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Abstract

In this paper, a different-order fraction dynamical system of five equations for an
epidemic model was analyzed by studying the existence of equilibrium points and their
stability (locally and globally). The bifurcation (locally and globally) of equilibrium points,
positivity, and uniformly boundedness of solutions was also proved under certain conditions
on the system’s parameters.
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1. Introduction

The World Health Organization recognized COVID-19 as a global health
crisis in March of 2020. This disease has a fast-moving spread in multiple
countries worldwide. This causes the governments to prohibit travel inside or
outside of their jurisdiction. The World Health Organization also released a
series of initial judgments regarding LaTroy's potential effectiveness in
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healthcare and called on all countries to collaborate in its eradication. The
disease then spread to the rest of the world, leading to health issues in one
region. Despite public immunizations in a limited number of countries,
strategies like social isolation, physical distance, and wearing a mask are
primarily employed to reduce the rapid growth of COVID-19. Other scientists
and mathematicians contribute to submitting numerous models, including SEIR,
SEIVR, and SEQAIJRE. The SEIVR model, in particular, has been a focus of
research due to its potential in accurately representing the dynamics of the
disease. A representation of the SEQIR in Italy was submitted [7]. After
augmenting the model SEIVR with a limit function that includes its parameters'
recovery, mortality, and transmission as random increases the model's reliability.
[2] & [9]. The model SEIVR was resolved mathematically using the sensitivity
and eigenvalue method. In [4], they employed a numerical approach to solving
the linear system that lacked real data. The numerical investigation of a
deterministic mathematical model of a SEIVR, this model includes a class of
temporary immunity that is associated with a subsequent dose of vaccine for
infants. Hypothetical values were chosen for the parameters to test the validity
of the mathematical model; the greatest impact on the model was computed via
the eigenvalue method of elasticity and sensitivity analysis; this method revealed
that the model of [11]. In [12], a numerical method appropriate for solving a
complex system with multiple variables and parameters that lack real data was
employed.

A susceptible vaccine-exposed infectious recovery (SEIVR) model for an
infectious disease that is transmitted in the population through direct contact was
considered, it was observed that the model has two distinct equilibrium points:
the disease-free equilibrium and the endemic equilibrium, a Lyapunov function
was constructed that describes the global stability of the disease-free equilibrium
is contingent on Ro as opposed to RO. If RO > 1, the equilibrium points are
unstable; otherwise, they are stable via the geometric method of the Li and
Muldowney approach for 4th-dimensional systems.[13]. The references of [1-8]
investigated the viability of critical systems in the epidemiological context of
Covid-19. [11-18] investigated the safety of the criticality of epidemiological
systems related to COVID-19. Instead of the local investigation of the
equilibrium points, which was conducted by studying their stability, also in [14,
16-26], a different dynamic system of five equations is analyzed to prove the
existence of equilibrium points and their stability (locally and globally) when
studying the system's behavior. and its calculations can be accomplished easily
in a simple procedure; the fundamental concepts were explained in Sec.2.
Section 3. The mathematical framework was explained. The primary results
were covered in Sec.4. The Positive and Bounded properties are demonstrated.
Section5. The existence of the points at equilibrium was crucial. We investigate
the stability and the local nature of these points in Sec. 6 & Sec.7.Respectively.
Ultimately, the Conclusion and the future planned were both included in Sec.8.
& Sec.9.Respectively.
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2. Basic Concepts
2.1. Existence and Uniqueness

Theorem 1 (Existence-Uniqueness Theorem) [14] : Let E be an open of R"
containing x, and f satisfies Lipschitz condition Then there exists an a > 0 such
that the initial value problem is:

X = f(x), x(0) = xy (M
has a unique solution x(t) on the interval [-a, a], a > 0.

Theorem 2 [14] : If x, is a stable equilibrium point of (1), then no eigenvalue of
Dftx,) has positive real part.

Definition 1 [14]: Suppose M = {g;: V —» W,i € I}, where Vis any set and W
liesin R or C.

2.2 Bifurcation
Local bifurcation 2.2.1 [15] :

Definition 2 [16]: Bifurcation is a qualitative (topological) modification in the
nature of the System solution that occurs when a system parameter is changed.

3. The modified mathematical model:
Let the size of the population be N(t) then clearly N(t), with N(t) = S(t)+ E
O+ 1O+ V(+ R().

Zf—f=ﬁ§(1—§)—%+vﬁzgl
Z:f = % -G +E =g,
O S,E— (g + 7o + 7, + 7)1 = g )
Z’::Y = €+ V51 — (i, + W)V = g,
Z’:Zf =V, — iR = g5

All initial conditions are non-negative except S(0)> 0 and 0< a4,...a5 <
1. In system (2), u is the rate of growth of S(t). P is the rate of contact of disease
K represents the carrying capacity of the vaccinated persons, p, is the death rate,
Vo is rate of death by disease. E(t) are infected by rate v, v, is the recovery rate,
v, in the vaccination rate of I(t) and vy, is the rate of losing the immunity. The a
mounts of vaccinate are p§, BSI Ay(I) is re transit rate where y(I)> 0, y(0)=1
[12]. One can take w(I) = 1+ ¢ I?, ¢ I* < 1, where the population can reduce the
contacts with respect to time [10] .
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4. Positivity and Uniform Boundedness:
4.1 Positivity

Theorem 3: All the solutions of system (2) are positive.

