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Abstract

Given the importance of proximity spaces in scientific and engineering applications,
this study attempts to expand the concept of compact spaces in proximity spaces while
preserving the general framework of the concept of a compact space. Three types of compact
spaces are presented, referred to respectively, 5-compact, 6-compact, B -compact, along with

a study of the main properties of each type.
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1. Introduction

Many researchers have been interested in studying the space of proximity
due to its ease of connection to real life [1, 2, 3, 4, 5, 6], as this space relies on
the proximity relationship between subsets of the power set, which was
introduced by Riesz in 1909 [7]. However, due to the evolution of life that has
led to the emergence of many problems, researchers have been encouraged to
develop some topological concepts within this space [8, 9]. A relation § is called
a proximity if § satisfies the following conditions: (1) If AGB, then BSA. (2)
If A6B, then A# @, andB# @. (3) fANB # @, then A6B. (4)A8(BUC)
iff A6B or ASC.

Writing A6B or ASB where A and B are near each other or far. And If 5,
define by H6,D & HND # @ , then §, is called discrete proximity, and if
§; define by H§;D & H # @ and D # @, then §; is called indiscrete proximity.
Moreover, a topology generated by proximity space denoted by 7s5is called
proximity topology [10, 11].

Theorem 1.1: Let N, M nonempty subsets of X. Then
1. IfN&M, then MSN, and N&@ for every N C X.

2. If N6M, and C c M ,then N6C , and if N6M, and M c C ,then N&C .
3. IfNSM,then NN M = @. Also, N6C and MSC iff (NUM)SC.

Definition 1.2: The subset B for any proximity space (X,8) is 6 —
neighborhood for A, where A§X — B, and its denoted by A « B.

Theorem 1.3: In a proximity space (X,8) the relation < has following
properties: (1) X< X. 2) 0 KABJAKB= AcB. (4) If {#} <K A then
% € A

Proposition 1.4: The map §: (X, &) — (Y, 5y) is § — continuous if its satisfied
at least one of the following:
1. N6xM, then f(N)6yF(M) for every N, M < X.

2. MNcC Y, M&yN, then -1 (M) 8L (N).

Proposition 1.5: Let f: X — (y, Sy). The coarsest proximity §x which may be
assigned to X in order that f be § — continuous is defined by NEXM iffaccy

stf(N)SyY — C,and f1(C) € X — M.
Definition 1.6: Subfamily B is called a bunch iff satisfies the following three

conditions of allN,H € X: (1)V N,H € 8= N6H, Q) (NUH)eB <= NE€
BorHeEB,BINeB = cl(N) € B.
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Definition 1.7: A family o defined on X is called a cluster if ¢ satisfying the
conditions: (1)VH,K€o = HSK. (2)(HUK)Eoc & He€oor KE€
0.(3)H6K forall K € o,thex H € 0.

2. Main Results

This, we study some different definitions for a property of compactness
and study their relationships with each other on one hand and their relationship
with the property of compactness on the other hand, where most of the results
achieved in compactness will be generalized to our three definitions, and we will
demonstrate the possibility of changing the definition of compactness to suit the
space we are working within without affecting the results and data of that

property.
2.1 8 — Compact

Definition 2.1.1: Subset N is called §-compact set in (X, 8, 7s) iff all T5-open
cover {#,; ) € A} there exists finite subset A.of A st N <K Usep {H5; X €
A}

Examples 2.1.2: Let § is indiscrete proximity. Then 5 = {X, @}, hence X is
6§ — compact, because X is only Tg-open cover for every subset in X, thus

X6X — User {Hy; A EA.} = 0.

Proposition 2.1.3: If N € X is 75-closed set & X is §-compact space, then N is
6-compact set.

Proof: Assume that N C X be a 75-closed of § — compact, and {#,; 3 € A} is
Ts- open cover of N.Then {¥ — N}U {#£,; 3 € A}is T5-open cover in X. Since X
6 —compact, there exist finite subset {}[g; t=1, ...,lc} s.t ng —
U {F; t € KJUX — N} . By Theorem 1 part 3, N6X — U, ({Hy t €
kKJUX— N}, thus N < U, ({7 t € K}JU{X—N}), henceN is & —

compact set.
Corollary 2.1.4: IfN € X, and K is §-compact set. Then N N K is §-compact.

Proposition 2.1.5: If N, K are §-compact sets in X , then NUK is § —compact.

