Journal of Interdisciplinary Mathematics
ISSN: 0972-0502 (Print), ISSN: 2169-012X (Online)
Vol. 28 (2025), No. 3-A, pp. 837-845

DOI : 10.47974/JIM-1981

Certain subclass of meromorphic functions with positive coefficients
defined by new operator

Raheam A. Al-Saphory *

Ali H. Maran '

Department of Mathematics

College of Education for Pure Sciences
Tikrit University

Salah Addin

Iraq

Abdul Rahman S. Juma $
Department of Mathematics

College of Education for Pure Sciences
University of Anbar

Anbar

Iraq

Abstract

This work deals with a new subclass of meromorphic functions in the case of positive
coefficients.Thus, in order to rebuild a novel operator in the disc of type punctured U
={z:z € C, 0 <|z|< 1}. More precisely, various geometric characterizations are studied
and demonstrated; like the regorous outcomesrelated to distortion and growth theorems,
coefficient estimates, convex linear combinations, integral transforms, and radius of star
likeness for the class w,, (¢, %, p, u, 7).
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1. Introduction

Throughout the 18™ century; the complex analysis was discovered, which
is currently considered one of the main disciplines in mathematics. Among the
most prominent scientists in this field are Euler; Riemann and Cauchy [1]. So,
this field had a considerable attentions on many investigation topics, which
included engineering, physics, and mathematics [2]. This is because of its
applications to many concepts and problems. The study of the interesting
interaction between geometry and complex analysis was called the theory of
geometric analytic functions [3]. In another sense, it tackles with the analytic
functions structure in the complex field whose specific geometry are starlike;
close-to-convex; and convex [4], etc. Meromorphic functions have been studied
by many researchers in different directions [5-15]. Thus, they considered some
classes of meromorphic multivalent functions My, (0,7,p) in U* =
{z:z € C, with: 0 < |z| < 1} by using a differential operator Dg . f (2)[5]. Then,
in a noteworthy paper referenced as [6] the offered and investigated two new
subclasses F¥(z) and R, (z) of meromorphic mappings which are described by
the terms of quasi-subordination. In addition, Juma and Dhayea have
familiarized and deliberate new subclass of meromorphic mapping in connection
with fixed second coefficient linking Fox-Wright's generalized hypergeometric
mapping [7]. Recently, the paper referenced as [8] aims to present and study
certain subclasses of meromorphic mappings through the positive coefficients
linked with operators of type linear. Moreover, the article denoted as [9]
considered a class of meromorphic harmonic of type starlike functions for order
containing Mittag-Leffler mapping. Also, Popade et al. have illustrated some
new subclasses for the univalent functions of type meromorphic defined by
Bessel function [10] [11]. In the work reachable in [12] the authors embark on a
quest to establish and deliberate a different subclass of mappings for the types
convex meromorphic uniformly in the case of positive coefficients described via
it is corresponding operator. Another articles [13], [14-18] established and
studied a modified subclass of meromorphic mappings related to differential
second order operator when the class H is Hilbert space on complex field. For
this purpose L(H) symbolized the algebra of all bounded linear operators on H.
In this case this operator is applicable to the systems as in [15] [16]. Let w
symbolize the class of functions specified by the form

1 [ee]

.f(z)=;+ZT=3+1arzrl(3€N}N:1;213;"-') (1)
Which are analytic in the punctured disc U* = {z:z € C,0 < |z| < 1}.
For the mapping f(z) € w as in (1) and g(z) € w specified by

1 [ee]
g(z) = -+ Yooyt bz ,GEN,N=1,2,3,...). 2)

It can delineate the Hadamard product of the mappings f(z) and g(z) via
next form

f2)x g (@) ==+ T2 ab,2" = (g% ) @) (3)
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So, a mapping f € w is starlike, meromorphic with order§; (0 < 6§ < 1)
such that

2f @ N
—R{f(z)}>5,(zm[U). 4)

Then, class of the mappings in (4) is symbolized by w*(8§). Moreover,
f € w is convex, meromorphic mapping with order §, (0 < § < 1) such that
—R {1 + ff (Z(j’} > 8, (z inU*) (5)

Where, the mapping (4) and (5) are analytic and univalent in U*.

Thus, this problem has attracted the attention of many scientists and
researchers, Kassar, Juma [8], deliberate the following function:

Gou(@ =2+ 32, (

where, (u = 0,p > 0,z inU").
In addition, Popade et al. [10] contemplate the following linear operator
with another direction:

1 I G . +1 —
0(2) =+ Bl s ? s with 1=+ VT ¢z; ={0,-1,-2,..}. (6

Now, the convolution of the functions gy ,(z) and ¢(z) are described
novel linear operator through the subsequent formulae
1 o (=0)"p#
Wpuz = (q@*)f(2) = -+ 252, m V2" ()
Now, for the above operator W;f_#lr in (7), we give an important subclass
depending on [8], [10] by the following definition.

