̃      ) ̃ , for each     ̃      )  

 ̃      )   ̃.   

 
So, we have the fuzzy soft norm space symbolized ( ̃     ̃)  with 

Abbreviation as FSN- space.   
In the following part, review the definition of "generalization of inner 

product space on fuzzy soft vector. 

Definition 2.6: [7] A mapping with the formula      ̃  ̃   ̃     ̂)  designated 
fuzzy soft inner on    ̃    ̃ if the following requirements are fulfilled.    
i)    ̃    )  ̃    ) ̃   ̃, for each  ̃    )   ̃ with  ̃    )   ̃   if and only if 

  ̃    )  ̃    ) ̃   ̃ 

ii)    ̃      )  ̃      ) ̃    ̃      )  ̃      ) ̃   for each  ̃      )  ̃      )   ̃  

iii)   ̃ ̃      )  ̃      ) ̃   ̃  ̃      )  ̃      ) ̃ , for each ̃      )  ̃      )   ̃, 
for all   ̃     ̂). 

iv)  ̃      )  ̃      )  ̃      )   ̃,   ̃      )   ̃      )  ̃      ) ̃  
  ̃      )  ̃      ) ̃    ̃      )  ̃      ) ̃   

 
So we have the fuzzy soft norm space symbolized ( ̃      ̃)  with 

Abbreviation as FSI- space.   

Definitions 2.7: 
i)  (Complete space) A fuzzy soft vector space FSV (  ̃)   to be fuzzy soft 

complete FSC   ̃) when to be for each fuzzy soft Cauchy sequence is fuzzy 
soft Convergent sequence in this vector, [10]. 
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ii)  (Fuzzy soft Hilbert space) A fuzzy soft inner product space FSI on fuzzy 
soft vector space FSV to be fuzzy soft Hilbert space FS-H, when it is 
FSC(  ̃), [10].    
 
Also, we recall the definition of FSL -operator   depended on FS-H space, 

up on fuzzy vector space  

Definitions 2.8: [11], [14] Considering     ̃ is Fs-H space   with   ̃   ̃    ̃ is   
operator, so have:  
i)   ̃ is namely   fuzzy soft linear operator with shortly FSL-operator if:  

 ̃ ( ̃ ̃      )   ̃ ̃      ))   ̃ ̃ ( ̃      ))   ̃ ̃ ( ̃      )), where  
 ̃      )  ̃      )    ̃ and    ̃,  ̃   ( ̂)     

ii)  ̃  which is namely fuzzy soft bounded operator with shortly FSB-operator 
if:  

   ̃   ( ̂) 
 with   property    ̃ ( ̃      ))  ̃   ̃  ̃      ) ̃ , for all 

 ̃      )    ̃   
iii)  Assumes that  ̃   ̃     ̃  be FSB-operator define on    ̃    so, namely  

fuzzy soft  adjoint of operator symbolize by  ̃  defined as 
  ̃ ̃      )  ̃      ) ̃    ̃      )  ̃   ̃      ) ̃    where  ̃      )  ̃      )     ̃  

 
Next, some properties of fuzzy soft adjoint of FSB-linear operator, have 

been given in the following theorem 

Theorem 2.10: [14] Assumes that  ̃ and  ̃ are FSLB-operators, define on     ̃ is 
FS-H space and   ̃   ( ̂), then  
i)    ̃    ̃    
ii)   ( ̃  ̃)   ̃  ̃        

iii)   ( ̃   ̃)   ̃   ̃   and   ( ̃ ̃)   ̃  ̃  . 

Definition 2.11: [14] The       operator define on    ̃ which namely FS self-
adjoint if satisfy the property    ̃   ̃  . 

3. Concerning       operator 
This section presents a new generalized a      operator, which is 

represented by       operator. Some characteristics of this idea will be 
discussed, along with some features that have been provided, such as some 
essential properties illustrated in this section  

 
 
 



1202� M. A. AHMED, I. ELLOUZE AND S. D. MOHSEN

Definition 3.1: Assume that   ̃      operator from  ̃  into   ̃, then  ̃ is 
named fuzzy soft   Quasi-Normal operator, presently,       operator if 
  ̃  ̃ )    ̃     ̃ )    ̃     ̃ )  ̃  ̃ ) . For some positive integer    

Next, some of the qualities of this concept utilizing the subsequent remakes 
are presented. 

Remakes 3.2: 
i)  If      , then  ̃  coincides       operator. 
ii)  Verifying that each Fs- self a djoint is a       operator is a simple 

process. 

Corollary 3.3: Assume that   ̃        operator from  ̃  into    ̃,  then  
i)   ̃   ̃  is       operator. 
ii)    ̃ ̃  is       operator 
iii)   ̃  ̃  is        operator 
iv)   ̃   ̃  ̃ is       operator 
v)   ̃   ̃ ̃  is       operator 
vi)    ̃   ̃ )    ̃  ̃ )    ̃  ̃)     ̃   ̃  ̃)    ̃   ̃  ̃ ) is 

      operator. 
 
