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Abstract

This paper introduces univalent functions defined on a unit disc J = {2 € C :]2|<1}
of analytic functions. Coefficient estimates are present, which belong to the class $* C(c,0,5)
and TS™ C(c,0,8), and other properties like distortion are derived for the class $" C(c,0,5).
Additionally, extreme points for the class $* C(,0,5) are also given.
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1. Introduction

Let us consider the class of analytic functions F denoted by A on the unit
disk J={2 € C:|2| < 1}, normalized by:

F(0) = 0 = F,(0) — 1, such that
F@ =2+a,2* +as2’+--+a25+-=2+32,a25 ae C (1)
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Let § denote the family of all univalent functions in A.
Let T represent the subclass of A in the following form:

F@ =2-a2*—a32° - —a28—=2-3 a2, a, >0 (2)

Several authors [1], [2] and [3] have investigated classes similar to these
and described a wide variety of properties for analytic functions.

The classes $*(G) and C (G) are two subclasses of the univalent functions
in class $ that have been researched extensively. These classes describe starlike
and convex functions of order § (0 < G < 1) in the open unit disk J. Both of
these subclasses are considered to be significant and important. More
information can be found in [4], [5], [6] and [7] as well as [8], according to the
definition.

5@ ={F es:re (22) >52eu}, 0s5<1and
C(§)={F €5:Re (1+2Jf;§)) >§,2eu}, 0<G<1

Now, we are going touse TS*(C) =S*(Q) NTand TC(S) =C(S) NT.

Definition 1.1: The function classes $*(G) and C(G), have interesting
generalizations to classes $*(G,0) and C(G, o) , defined as follows:

. _ . 022F (2)+2F (2)
5°(6,0) = {F € 5:Re (czzzf”(z)m(z—a)zﬁ(z)+(1—c)2f(2)) >62€ U}’ 0=<o<1)
) >G,2€

and C(G,0) = {F € S:Re (
§) } , (0 < 0 < 1). Consequently, Now, we are going to symbolize

T$°(G,0) =$7(G,0) N Tand TC(G,0) = C(G,0) N T.
Such classes TS*(G,0) and TC(G,0) were extensively investigated by
Altintas and Owa [9]
Based on the preceding study, we define unification $*(G,0) and C(G, 0)
as follows:

023F (@ +2o+1)22F (2)+2F (2)
o223F " (@) +0(1+0)22F () +((6-1)2+0(2-0))2F (2)

Definition 1.2: Assume that F is a function of form (1); if F it satisfies the
condition

Re ( 8623F":/(2)+(cr+8cr+8)22]~‘"(2)+2]3'l(2) ) <
80223F " (2)+(280+02)22F (2)+(0(2-0)+8(0-1)2)2F (2)+(1-0)2(1-8)F(2)
For 2€U,0<G<1; 0<0<1, then itis contained in $*C(S,0,8)
.We will denote TS*C(GC,0,68) = $*C(G, 0,86) N T. Specifically, we have:
$7C(G,0,0) =5"(G,0), $7C(G,0,1) = C(G,0), $7C(5,0,0) =5°(S)
$7C(6,0,1) = C(S), TS"C(G, 0,0) = T$*(G,0), TS"C(G, 0, 1) = TC(S, 0)
ST*C(G,0,0) = TS*(S), TS*C(G,0,1) = TC(S). Specifically, we observe
the following: $*C(G, 0,0) = $7(G) [10], $7C(S, 0,1) = C(S) [10],
The objective of this study is to examine the unique characteristics that
distinguish the classes S*C(G, o, 8) and TS*C(G, o, 6).
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In this part, we will investigate a few features that are distinctive of the

classes $*C(G, 0, 6) and TS*C(G, 5, 8).