P )ZT,
¥+1+p

Definition 1.1: A mapping f € w in (1) belong to subclass W,fjm(f, ¥, p, U, T) if

satisfies the following condition:

z2(w? "zw? )
(F Pv#ﬂ,') ( Puu;') < y’ (8)
z(wh z) +(3¢-1DwW) iz
where |z] <1, 0<y <1 and §<C<1.
This work, presents sufficient and necessary conditions for the existence of
some geometrical properties of meromorphic functions in the subclass
W e (£,%,0, 1, 7).

2. Coefficient Inequality.
The next outcome shows an important circumstance of a mapping in (1)
belong to subclass Wlf,ﬂ‘r &, %,p, 1, 1T).

Theorem 2.1: 4 mapping f in equation (1) be a member of subclass

W} o (£,%,p, 1, 7) if and only if
2l —DE—y) + (= 3y)]

(=0)"p*
4D (x+1+p)H

a<@B{=2)yy
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Proof: Suppose that the inequality (9) is true. Then, by substituting the operator
(7) in the subclass (8) implies
- =0%pH - =%pH
A S e Ol G G e LR e U T G T Ll
- (=O¥pH - (=0)%pH
R o e e R S e G R T on e L)

<y

Therefore,

0 (—O)"p* -1
[r =D —y)+ (—33y)] Zvr=1m%|zlT < @B¢=2ylz7.
So, if |z| = 1, then

Y2 =D —y) + = 30)] 22 g, — (3¢ —2) <0

4TI (r+1+p)H T
Hence
f(2) e W) .(£,%,p,1,7)
Conversely, suppose that f(z) € W’f'#’f({’, ¥, p, 1, T). Then, by utilizing the
definition of f(z) in (8) implies

n !
ZZ(Wﬁ,u.T) +Z(Wﬁ,u,‘r) <y
!
z(wﬁ,uﬂ) +(3{—1)w£lu_.r
And then, obtain the following inequality
—P)¥pl
[x(x—1)+¥] Z;’°=1W+Wa,z’
-1 0 (=0)%pH ¥ < Y-
(3¢—2)z71+[x+3(-1] Zﬂlmaﬂ
Since |Re(z)| < |z| forallz € C, then
—P)¥pl
v -1+ ¥]1 T2, MW“XZTJA
Re " ool " <y (10)
(3¢-2)+[x+3¢-1]1 332, marzr

Choose the z values for which z( )’ results in a real number. Clearing

£

Wo,uz
the denominator in (10) and allowing z to approach 1 from the left with positive
values, we get.

© Tl — _ _ __ ot _

St = DG =) + 6 = 300 5o & < (36 = 2.
Corollary 2.2: If the function f(z) € wi , .(£,%, p, i, T), then
(37-2)y 47! ([@)x(x+1+p)*
G = (=D G=V)+E=3¢N]1(=O)7pH an
Using corollary 2.1, then f(z) can be described through the following form
_ 1 (33=2)y 4*(3)!(1)x(x+1+p)*
F(D = 2 F onepresmicoer

Now, in the case, where v =y =p =1landyu = 0, in theorem 2.1, we

have subsequent outcome.

Corollary 2.3: Mapping f(z) equation (1) is an element of sub-class
W;f,u,r(‘g;xrp;ﬂ:‘[) lfal’ldonlylf

(1-30) X2 o a5 < (3 — 2).
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3. Distortion and Growth Theorem
In the upcoming theorem, we will present certain characteristics of growth
and distortion for the mapping f(z) € W!f%r ¥, p, U, 7).

Theorem 3.1: If the function f(z) € Wg‘uyr(f, ¥, 0,1 T). Then for0 < |z| =1 <
1,

1 4@@+pHBEI-2)y 1, 4@@+p)H3E¢-2)y

- AR A A v < < 24 DNAETR AP TAIV

P T asmeo | S @S o e

The result is sharp
4(r)(2+p)“(3< 2)y
f@) = (1-30n)(-D)pH

Proof: Suppose f(z) inw,, M({’ ¥, p, 1, T). In view of theorem 2.1, we have
© (=0)p* _
(1 =300 5 7ol e, < [ = DG =) + (5 = 3)]
) (=0)"p#
Yt i r & = (3¢ —2)y

4(0)(2+p)*(37-2)y

(1—3@)(_4),)# . Consequently, we obtain

which evidently yields Yoo, a, <

4(1)(2+p)“(3¢ 2)y 4(0)2+p)*B¢-2)y
)l < |z| asineorr ST TaSneom A
f(2)] = _4@@+p)HBEI-2)y Iz| > 1 4@E+p)H(BI-2)y
- IZI (1-3¢y) (=) pH - (1-3¢y) (=) pH

Theorem 3.2: If the function f(z) € w[f_#lr(f, ¥, 0,1, T) then for 0 < |z| =1 <
1
1 _4@@pHE-2)y If'(2)| <1, @C+phEI-2)y

r? 1-3¢y)(=O)pH (1-3¢y)(=O)pH
The result is sharp
u
j;(Z) — 4(T)(2+P) (3¢-2)y

1-3¢)(=D)pH

Proof: Suppose f(z) inw,, M({’ ¥, p, 1, T). In view of theorem 2.1, we have
£
(1-30) 82122, < [(r = (5 — ) + (5 = 307)]