Another property for       operator has been provided with the 

subsequent proposition  

Proposition 3.4: Assume  ̃  ̃   ̃ is        operator  then    ̃   ̃ ) 
  ̃    ̃ )       ̃    ̃ )   ̃   ̃ )  . 

Proof: This theorem can be demonstrated using mathematical induction, which  
   ̃   ̃ )  ̃    ̃ )       ̃    ̃ )   ̃   ̃ )  . and utilizing the subsequent 
procedures. 
i)  We demonstrate that one is possible when     .   ̃   ̃ )  ̃    ̃ )  

  ̃    ̃ )   ̃   ̃ ), That's accurate since   ̃ be       operator 
ii)  Suppose that true when     such that    ̃   ̃ )  ̃    ̃ )    

   ̃    ̃ )   ̃   ̃ )   
iii)  We ought to demonstrate when       

   ̃   ̃ )  ̃    ̃ )         ̃   ̃ )  ̃    ̃ )       ̃   ̃ )  ̃    ̃ )  , 
Utilizing (i) and (ii), one is able to 
   ̃   ̃ )  ̃    ̃ )       ̃   ̃ )  ̃    ̃ )   
   ̃    ̃ )   ̃   ̃ )     ̃    ̃ )   ̃   ̃ )     ̃    ̃ )   ̃   ̃ )    . 

Theorem 3.5: Assume    ̃  ̃  ̃   ̃ to be       operator meets the 
requirements  ̃  ̃   ̃  ̃   ̃  ̃   ̃  ̃   ̃, then   ̃   ̃ is        
operator.  
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Proof: 
  ̃   ̃)    ̃   ̃)    ̃   ̃)    ̃   ̃)    

   ̃      ̃   ) ̃     ̃ )  ̃   ̃ )   ̃   ̃)      ̃   ̃)     ̃  
 ̃)       ̃   ̃)                                                     
   ̃   ̃ )  ̃   ̃ )   ̃      ̃   ) ̃     ̃ )       ̃    
    )  ̃   )  ̃     ̃   )  ̃   ̃ )      ̃       ̃    ) ̃    
 ̃  )                                 
    ̃   ̃ )  ̃   ̃ )   ̃   ̃ )      ̃     ̃   )   ̃   ̃ )    
  ̃    ̃  ) 
    ̃   ̃   ̃   ̃ )   ̃   ̃ )     ̃     ̃   ̃     ̃ )      ̃    ̃  ) 
  ̃   ̃   ̃   ̃   ̃      ̃     ̃ )      ̃   ̃   ̃  )    ̃   ̃   ̃  
 ̃   ̃     ̃     ̃ )     ̃   ̃   ̃   ) 
  =   ̃   ̃   ̃   ̃ )   ̃   ̃   ̃   ̃ )   (1) 

Now, take another side  
   ̃   ̃)    ̃   ̃)      ̃   ̃)    ̃   ̃)  

     ̃   ̃)      ̃   ̃)     ̃   ̃)       ̃   ̃)      ̃  
    ̃   ) ̃     ̃ )   ̃   ̃ )  

   ̃      ̃   ) ̃     ̃ )    *  ̃        )  ̃   )  ̃    
 ̃   )  ̃   ̃ )    ( ̃     ( ̃    ) ̃     ̃  )+   ̃   ̃ )   ̃  
 ̃ )  

     ̃   ̃ )      ̃     ̃   )  ̃   ̃ )      ̃    ̃  )    ̃  
 ̃ )  ̃   ̃ ) 

     ̃   ̃ )     ̃    ̃   ̃    ̃ )      ̃    ̃  )    ̃   ̃  
 ̃   ̃ )    ̃   ̃   ̃      ̃     ̃ )  ̃  ̃     ̃    ̃   ̃ )    ̃  ̃   ̃  
    ̃     ̃ )  ̃   ̃     ̃    ̃   ̃  

   ̃   ̃ )   ̃   ̃    ̃   ̃ )   ̃   ̃   (2) 

Since    ̃  ̃  ̃   ̃ be       operator, one can have  
(1)=(2), this lead to 
  ̃   ̃)   ̃   ̃)    ̃   ̃)    ̃   ̃)   

    ̃   ̃)    ̃   ̃)      ̃   ̃)    ̃   ̃)  
Therefore,  ̃   ̃ is       operator.  
Subsequently, the subsequent theorem provides the prerequisites 

for      operators to be likewise       operators when multiplied. 

Theorem 3.6: Assume   ̃  ̃  ̃   ̃ is        operator possess the 
prerequisites  ̃  ̃   ̃  ̃   ̃  ̃   ̃   ̃  then  ̃  ̃ is       operator.  

