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Abstract

Numerous scholars have shown remarkable interest in geometric function theory, a
thriving area of study with roots in complex analysis. The investigation of the geometric
properties of analytic (in addition to univalent) functions, with numerous applications
in numerous branches of mathematics, mathematical physics, and engineering, is largely
responsible for this. Applications in engineering designs, fluid flows in physics, special
functions, orthogonal polynomials, and conformal mappings are noteworthy. The article
investigates a subclass of quasi-subordination-related analytic and univalent functions
established in the domain of logistics sigmoid functions on a unit disk. Using quasi-
subordination, the Fekete-Szego functional |e, — pe;| can be obtained for functions of the
classes S,'(t, 7, U), and G, (9, @, U). We also briefly discuss the subordination results and the
improved results for the related classes involving majorization. Some renowned subclasses
of analytic and univalent functions, including the classes of starlike functions and convex
functions, are included in the definition of the novel class. The description of the class
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involves the application of two fundamental mathematical concepts: quasi-subordination
and Taylor’s series.

Subject Classification: 30C45.
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1. Introduction

Let A be the class of functions with type:

) =t+X2et, teD*'={t:teC0<|t| <1}, ¢ =0. €))

In D*, if a Schwarz function ¢(t) is present which is analytic with ¢«(0) = 0
and |((t)| < 1, so that {(t) = h(t(t))(t € D), then we declare that {(t) is
subordinate to h(t) in D* as well as composed {(t) < h(t), a functions
¢ € §*(U) is Minda [1],

s = {£2<v®}.cea
The class C (V) represents the group of functions { € A that
O}
c) ={1+52 <00},
where U(t) is a holomorphic function that maps D* onto a region that is
symmetrical and starlike with respect to 1, satisfying U(0) = 1 and U’'(0) > 0.

As special cases, the classes S$*(U) and C(U) contain a number of
renowned subclasses of starlike and convex functions.

Quintuple subordination was first introduced by Robertson [2, 3]. When
there are two holomorphic functions, {(t) as well as A(t) with |A(t)| < 1, and
() = A(t)h(t(t)), we declare that the function {(t) is quasi-subordination to
the function h(t), composed as {(t) <, h(t).

If two analytic functions {(t) and A(t) exist, the result is that {(t) =
A()h(k(t), and [A(®)| < 1. {(t) = h(k(t) when A(t) =1, meaning that
{(t) < h(t) in D*. Furthermore, if k(t) = t, then {(t) = A(t)h(t), and {(t) is
said to be majorized by h(t) in D*, where it is expressed as {(t) < h(t) (refer
to Goyal and Goswami [4]). Thus, it is evident that both majorization and quasi-
subordination are generalizations of subordination.

Definition 1.1: The multiplier operator My ,,.: A — A Currently investigated in
[5- 8] has been defined for v € Z,m > —1, ¢ > 0, and can be obtained by

MG n$() =t + X2, (1 + U(H))U et ©)

m+1

Definition 1.2: If function { € A satiating the quasi-subordination constitutes
the class Sg(t,y,U) as well as the class J, (9, a, U) respectively:
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t(Mz,mc)’<t)]"‘ (t(mg,mc)’m 2015, ®
(MZ,,.0)(®) (ME,m3)(®) (M%)
t2,,0)" O [ o ((M2,0) ©\ | (t(MEmQ)" ©
1+ -2 ][19( o )+< el )]—1< u@) -1,
[ (MZ,,0) (® (M&m3)® (MZ,,8) © O]
where0 <y <1;,0<7t<1,0<a<1;,0<9.

)—1<qU(t)—1,

Lemma 1.1: [9] If f be a holomorphic function in D*and A(0) = 0, |A(t)| <
1,u(t) = it + 1,62 + . Then, |1, — fi2| < max{1; |f|}, the outcome is acute
for functions by 1(t) = t or 1(t) = t2.

2. Main results

In this part, we investigate some Fekete-Szego related inequalities for the
classes J,(9,,0) and S;(t,y,0). Allow A(t) = dy + dyt +dyt? + -, P €
Rand P > 0, as well as let U(t) = 1 + Pyt + Pyt? + ---.

Theorem 2.1: If'{(t) in the class Sq(t,y, V), then
P1(m+1)Y

4(2 T+y)(m+a)?’
P1(m+1)Y

8(31+y)(m+20)?

leo]| <

les — nez| <

1 2uPy (3t+y)(m+1)Y (2T+y)?
xmaxq 1, 4| (271+y)2(m+o)? Py ' 3)
(21+y)?