Proof: Suppose {D,; 3 € A}, and {H; 7€ A} are t5-open covers of N, K.
Since N, K are § — compact, there exist {ibg; t=1, ...J{}, and {.‘7-['; F=1, z}
st N« UEEH{QE; t € h’} , and K « U(,,'EZ{IH"; 7€ z}, by Proposition 2, N&
(X = Uiexl®y t € 2]) N (X = Uyea {5 7 € 21 . But (5 = Ui, [ Dy 1€ 2P N
X — U,eo{7;5 7 € 2D=%X— U, ({DUFH,; t € x4 € z}). Since (DUFH;) €

15 for all {€x,7 €z, N& X— U, {D.NFH,; tExj €z} Also,K § X—
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U, (DU, }. Then(NUK)SX — U, {(DUH,); t € %, € 7}). Hence (NUK),
« Uw{(DEU.‘I{j); t € %, € 3}) thatis, NUK is § — compact.

Corollary 2.1.6: Finite union of § — compact sets in X is §-compact set in X.
Proof: Directly from the Proposition (2.1.5).

Proposition 2.1.7: Let f: (X, 6, 75) = (Y, 6y, ps) be a one to one Ts-open
& —continuouse function. If Y is §-compact, then X is §-compact.

Proof: Assume  {#,; D€ A} is 7Tg5-open cover of X. f be an 74-
open, {f(#,); X € A} is t5-open cover of Y. But Y is § — compact, there is

exist finite subset {f @Fy; t=1, K} st ySyy — Uge,c{f(ﬂfg); t € k}, by
Proposition 1.4,f (Y)8xF 1 (Y — Ue{f(#); t €K}, but §F1[Y — U,
{f(}[g); EEK}] = f_l(y) - Ugex{f_l(f(g{g)); t€ ’C}] =X - Uge;c{g'[gi t€E
lc}, thus. X 6xX — Ui {1 t € K}, that is, X is § — compact.

Proposition 2.1.8: Objective § — continuous image for the §-compact is §-
compact.

Proof: Assume that Y has tg-open cover {H,; 1 € A},& § & — continuous
function. Then {f~1(#f,); 3 € A} is t5-open cover of § — compact X. Then

there exists finite subset {1 (#€,); t=1,..,x} st 65X — U{F2(#); t € K}.
By Proposition 1.4, there exists B €Y s.t f(X)gy Y-B, and f1(B) c
U (@€); tex}. And X— Ui '(#); tex}cX—§1(B), thus
X — Ul T (3 tE KD SFX—T7'(B) =i(X) —i(i*(B)) =Y - B,
that is, f(X)3yf(X) — Uiex{F .}, thus £(X) is T — compact.

Corollary 2.1.9: X is §-compact space if every family of tg-closed set
{Ny t € A} there exists finite subfamily {Nyt € K} such that X5 NierfNy t €
K}

Proof: Assume that {N;t € A} is a family of closed, then {X — Nt € A} is 74-
open cove of X. Since X is § — compact, there exist finite subset {X —-Ng t=
1, ., k} st X K Uee{X — Ny t € K}, that is X6X — (Uye{X — Ny t € k) =
NNy t € K}.Conversely, suppose X 6ﬂ§EK{N§; te lc}, that is, Xd&X —
U,;E,C{X -Ng t€ K}, thus ¥ < UEE,C{)S —Ng t€ k}. Hence X is § — compact

Proposition 2.1.10: X is §-compact if X is compact space.

Proof: Since X is compact and has Tg-open cover {J{,; X € A}, there exist
{35 t=1, ..k} st U, {0, t € K} =X, thus X — Ui, {H; t € K} = 0, but
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@SN for every N € P(X), that is, X <« Ut;Elc{bg; t € K}, hence Xts & —
compact. Conversely, suppose X « Uge,c{f]-[g; t e lc}, that is, X&X—
Uge:c{ﬂgi t € K}, by proposition 3,XNX — UEE,C{}[;; t € K} =@, that is,
X< UEEK{IH‘E; t € K}, thus X is compact.

2.2 B — Compact

Definition 2.2.1: Subset N of space (X,d,75,8B,) is called B-compact set iff
every tTg-open cover {®,; 1€ A} there is finite subset A.for A st N —

(Usen. {Dy; 2 EA. })gb for every b € B.