2. Sufficient conditions for the class $*C(GC, g, §)and the class TS*C(G, o, 8)
The first theorem establishes an adequate requirement for the functions in
the class S*C(G, o, §) which is given by the following:

Theorem 2.1: Let, 0<G<1; 0<o<1,2€ and F €A, if the following
condition

L[k = Dk =2)(@o(1-02 =) +kk - D(A - 0)(E +0) = (1-
(280 +0% ) +k(A1—-(6(2-0)+8(c-1*)2-N-1-0)* (-
H2-|af=1-¢ 3)
is satisfied, then F belong to the class $*C(G, g, §).Regarding the function, the
outcome is really sharp.

Fi@=2+[1-9)/(k(k—1)(k—2)Ec(1-0(2-9))) +k(k—
D(A1-0)B+0)—(1-928c+0%?))+k(1—(6(2—0)+6(c—
DHR-MN-1-021-8)2-9);2€0, k=23,.. )

Proof: By definition (1.1), a function F is a member of the class S*C(G, o, 8) , if
it satisfies the condition

5023F " (2)+(0+80+8)22F (2)+2F (2)
Re (80223f”’(2)+(26c+52)22F”(2)+((c(2—c)+8(a—1)2)25’(2)+(1—c)2(1—8)f(2)) S ®)

for2€eJ,0<G<1, 0<o0<1.Also, itis easy to demonstrate that requirement
(5) is true if

5023F " (2)+(0+60+68)22F (2)+2F ()
80223F” (2)+(286+02)22F " (2)+((6(2—06)+8(c—-1)2)2F (2)+(1-0)2(1-8)F(2)

-1|<1-¢
(6)

At this point, let us prove that the assumption of the theorem meets the
condition. Through basic computation, we obtain

| 5623F " (2)+(c+80+8)22F (2)+2F (2) _ |
80223F 7 (2)+(266+02)22F (2)+(0(2—0)+8(c-1)2)2F (2))+(1-0)2(1-8)F(2)

< ((Z2alsk = Dk = 2)(1 = )80 + k(k = DA~ )G +0) +
k(1-062-0)-8(c-1)*)-1-0)?A-l|a]+[1-0c(2-0) -
8(c — 1% — (1 - 0)2(1 - 8)) / (EiZalk(k — 1k — 2)802 + k(k —
1)(260+06%) +k(0(2—0) +8(c — D) + (1 — 0)2(1 — 8] |ay| +
62— 0) +8(c — 1)2 + (1 — 0)2(1 — 5)))

The final formulation of the inequality which is equivalent to the
following:
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Yia[k(k = D (k = 2)(60 — 60%(2 = G)) + k(k — D((1 =) (6 + 0) —
1-9QR6c+02))+k(1-0@2-0)-86(c-1)*-(1-% (02 -0) +
§c—-1)2))-1-02A-8)-1-9A-0)?A-8]|la| <1-¢
Tizalk(k — Dk — 2)(80 — §0%(2 = S)) + k(k — D((1 — 0)(6 + 0) -
1-9QR6c+02))+k(1-(c(2-0)+8(c-1?)2-9) -
1-021-8)2-9]|la| <1-¢

The inequality (6) is satisfied if the previous inequality is considered satisfied.

Consequently, proof of theorem (2.1) has been completed.
Now, for the functionfF € TS$*C(G, 0,58), this theorem establishes the
necessary condition.

Theorem 2.2: Let 0<GC <1, 0<0<1,2€UandF givenby (2), thenF isa
member of the class TS*C(G, g,8) if and only if the subsequent requirement is
met.

i [k = 1k = 2) (80(1 - 02 = 9))) + k(k — 1)((1 — 0)(8 + 0) -
(1= 9280+ 0% ) +k(1 - (62— 0) + 8(c — 1)*)(2 = ) —
(1= (1-8)2-9]laf<1-5 ™

is satisfied. Regarding the functions, the outcome is really sharp:

Fu@ =2 - ((1 =9 /(0= Dk = 2)(80(1 = 0(2 = ) + k(s -

1)((1 —0)(6+0)—(1-G)(260 — 62)) + k(l —(6(2—0)+ 8(c —

D)@ =-9) - (1 =01 - 82 -9))2* ®)
2€U, k=2,3,..