Proof: Given holomorphic functions A(t),«(t), and {(t) € Sg(t,y,0), let
|A(t)] < 1,u(t) = 0,and «(t) < 1, so that

[t(MZ;,mc)’(r)r (t(M:;,mc)'(t)
(M ,,3)(@®)

tZ(M:;mz)”(t)>
+ : -1
(Mg',m{)(t) t (Mg',mz)(t)

= A®t) (U (“’(‘(”‘“) - 1). 4)

D((t)+1)
By using the first and second derivatives of (4) in the formula above left
side, we obtain
[f(Mg,mz)’a)]“ (f(Mg,mz)’(t) iy tz(Mg_mi)”(t)) _
Mgm)® |\ (MEm3)©®) (MGm¢)(®)
m+a\V m+20\Y m+a\ 2V 2 2
(22 ey (22 o - (222)" ).
y(y-1) (m+o 2v 2,2
2! (m+1) et

(m+a)" et + (2 (m+2a)” es — (m+a)2" ezz) £2
m+1 m+1 m+1

v v 2v
+27(20) e+ v (6(2) ey - 2 (220) T ed)

+
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m+20]

(2t+ )( +‘17) ezw+2(3r+y)( +1) esw

( 2742yt + - 1)) (MM)Z efw?

m+1

2

dollpi t+ (dol1(P2—P1) + dolaPy

+ d1L1P1) tz + o (5)
16 4 4

By contrastmg the like coefficient of t and t? in equation (5), we obtain
__ dot1Py(m+1)Y

€2 = 4(2 T+y)(m+o)v’
_ Py(m+1)? 1, (d02P1(21—2 ¥) do?Py )]
€3 = 8(3T+y)(m+20)V" lzdo + lldl Ll (21+y)2 (21+y)?
Consequently,
_ 2 _ P1(m+1)¥
€3 = Hé2 = SGrep) me20)?
2 d02P1(2 T—2TY)
1 5[ 2udo”P;(31+y)(m+1)¥ (2 t+y)?
tado + t1d; 4 gl (274y)2(m+a)? __do®Py ©)

(2 T+y)?2

As a result, using [10,11], we obtain |dy| < 1 and d; = (1 — dZ)¥ for
some W(|¥| < 1), when we replace the value of d; in equation (6), we have

52 — Py (m+1)Y (P2=P1)dg 2
€3~ He) = S miza) X thdg + W+ TR
2udo®P1BTHY)(m+1)?  Pi(27-27Y)
1 2 2 v 2 2 2
_ Z (2t+y)2(m+ao) oy (21+y) l% + quj dg . (7)
(21+y)?

In this case dy, = 0 in equation (7), we have
Py(m+1)¥
l Mezl — 8(3T+y)(m+20)V
Alternatively, assuming d, # 0 in (7), let's say that
I'(dy) = yu¥ + 1,dg + w 2
1
2udo®P1(BTHY)(m+1)?  Pi(27-27Y)

1 2 7+y)%(m+o)? 2 T+y)? 2
-1 (ry)(mzr)P1 (zT+y) 24+ uW | d,2

+ (1+ 2 T+y)?

Py (m+1)Y
8(3t+y)(m+20)?

(P2-P31) Pi(27-27Y))
% 2pP; 3T+ (m+1)¥ <T+W>

M92|—|

1
b =2
2 4 (2 T+y)2(m+0)? Py

T(2t+)?

So, using Lemma 1.1, we get
P1(m+1)Y

les — uez| < 8(GT+y) (m+20)?
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_(Pa—Py)  Pi(27-27))
1[ 2uP(3t+y)(m+1)” Py (2T+y)?
max 91, 4| (21+y)2(m+o)? + Py
(2 t+y)?

Corollary 2.1: [12] Let {(t) belongs to the class S;(t,U) and y = 0,v =0,
then

le| < —
21 =40+20
2 Py { |1 (2uP1(1+3‘L') (P,—P1) Py ) }
—ue?| < . 1] - - .
les — uez| < 830 L T2 02 P, 1+27

Theorem 2.2: Let {(t) belong to the class G4(9, a, V), then

P1(m+1)Y

e <
lez| 4(1+9+2a)(m+o+1)V’

and, for any kind of complex number y,
Py (m+1)Y
8(29+3a)(m+20)?