Example 2.2.2: Let § be indiscrete proximity. Then t5 = {X, @} is indiscrete
topology, , it’s easy to see that (X, §;, T5,B) is B — compact, because X is only
T5-open cover of every subset A of X thus X — (Usen . {Dy; EA.}) =XN

® = @5b for every b € B.

Proposition 2.2.3: Every tg-closed subset for B-compact space implies to
B —compact.

Proof: If D is t4- closed for B — compact, and {D,; 3 € A} is open cover of
D. Then, {®,; 3 € AJU{X — D} is ts-open cover of § -compact X, thus there

exist {Dg; t=1, z} st X— (Ugez{bg; te z}U{X — D}) 6b for every b € B.
By Theorem 1.1, D — Ugez{bg; te z} &b for every b € B, that is, D is B —
compact set.

Corollary 2.2.4: I[fN € X and K is B-compact set, then N N K is B-compact.

Proposition 2.2.5: Let f: (X, 6x,75,Bx) = (Y, 6y, ps, By) be a one to one 75-
open § —continuouse function. If Y B-compact, then X B-compact.

Proof: assume X has tg-open cover {D,; A € A}. Since f be an 7s-open
function, then Y has 75-open cover {f(D,); J € A} . Since Y is B — compact
space, there exist finite subset {f @) t=1, m} st Y — Ugem{f(bg); te
m}8yb for every b€ B, by Proposition 1.4 [Y — Uen{f(®Dy); t€
myIBxiM(B) for every T €F(B). but (Y~ Uenli@)I-
FUY) ~ Ul G@DN = X~ Uenl®).  thus X —Uen(Dy; 1€
m}Sx §~1(b) for every f-1(b) € §~1(B), that is, X is B — compact.

Corollary 2.2.6: Objective §- continuous image of B-compact is B-compact.

Proof: 1f {D,; 3 € A} t5-open cover forY & f be § — continuous function.
Then {f~*(D,);) € A} is T5-open cover. Since X is B — compact, there exist

{F1®); t=1,..k} st X— UefF1(D0); tE€ K} Sxb for every b € B. By
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Proposition 1.4, there exists B € Y where §(X — Uge,c{f_l(bg); tEe K}gy Y-
B and f1(B) €X—b, for every f(b) € f(B), But f[X — Ui, {F 1(D); t €
K}] 2 §(X) — Ui [FG1(@0); t € K} 2 f(X) — Uer Dy t € K}, by Proposition
1.3, f&X) - U;EK{QE; te K}gy Y —B andf 1(B) € X —b for every f(b) €
f(0), but C S X—§'(B), thus f(b) SF(X—"(B))=FX) — (" (B®) =

Y — B, that is, f(X) — Ugek{bg; t € K}gy f(b) for every f(b) € f(B), thus §(X)
is B — compact.

Proposition 2.2.7: If D, H are B-compact sets in X , then DUH is B-compact.

Proof: Let {Dy; € A}, and {FH+; T € A} are t5-open covers of D, H. Since
D, H are B — compact, there exist finite subset {D;; t = 1,...»}, and{#,; j =
1,..2} such that D — Ui, {Dy t € #}6b , and H — Ui, {3€,; 7 € z}6b for
every b € B , by Proposition 1.3, (D — UEEH{QE; t e %})U(H - Ugez{ﬂ'j; J €
z}) 8b forevery b € B. (D — Ui, {Dy; t € ¥ DUH — Uy, {H ;5 4 € 3=

(D N (X — U, Dy t € xHUH N (X — Ui, {35 7 € 2))), since (DUH ;)
€ 15 for DN (X— Uy {(®UZH,); t€xj€zhUMH N X - U {(DUZK,); t€
u,§ € z})) 8b every t € x,7 € z. thus (DUH) N (X — Uy A(DUH,); tE x4 €
z}) &b for every b € B. Hence (DUH) — Ug,j{(SDgUfH‘j); teExn, € z}) &b for
every b € B, thatis, DUH is B — compact.

Proposition 2.2.8: X is B-compact space if every family of t75- closed set
{Ny t € A} there exists finite subfamily {Ni;t € K} s.t Nie, {Ni; t € K}5b.