Proof: The proof is very similar to the proof that was established for theorem
(2.1) Let 0G<1,0<0<1,0<6<1, FETSC(G 0,8),2€ such
that,

5023F " (2)+(0+80+8)22F (2)+2F (2)
Re (80‘2Z3FW(2)+(250‘+62)22_F”(2)+(0‘(2—0‘)+8(O‘—1)2)2‘]:/(2)+(1—0')2(1—6)_F(2)) > g 2€ U

From basic calculations, it can write as
= [-k(k — D(k — 2)(80 — 80%) YL, a2 — k(k — 1) (0 — 80 + & —
o) ¥, a2+ (1-0@2-0)-6(0—- 12 -kXIx,a2") — (o -
D*(1-8)@ - i, a2 / |- kk = Dk — 2)80° T, a2" —k(k —
DR+ 0¥, a2 + (6(2—-0)+8(c — 1)) (2-kXi,a2%) + (o —
D21 - 8@ - X a2

The final term within the brackets of the inequality is a real number when 2

is selected as a real number and also is limited by (1 — G).Which is equivalent to
the following:
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2, [k(k = D& = 2) (80(1 = 02 = 9))) + (k(k = D(1 - 0)(5 + 0) -
(1-9)(28c+0* ) +k(1—(c(2—0) +8(c—-1)*)(2—-G)) —
(1-0)2(1-8)(2~- q)] |a| < 1 — G, which same as (8).

Consequently, proof of Theorem (2.1) has been completed.

3. Distortion theorem and Extreme Points for the class S*C(G, g, §)

The distortion bounds for functions in S$*C(G,0,8) are given by the
following theorem.

Theorem 3.1: For 0<G<1, 0<0<1,2€ .If F belong to the class
€ $*C(S,0,6) , then

l2] - o 21
2((1-0)(6+0)-(1-5)(280-02))+2(1-(0(2-0)+8(6-1)2)(2-%)) - (1-0)2(1-8)(2-5)

F@ < 12| +

(1-9) 2
2((1—0)(6+a)—(1—§)(26¢r—az))+2(1—(a(z—a)+6(a—1)2)(2—§))—(1—a)2(1—5)(2—()l |

Regarding the functions, the outcome is really sharp:

_ 1-9 2
F@ =12] + 2((1-0)(8+0)-(1-§)(280—-02))+2(1-(0(2-0)+8(0-1)2)(2—F)) - (1-0)2(1-8)(2—G)

Proof: [F(2)| = |2 + Xi%, 2| < 12| + X7, a2 < 2] + 212 T2, ay,
By theorem 2.1, we get:

Yoy < —

2((1-0)(8+0)-(1-9)(280—-02))+2(1-(6(2-0)+8(6-1)2) (2-5)) - (1-0)2(1-6) (2-5)

(10)

So, [F@I <21+ (1 -G/ (2((1 —0)(6+0)—(1-S)(250 -
0))+2(1-(02-0)+8(c -2 -9)-(1-0)?1-8)(2 -
)2

Also, [F@)| = |2 - X8, a2"| = 121 = Tz, a|2¥] = 121 = 1217 27, a

Thus, [F@)| = [2] = (1 = §)/ (2((1 = 0)(8 + 0) — (1 — §)(260 —
) +2(1-(06(2-0)+8(c -2 -9)-(1-0)?1-8)(2 -

C)) ) |2|? finally, it proves theorem (3.1)

4. Conclusion

We have discovered new classes of univalent functions, denoted as
$*C(G,0,8) and TS*C(G, 0,8), within the open unit disk Y = {2 € C:|2| < 1}
using our method. We identified the necessary requirements for these classes.
We invite scholars to present new types of analytic functions, including
harmonic and multivalent, for future study.
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