Proof: Let T(t)=——+T,

F(a+1)
Where ¢ & T, are constants
Now
L"s _ da% S(T) (T) _ _c$(n) T(a+1)
at at 4% T(a+1) M(a+D)
Here, the system equations was converted from the fractional derivative to

the ordinary differential derivative. At first we show the positivity of S(t) and
similarly for the others.

= cS(T)

d“ls_._A 5 _ BSt Sy Bl oo
1.for = 5(1 E) w(1)+"4V:> c$= @s(l ) W(I) +9,V
= ? ——[ a(l—= ) — WI) + 9, § ]dt . Integrating both sides to get : S (t) =

N Sy__B Yat
So ef L R > 0 . And similarly for the others.

4.2 Uniform Boundedness

Theorem 4: All the solutions of the system (2) are uniformly bounded.

Proof: Let (f ®),E@), 1), V(t),}?(t)) be any solution of system (2) with
nonnegative initial condition (5(0), E(0),1(0),7(0), I?(O)) € RS.
Let Ht) =S +E@) +11) +V(t) + R(t)
H®) = -S@ + - E@ + -1+ 2V©®) + ZR®

& ;i 2 R N R e e
H() < % [S(t) + E(t) + I(t) + V(t) + R(D)] 21 [ﬁS—%—%
4V+llf(1 (V1+P-1)E+V1E (u1+v0+V2+V3)I+Mf+vI—

(fiy + )V + V.1 — iy R],
Where ¢ is max { ¢y, ¢,, C3,C4,Cs}
1,.a [S? - - ~\D ~ ~ IO ~ ~ - ~
_‘[S_L+(V4_ _V4)V+(V1_ 1 RE+ T+, -y — 7 —
— ) — R+ € < - [.“5 + 9, E + 931 + 7,V — 4R +#E] (3)

1 -~

Now H(t) < = [AG+E+T+7+R) +2ﬁs—7+g.§+ Ty — )
E 1),

Since S(t) < kso E < k.

Therefore H(t) <= [fiH + i + 2jik + (¥, — 7,)K]
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H(t) + EH< AZ + 2k + (7, — 7))k, (4)
Let L = ji{ + 2k + (¥, — 9))k. Then H(®)+% H<L 1" order

. . . . Et Et Lc Et
differential inequality,= H ec" < [Lec'dt + ¢; = Z € +c;. Therefore H(t) <

LE _E, , L . .
—t e oo lime, H(t) < — -~ H(t) is uniformly bounded.

5. Equilibrium points
The equilibrium points as shown in the following table 1:-

Table 1
Table of critical points
. . R . o WUtV o o @E+l | o e
i, S=2(1+13) Eizm « 1 = HE + VNI i Ri=V~Lll
B \41 fiy +9, [16Y
fo=8, So= %1 (1+¢,°) Eoziﬁlw";ozws * 8y ¥, = & + 916 'Rojlflél
1 - o~ ~ 1
=W =b, _: HitVe | =f)
. =h
I,=8, . e e FEaS <
o = ~ - + vié =
51:§(1 + ézz) E1=H1+VO~+V2+V3 * € vV, = 711? Vi 2 R17v5e2
AB . Vi fiy +9, M
=W, =b, =1, =h,
i,=8, s Doy | m ey o _Btvies |
52=§(1 + é3 ) Ezr ) =¢€3 ZA fi, + 9, RzA 0
=Wy = by =1 _ = h;

. . oo o+, )
PN A = Vo+V,+V N == ~ ¥
I=8, S3= % (1+ By=es 0\71 %8y T+, R3J;e4

_ ~ 1
8,°) =W, =b, =t =h,

Therefore this system has five equilibrium points namely : where k; = 2 *
10 , ¥, = 0.001 , ¥, = 0.009 , ¥, = 0.07 , V3 = 0.04, ¥, = 0.2, = 0.002,
let £=1, fi = 0.025,fi; = 0.005. Thus the five positive equilibrium points at
the values of the parameters are : 1. A; = ( 8000.001,0,0,0.122,0), 2. A, =
(911731,10.6,0.7,0.2,5.6 ), 3.A; =(4591085.7,38.51,2.6,0.24,20.4),
4.A, = (183570,7.6,0.5,1.144,4),5. As = (673090,21.14,1.4,0.2,11.2).