(Pp—-Pq) ,P1(39-2a¥)
1[ 2uP;(29+3a)(m+1)¥ P Ta+orza?
maxs 1, || ———"———

_yly-1) Py

4 (9+2a)2(m+20)?
2! (9+42a)?

les — pe3l <

(12)

Proof: 1f {(t) € J,(¥,a,V), then analytic functions A(t) and ((t) exist, with
[A(t)] < 1,u(t) =0, as well as 1(t) < 1, and we obtain by Lemma 1.1

2 P1(m+1)Y
e, —ues| < —
les — pez| = 8(29+3a)(m+20)?
(Pp—-Pq) ,P1(39-2a9¥)
max 41 1 2pP1(29+30)m+1)” [T TOisrza?
a4l @+22)2(m+20)? ___ P
(1+9+2a)2

Corollary 2.2: [12,13] If {(t) in the class Jq(9,0) and a = 0,v = 0, then

Py
< 1
lez| < 4(1+9)
— 2| < Py { |l (2#P1(1+219) _ P1(1+319))|}
les — pez| < s(Lrzo) X LI (1+9)2 a+92 J1J

3. Conclusions

This paper investigated a subclass of analytic-univalent functions specified
by the unit disk D*. The starlike function and convex function classes were
among the most popular subclasses of analytic-univalent functions that this
novel class generalized. Taylor's series and quasi-subordination were used in the
class definition. It is well-established that the concepts of majorization and
subordination can be applied more broadly to quasi-subordination. However,
estimations for some co-efficient bounds and the Fekete-Szegd solution to the
problem were among the properties of the function that were investigated.



870

A.F. TALAK, M. I. HAMEED AND A. K. YAQOOB

References

(1]

(2]

(3]

[4]

[5]

(6]

[7]

(8]

[9]

W. Minda, “A unified treatment of some special classes of univalent
functions,” in Proc. Conf. Complex Analysis (1992).

M. S. Robertson, “Quasi-subordination and coefficient conjectures,”
Bull. Amer. Math. Soc., vol. 76, no. 1, pp. 1-9 (1970).

M. I. Hameed, S. J. Al-Dulaimi, and H. Joshua, “Novel classes of bi-
univalent functions of the Sildgean type with a modified sigmoid
unit action function,” J. Interdiscip. Math., vol. 27, no. 4, pp. 807-814
(2024).

R. K. Raina and P. Sharma, “Subordination properties of univalent
functions involving a new class of operators,” Electron. |. Math. Anal.
Appl., vol. 2, no. 1, pp. 37-52 (2014).

S. P. Goyal and P. Goswami, “Majorization for certain classes of mero-
morphic functions defined by integral operator,” Ann. Univ. Mariae
Curie-Sklodowska Sect. A-Math., vol. 66, no. 2, pp. 57-62 (2016).

M. I. Hameed, B. N. Shihab, and K. A. Jassim, “Some properties of
subclass of P-valent function with new generalized operator,” AIP
Conf. Proc., vol. 2394, no. 1, Art. no. 070006 (2022).

J. K. Prajapat, “Subordination and superordination preserving prop-
erties for generalized multiplier transformation operator,” Math.
Comput. Model., vol. 55, no. 3—4, pp. 1456-1465 (2012).

P. Sharma, J. K. Prajapat, and R. K. Raina, “Certain subordination re-
sults involving a generalized multiplier transformation operator,” J.
Classical Anal., vol. 2, no. 1, pp. 85-106 (2013).

H. M. Srivastava, A. O. Mostafa, M. K. Aouf, and H. M. Zayed, “Basic
and fractional g-calculus and associated Fekete-Szegd problem for

p-valently g-starlike functions and p-valently g-convex functions of
complex order,” Miskolc Math. Notes, vol. 20, no. 1, pp. 489-509 (2019).

[10] Z. Nehari, Conformal Mapping, New York, NY, USA: McGraw-Hill

(1952).

[11] M. I. Hameed, S. J. Al-Dulaimi, and K. A. Jassim, “Some applica-

tions of certain subclasses of meromorphic functions defined by cer-



STUDY CERTAIN SUBCLASSES OF FOR QUASI-SUBORDINATION 871

(12]

(13]

tain differential operators,” AIP Conf. Proc., vol. 2554, no. 1, Art. no.
020001 (2023).

G. Murugusundaramoorthy, S. O. Olatunji, and O. A. Fadipe-Joseph,
“Fekete-Szeg0 problems for analytic functions in the space of logis-
tic sigmoid functions based on quasi-subordination,” Int. |. Nonlinear
Anal. Appl., vol. 9, no. 1, pp. 55-68 (2018).

M. I. Hameed and B. N. Shihab, “Several subclasses of r-fold symmet-

ric bi-univalent functions possess coefficient bounds,” Iraqi J. Sci., vol.
63, no. 12, pp. 5438-5446 (2022).

Received October, 2024