Proof:  ̃  ̃)    ̃  ̃)     ̃  ̃)    ̃  ̃)      ̃   ̃ )  ̃   ̃ )    ̃  ̃)  
  ̃  ̃)     by using  ̃  ̃   ̃  ̃  one can have  

=  ̃   ̃ )  ̃   ̃ )   ̃  ̃)    ̃  ̃)    
=  ̃   ̃ )  ̃   ̃ )    ̃  ̃)      ̃  ̃)     ̃  ̃)      ̃  ̃)   . 
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 ̃  ̃   ̃  ̃   may be obtained by finding the adjoint for the two sides of 
the scenario and applying ̃  ̃   ̃  ̃. 

  ̃  ̃)     ̃  ̃)   ̃  ̃)  ( ̃    ̃   ̃  )   ̃   ̃   ̃ ) 
 ( ̃    ̃   ̃ ) ( ̃   ̃   ̃ ) 

And since  ̃ and  ̃ are       operator, one can have  
  ̃  ̃)      ̃  ̃)    ̃  ̃)       ̃   ̃ )  ̃      ̃    ̃   ̃ )  ̃    

   ̃   ̃ [(  ̃   ̃ )  ̃  ) (  ̃  ̃ )  ̃  )] 
Other one uses the hypothesis, we get, 

   ̃  ̃)      ̃  ̃)   ̃  ̃) )      ̃   ̃ )  ̃   ̃     ̃   ̃   
                                                ̃  ̃   ̃   ̃   ̃   ̃     ̃    ̃  ) 
                                               ̃   ̃  ̃)   ̃  ̃)     ̃  ̃)  , choose     ̃  ̃   ̃. 

 Therefore;  ̃  ̃ is       operator.  

Corollary 3.8: Let  ̃  ̃   ̃ be      operator, then 
i. For  ̃ to be a      operator, we have  ̃ is       operator. 
ii. For  ̃ to be a fuzzy soft skew- adjoint operator, we have  ̃ is        

operator. 

Theorem 3.9: Assuming that  ̃   ̃   ̃   ̃ have fuzzy soft        
operator property in fuzzy Hilbert space  ̃  then one has   ̃  ̃   ̃  ̃  is fuzzy 
soft        operator.   

Proof:  

    ̃  ̃   ̃  ̃ ) ( ̃  ̃   ̃  ̃ )
 )  *( ̃  ̃   ̃  ̃ )

  
( ̃  ̃   ̃  ̃ )

 +, from conditions of this type of operator have the down step 

 [( ̃  ̃   ̃  ̃ ) ( ̃   ̃   ̃  ̃  )]
  ( ̃   ̃   ̃  ̃  ) ( ̃ 

  ̃   ̃  ̃  ) 
   ̃   ̃  )    ̃    ̃  )  ̃   ̃ ( ̃   ̃  )

  ( ̃    ̃  ) 
   ̃    ̃  )   ̃   ̃  )  ̃   ̃ ( ̃    ̃  ) ( ̃   ̃  )

 
 

 *( ̃  ̃   ̃  ̃ )
 

 ( ̃  ̃   ̃  ̃ )
 + [ (  ̃  ̃   ̃  ̃ ) ( ̃  ̃   ̃  ̃ )

 ]
 
 

From up step certainly we have, Therefore;  ̃  ̃   ̃  ̃  is fuzzy soft 
       operator  

Theorem 3.10: Let  ̃   ̃   ̃   ̃ be fuzzy soft        operator posed 
within fuzzy Hilbert space  ̃  then  ̃     ̃  is fuzzy soft        
operator. 
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Proof: 

 [( ̃  ̃   ̃  ̃ )( ̃  ̃   ̃  ̃ )
 ]
 
 *( ̃  ̃   ̃  ̃ )

 

 ( ̃  ̃   ̃  ̃ )
 + 

  [( ̃  ̃   ̃  ̃ )( ̃   ̃   ̃  ̃  )]
  ( ̃   ̃   ̃  ̃  )  ( ̃ 

  ̃   ̃  ̃  ) 
   ̃   ̃  )    ̃    ̃  )  ̃   ̃ ( ̃   ̃  )

  ( ̃    ̃  ) 
   ̃    ̃  )  ̃   ̃  )  ̃   ̃ ( ̃    ̃  )( ̃   ̃  )

 
 

 *( ̃  ̃   ̃  ̃ )
 

 ( ̃  ̃   ̃  ̃ )
 + [( ̃  ̃   ̃  ̃ )( ̃  ̃   ̃  ̃ )

 ]
 
 

This lead to get the tenser product,  ̃  ̃   ̃  ̃  is fuzzy soft 
      operator. 

4. Conclusions  
The generalized quasinormal type operator linked to two-parameters, this is 

an extension of the most recent studies on fuzzy soft quasinormal operators 
posed on FS-H space, In accordance with Equality Theory. After that, algebraic 
and analytical qualities are suggested and examined. The most important 
qualities are met by providing the necessary circumstances for this operator. It is 
suggested that this operator be used on soft fuzzy soft Hilbert (SFs-H) space in 
further research. These quasinormal type operators are also taken into 
consideration under specific formulations. Additionally, it is possible to examine 
the benefits of these operators with particular instances, such differential 
equations. 
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