6. Stability of the equilibrium points

ForA;,A,,A;,A, &Ag, Ryis:

R,=6.4000008, 324.2, 0.2, 1.1, 0, respectively, so, A; & Ag are the only
stable.

7. The Local Bifurcation:

Local bifurcation analysis near As: Because it happens at As only.
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anis _ oy 8BS
_'“S(l k) ly(l)+ WI=fi

d*2g _ pBSI
Bst -+ P—1)E f2 )

at@ — w(i)

=%UE—- (L +T+7,+9)I=f;

=8+ vl — (1, + 7))V =1,
d%sR JUPS - A
dt9s = VZI - ulR = va

Now to study the Bifurcation at the equilibrium point A5 by the following
theorem

Theorem 5: The equilibrium point A5 of (5) is saddle node bifurcation where
the following criteria are fulfilled:

- 402.24B7i1 +402.24 37, (V1 +11) ([1 +Vg + +73)+402.24 57,

Vs = Vg €= 318 ’
_ (Ey+Vo+7a+V3)
€, = Bt ()
€, = —4054245 €, _N_z let €5 = (M;:W) € = (m;w)

with the parameter ¥; passes through the value ¥; = 75, has a saddle — node
bifurcation, but neither a trans critical nor a pitchfork bifurcation at As.

Proof: According to the Jacobian matrix /(A5 ) given by (6) ,the system (6) at

1+6 52 Ll1+V0+V2+‘V3é ’é ‘uf+‘l/3'l/4,€4 ’@ , has
( +) V1 B 4, n )

no positive eigenvalue, say: R,=0 < 1. It is clearly that f, fi;, k> 0, Let
His) be any non zero vector such that Hys) = (Hy, Hy, Hs, Hy, Hs).  Where

A%y = (Ay, By, Ha Ay, Bs)'

equilibrium point Ag = (

- 2ia  BI BS (1+12) 5
A=%S—14m 0 T Ta+i2)? Va 0
i P BS (1412)
b (ﬁ, ﬁ[sl) = i @1 + ) (+12)2 0 0
0 W —(fiy + Vo + 7, + ¥3) 0 0
0 0 V3 -y +7,) O
0 0 V2 0 —H
—2p _ B(1+12) -B(1-1?) | 2pBsi
ko (1+i2)2 0 (1-12)2 + (1-12)2 00
. B(1+1%) B(1-12)—2B1 | 2psI
D* (T' A[s]) = (1+12)2 0 =iy ay 00
0 0 0 0 0
l 0 0 0 0 0
0 0 0 0 0
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2B1(1+12)2+4B1(1+1%)
0 0 e 0 0
. 2B21(1+12)2—4BI(1412)2-2B1 | 2BS(1+1%)3-12B5213(1+1%)?
D3 (2,2[5]) = 0 0 (1+12)% (1+12)6 0 0
0 0 0 0 0
[0 0 0 0 OJ
0 0 0 0 0

Let Ag = (673090,21.14,1.4,0.2,11.2), and under the stability condition

~ A - 402.24P(1+402.24 7.
k < 28 we have v; = B”{ Bvs

Va
1:1[5] = [I:Il, 1:12, 1:13, 1:14_, 1:15] = [€1I:\13,€2[:\13, I:I3,€3I:\13,€4], Wheore I:I315
non zero number.

Now we will to find [f[s]]T and multiplying with vector ¢[5].

¢ [55] = [d\)l ’ q,\)Z ) d\>3 ) d\>4 ’ q,\)S] = [€5¢;4 ’ 0 ) 0 ) d\>4 ’ O]s SuCh that 4\)4 any non
zero real number.

Now, consider k is the dependent parameter for System f;, and we will to
derivative the system (5) with respect to parameter p, such that j—%.

. TP | 4 T
ah e (a ) = (S dip dby dfy dis)T_ s (AR =

i fE(Ai' k) _T(dE’ ak’ dE’TdE’ dE) - (EZ ’0’0’0’0) 'So’fﬁ(AS’k) -
(B2222,0,0,00) = 0. [$F1] . fx(As, k) = 22228 €04, b, # 0. Therefore,

k
according to [Sotomayor's theorem for Local Bifurcation[16]]. Now, by

L CWatep [« Ba B2\~  BS(-12) .
substituting H[5] in (6) we get = 11;; 2 b, [(u —55— m) i — Wag +

\73a~4] As + by[Vds — (ﬁ1+ﬁ4)d4]1313 # 0. Thus, according to Sotomayor's

theorems, System (5) has saddle node bifurcation at A5 with parameter k.

8. Results and Discussion

The dynamical behaviors of model (2) is discussed in this paper. Model (2)
contains five fractional differential equations with different orders. An analysis
solution is evaluated by finding the equilibrium points and studying their
stability and the bifurcations. The satisfactory property of the given analysis
solution is illustrated through graphs and tables. Clearly finding approximate
solution of the problem is better than the qualitative study because we get
quantitative results as well as one can estimate the size of populations after
successive times.
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