Proof: Let {Ny; t € A} be a family of 74- closed set, then {X — Nyt € A} is 74-
open cove of X. Since X is B — compact, there exist finite subset {X -Ng t=
1, lc} st X— UEEK{X —Ng t€ K} §C for every b € B, that is, ﬂgEK{NE; t €
x} §b for every b € B. Conversely, suppose ﬂge,c{]\l,;; t € lc} &b V b € B, that
is, X — UEEK{X —Ng te lc} §b for every b € B, thus X is B — compact space.

Proposition 2.2.9: Every compact space is B-compact space.

Proof: Let{D,; ) € A} be a T5-open cover. Since X compact, there exist
{@E; t=1, ..._lc} s.t Uge,c{bg; t e lc} =X, thus X — Ugex{bg; t E_lc} =@, by
Definition @JA for every A € P(X), that is X — Ugex{gg; t € K}5b for every
b € B, hence X ts B — compact.

Proposition 2.2.10: If every finite sub collection of 74- closed sets s.t
ﬂgex{]\lt; te lc} C b Vb € B, then every B — compact space is compact.
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Proof: Let X ts B — compact.Then for every {W,; 1 € A} there exist finite
subset {Wg; t=1, K} st X — Ugex{wgi t € x} 8b for every b € B, that is,
(ﬂge,c{)s -W; t€ x})gb for every b € B, by property of proximity, (ﬂge,c{x -
W t € k})Nb=9®. By hypothesis (OEEKEEK{X -W; t€ K}) Nb=

(ﬂge"gex{x -W; te K}) =@, by De-Morgan Low, Ut;Ek{Wt;; teEK} =X,
hence X is compact.

2.3 o — Compact

Definition 2.3.1: N € X in the space (X, d,7s,0,) is called 0 — compact set iff
all tg-open cover {W,; X € A} there exists finite subset A.of A s.t

((Usea. Wy A€A.DUX —N)) € 0.
It’s clear that X is ¢ — compact space iff Uyep  {W;; AEA.} E 0.

Example 2.3.2: Let § be indiscrete proximity. Then (X, §,, T5, ) is ¢ —compact.
Proposition 2.3.3: Every 75-closed for a-compact space is o-compact set.

Proof: If N 15-closed for 0 — compact, and {W;; } € A} is 75-open cover of
N.Then {X — N}U {W,; 3 € A}is 75-open cover in X. Since X is 0 — compact
space, there exist {Wg; t=1, ...,lc} s.t UEEK({WE; te K}U{X —N}) € o, that is,
Nis o — compact.

Corollary 2.3.4: If N nonempty subset of X and K is 0 — compact set in X.
Then N N K is 0 — compact set.

Proposition 2.3.5: Let {: (X, 8,75, 0%) = (Y, 8y, ps, 0y) be a one to one open
6 —continuouse function. If Y is 0 — compact, then X is 0 — compact.

Proof: Let X has to be a t5-open cover {W,; 3 € A}, and f be atg-open
function. Then {f(W}); 3 € A} is T5-open cover of o — compact space Y, thus

I{FW); t=1, ., k) s.tUe,{F W); t € K} € 7(0). T (Upeuf W t € K}
€ 1§(C). Since f is one to one, UEEK{WE; l;ex} € C, that is, X is o —
compact.

Corollary 2.3.6: § — continuous image of g-compact space is ¢ — compact.
Proposition 2.3.7: f NUM is o-compact set in X, then N, M are 0 —compact.

Proof: Suppose NUM is o —compact. Then (UEEK{WE; t € K, JUX —
(NUM)) € 0. But (Uee{W; t € 1, JUX — (NUM)) = (Uie, Wi t € K, JU((X —
N)nX-M)) < Uge;c{WgF te K:}U(X —N), thus (UgEx{Wg; tE K.}U(X -
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N)) €, hence N is o0 — compact .Also, (UEEK{WE; 1S x,}U(X - M)) €o,
thus M is 0 — compact.

Proposition 2.3.8: Every compact space is 0 — compact.

Proof: Let{N,; 3 € A} is 75-open cover of X. Since X is compact, there exist
finite  subset {N; t=1,..,k} st UgfN;t€K}=X. Since Xe€o,
UgEx{Ng; te K} € o, hence X ts 0 — compact.

3. Discussion and Conclusion

The researchers concluded through this work that it is possible to add the
property of compactness to the proximity space through the system of
neighborhoods, as the definition is synonymous with the property of
compactness. Additionally, it is possible to expand the property of compactness
within the proximity space by using a family of bunch or cluster.
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