D@
© (=0)"p# _
Lo=1 Gt & < B8 =2y
4@ @2+p)H(BEI-2)y

which evidently ylelds Y0y < 130Dk

. Consequently, we obtain

4(1)(2+p)"(3( 2)y 1, 4(@)@+p)*3BJ-2)y
BALA L SR A R S B S
If)1 < Gstopk =7 T aoameopr 2
|f,(Z)| > __1 _ 4(T)(2+p)”(3(—2)7 < l _ 4(T)(2+P)”(3§—2)}/
1z A-3¢n)(=Opt ~ r2 (1-3¢y) (=) pH
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4. Radii of Functions that are Both Starlike and Convex in a Meromorphic
Sense
The radii of meromorphically, starlikeness and convexity can be found
using the following theorems:

Theorem 4.1: Letf(z) € W,ﬁ wr(£,%, 0,1, 7). Then, f is meromorphic; starlike

with order ¢, (0 < ¢ < 1) in a unitdisc |z| < ry, such that
1
_ (1-9)(B33-2)y 4" M'(D)xG+1+p)*  V3+1
=g {(r—cn)[(r—1)(r—y)+(x—3<y)](—e)fpﬂ} ’
Therefore, this outcome is acute for f(z) specified by
_ -1 B2y 4T )@ (r+14p)#
@) = 27 D -senit-eren

¥y=>1

Proof: 1t is enough to demonstrate that

z f'(2)
HO 11| <1-¢l2l<n,
@ ¢, lzl 1
z§'(2) + 1| | e I a2 T R a2 < G+1) B3ts41 axlzl™t!
f(2) Z_1+Z;o=3+1arzx - 1‘2;°=3+1arlzlr+1 ’

Thus,
) 24 aglz™*?
1—Z§°=3+1 aylz|*t1
2"+ < (1-9)(37-2)y 4" ) (D)x(x+1+p)H
G=¢+2)[G-D G- +E-3{N](-) pH
Using Theorem 2.1, we obtain

< 1 — ¢. Therefore,

1
. (1-9)(37-2)y 4" (D) (x+1+p)*  \¥+1
= infy {(v—c+z)[(w—l)(w—y)m—szy)](—mpﬂ}

5. Integral Transforms together with Convex Linear Combinations
of W) (6,%,p,1,0).

This section proved two important rigorous properties for
W} .o(£,%, p, 1, T) depending on [13], [17] as follows.

Theorem 5.1: The sub-class Wlf, wr(£,%, p, U, T) is a combination that, it is both
linear, convex and then closed.

Proof: Allow each of the mappings below
i@ =z"1+3¥%a;z7", (aw- > 0), with j = 1,2.
be in the sub-class W,f“uﬂ-(f, ¥, p, 1, T). Thus, demonstrating the function is
adequate h(z) characterized by
h(z) = (1 - Of(2) + &f,(2), 0 < €< 1),

where h(z) belong to ws , . (£,%, p, 14, 7). Since

h(z) = z7' + ¥24[(1 — €)a,; + €a,,] 2%, (0 < € < 1), and via the aid
of theorem 2.1, we have
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oo (—{’)TP‘L
A= -DE-N+G-3M it rmm e & T

€Ll = DG =) + (5 = 3] L oy G < (1= £)(3¢ -
2)y +€B{ = 2)y = (37 =2y,
which show that h(z) € w . .(£,%, p, i1, 7).
Now, the subsequently outcome demonstrate the integral transforms for the
class wj . - (£,%, p, 1, 7).

Theorem 5.2: If the mapping f(z) belong to class W[’f_#‘r(f, ¥, P, 1, T), then the
integral transforms

Fo(2) = ¢ fj u f(uz) du, (0 < ¢ < ),

be a member of W,f_#‘r &% p,11).
Proof: 1ff (z) € w} , . (£,%, p, 1, T), then

Fo(2) = ¢ f, u f(uz) du =2+ 52,

w [G-1)E-)+G-3{p)](=O)%p* ¢
=17 (37-2)y 47Dy (r+14+p)E wHCH

c
¥t+c+1

a,z”. Since

o  [G-DGE-P+E-3NI(=)"p*
=1 (30-2)y 47 ()05 (x+1+p)H

1arSZ arglv

Then, by using theorem 2.1, permits that F.(z) € W!f‘ wr(6%, 0,1, 7).
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7. Conclusion

This work has shown that the existence of sufficient conditions for a new
subclass W,f,,”(f, ¥,p, 1, T) to meromorphic mappings in connection with
positive coefficients via novel operator in the deliberated disc U*. Thus, the
geometrical characterizations of these functions such as the convex linear
combinations, distortion and growth property, coefficient estimates, radius of
starlikeness, and integral transforms for the considered subclass
Wpe_#_f(f, ¥, p, U, T) have been demonstrated and analyzed. Furthermore, other
unresolved issues remain, such as the generalization of these obtained results to
other subclasses of diverse linear operators.
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