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Abstract

The presence of these solutions is established by employing well-established fixed-
point theorems in Banach spaces. The aim of this research is to study the existence and
unique characteristics of continuous solutions within compact intervals for specific integral
equations. The quantity demand and investment in research and development, while the
other model focuses on a more realistic relationship between the quantity demand and the
price.
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1. Introduction

One of the important points to note is that the earlier mentioned integral
function can be represented as a non-linear Fredholm equation, appearing as a
perturbed linear equation, see [1]. To see solution existence for Equation (1) in
specific representations, researchers used a fixed-point theorem [2], presented in
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detail by previous studies [3]. Integral equations have significant importance
across multiple scientific and engineering branches, see [4-6] since they provide
models that can describe physical phenomena with differential equations or
systems comprising them such as integro-differential equations or integral
equations themselves. Moreover, several other sources include references like
[7-10] where the authors investigated existent theorems concerning diverse
functional-integral nonlinear-equations applications. In addition to the
developments regarding these relatively complex forms of mathematics are
inquiries furthering understanding about differing types of problems such
involving fractional cases [11-12], also problems involving differential and non-
differential equations [13, 14].

The following part of this research is meant to represent the potential
solutions for the ensuing NVFIEq:

9(@) = g(@) + ¥ y(w t,p®)dt) + K([, F(w,t,0() dt), Tp, ¢ € X
(1)
where A,t € [a,b],—0 < a < w < b < +oo:[a,b] > R™ represents a function
and F, X are continuous functions on D: = {(w, t,¢): w € [a, b],t € [a, w], p}.
The aim of this study is to focus on examining the presence of solutions for
the below functional linear integral equation:

b
y(@) = f(w) + A ;) K (0, 0)y(©)dt + 2, f; Ky (w, O)y(D)dt, 2
where A,'t € [a,b],—o<a<w<t<bh<+w,A,1,,a,b" are constants,
f:la,b] » R™ and K,, K, are regular operations and y(w) is unknown function.

2. Main Results

Let c[a, b] represents the space of Banach which contains continuous real
valued functions f € c[a, b] in the norm

Ifllco = maxgexspfl- 3)

Lemma 2.1: [3] Let H be a closed nonempty set in a Banach space V, and let
T:H — H be a continuous mapping. Assuming that T™ is a contraction for a
positive quantity m, we can conclude that T possesses a unique fixed point
within H.

In this article, our focus lies on the complete metric space (X, d), where the
metric  function d(f,g) = max,e(qpilf (x) — gx)l, for all f,g€X.
Additionally, we assume the presence of a bounded linear transformation L on
X.

It should be noted that a linear mapping L: X — X is considered bounded if
there 3 M > 0, st.  ||Lx|| < M||x||; Vx € X. In this case, we define ||L|| =
sup{||Lx||/||x]|; x # 0,x € X}. Thus, we can determine whether L is bounded
by examining if ||L|| < oo .

Note that L is (BL mapping) on X, let L(x) = Ax, where A doesn't rely on
x €X.
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Definition 2.1 [17]: Suppose that S represents the collection of each function in
«: [0, 00) — [0,1) matching the requirement:
lim,_+sup x (w) <1, Vt € [0,0) 4)

Definition 2.2 [17]: Suppose that B represents the collection of each function in
V:R* U {0} » R* U {0} that meets the below assertions:

i.  Vincreases monotonically.

ii. Ifx>0thenV(x) < x.

iii. o () =V(x)/oo € w,x # 0.

In this context, within Equation (1), for the purpose of simplifying the
analysis, we will consider the assumption that a equals zero,

f €Cla,b] )
and
K; € ([0,p] x [0,b] xR),0<t<w<b (©6)

Furthermore, one may suppose that K; for a random constant N, satisfied
a Lipschitz condition, such that:

IKi(w,6,y1) —Ki(@,t,y)| S Nillyy =¥, 0 <t <w <b,y,,y, ER, A
=12, (7)
We have Equation (1) takes the following form y = Ty:
Theorem 2.1: Suppose that both f as well as K; meet the assertions mentioned
in (5), (6) and (7). Furthermore, assume:
x+B <1 ®)
where x= |A{|Ny,B = |BA,|N, and X, = 1,X;_; + 1,A = 2,3,---,m.

Consequently, Equation (1) must have one and only one solution y(w) €
c[o,p].

Proof: Let us present the following linear IO : T: C[0, b] — C[0, b]

Ty (@) = f(@) + 4 [, Ki (@, Dy@©)dt + 1, [," Ky (w,Dy@®)dt (9
Allow us to demonstrate that for a sufficiently large value of m, the
operator T™ becomes a contra. on the interval C[a, b], fory, ,y, € C

Ty, (@) — Ty, (@) = A4 ' {K; (@, D)y; () — Ky (w, )y, (£)}dt

+25 [ (Ko (@, )1 (1) = K (0, )y, (D)}, (10)
then

ITy1 (@) = Tyz(@)| < 141Ny [ ly1(8) = y2(D)ldt + |2,
fobl)ﬁ(t) —y2(B)ldt < (< +p)(w + X;b) - [ly1 () = y2 (D)l co, (11
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since
T?y;(w) = T?y,(w) = fom{K1(w' ) - Ty1(t) — Ky(w,t) - Ty, (D)}de +
[ Kal(@,8) Ty, (8) — Ky (@, £) - Ty, (D)}, (12)
we get:

IT2y; (@) = T2y, ()] < (« +p)? (0% +%,b2) - Iy (6) = ¥2 (O)lles, (13)

by mathematical induction, we get:

T3 (@) = Ty, (@)] < (o )™ (™ + Kyb™) - 11.(6) = y2(O) 1o (14)
thus

1791 (@) = T2 @)1 < (¢ +B)™ (= + K ) ™ [1y2(8) = 72 (Olleor  (15)

Since 0 < (o +B) < 1, then, lim,,_||T™y, (@) — T™y,(w)|| = 0.

Moreover, the mentioned operator T™ is again a contraction in the interval
C[0, b] if m is selected sufficiently large. Using the fact of Lemma 2.1, we get
that T will have one and only one fixed point in the interval C[0, b].

3. The presence and singular nature of the solution for NIE

Within this section, our focus will be on examining the presence &
singular nature of the solution for the nonlinear Volterra-Fredholm integral
equation, as well as exploring its uniqueness:

(@) = g(@) + ¥ (5 y(,t, 9()dt) + K ([, F(w,t, p(t)dt),
T(p+K),peX (16)

where w,t € [a,b],—» < a < x < b < w:[a,b] > R™ a function and y, F are
continuous functions defined in D: = {(co,t, @): w € [a, b], t € [a, w), ¢ € X}.

Theorem 3.1: Take into consideration the mentioned equation in (16) in a way
that:
1) W:X - X is a linear transformation which contains upper and lower
bounds,
i) K:d—->R"™ and g:[a,b] > R™ are continuous, there exist integral
functions:
P,:[a,b] x [a, b] = R, such that.:
|¥(w,t,P1) — P(w,t,Py)| < Pi(w, )E(|A - B|)
|IK(w, t,U) — K(w, t, V)| < P,(w, t)J(JU-V])
Vw,t €[a,bland A,B,U,V € R"
1

b 2
SuPuclan) Jo W@ 04 < G

Then, Equation (17) contains one and only one fixed point ¢ in X.
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Proof:

Pns1(@) = g(@) + ([ y(@,t, u(©))dt + K. Fw, t, 9, (£))dt)
=T,0,,n=0,1,. (17)

< IS y(w, b n(0)) = (@, t, @y (D)dt] + K|
[ F (@, 0n(8) = F(w,t, @y (£)dt]
< I f; Pu(w, DE(I9n () = @nos (DD + K]

12 Py, OF (|9 (6) = @nr (DD E

< ¥ + KIP(f, PE(@, D) 72(J] S2(@n(0) = ppa(D))dD) 72 (18)
the function S is increasing, then:
S(Uen () = @n-1 (D) < S(d(Pn, P-1)) (19)
so, we get:
A2 (Pus1, @n) < I1¥ + KIP(sup [ p?(,1)dt) - (J S?(d(@n, Pn-1))d)
< SZ(d ((pn' (pn—l)) (20)
therefore,

d(‘pn+1' (pn) < S(d ((pn: (pn—l))

— S(a@nen-1)
= ooy (A@non)

=X (d((pn' ¢n—1))(d(§0n' ¢n—1)) (21)
and so, the sequence {d(@,, ¢,—1)} is monotonic and has a lower bound.
Therefore, there is T = 0 s. t. lim, o d(@n41, @) = T, since lim  supg_ .+ X
(w) <1 and « (1) < 1, then there exists r € [0,1] and € > 0 such that
(w) < rforall w € [t,7 + €]. We can take n € N such that.:

T < d(Pns+1,Pn) <7+ ¢€ for\eachn € Nin a way thatn > N
Moreover, one could have that

A(Pnt2) Prs1) <X (A( P41, Pn))A(Prs1, Pn) S 1d([A(Prs1,01))  (22)

For each n € N which has the property n = N. One could conclude the
following:

Yne1 A(@n1, @) < Xz A(Prsr, Pn) + Xzt 77 A(Prir, 90) < o, (23)

{¢,} represents a sequence of Cauchy type. In fact, we have the metric
space (X, d) is complete. Therefore, there is ¢ € X in a way that lim,_,, ¢, =
@. Hence, applying the limit on (17), one could have that:
@ = limy e Ppy1 (@) = g(w) + lp(faw y((ﬂ)ﬁ t, limy o §0n+1(t))dt) +

b .
Kk (£, F(@, 6, limy o @pas ()t ), = g(@) + ([ y(w, t, 0(r))dt) +

b

K(Jf) Fwt,())dt), (24)
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So, the is a solution ¢ € X in a way that T € ¢. Clearly, we get one and
only one fixed point T.

5. Discussion and Conclusion

Within the scope of this research, we have thoroughly investigated the
existence and uniqueness of solutions for both linear and nonlinear integral
equations. To explore the presence of continuous solutions for Volterra-
Fredholm integral equations, we have effectively employed fixed point
theorems.
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