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Abstract

In this paper, we define operators An‘”’ (h; <) that are based ong. We introduce the
convergences of these operators to the functions by applying Korovkin’s theorem. A
Voronovskaja-type asymptotic formula and else upshots are discussed and proofed. A
numerical example is given to explain the convergence of these operators to functions and
we compute the error through figures.
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1. Introduction
Bernstein operators B, which are generalization are given as follows:
Up(h;s) = Z8_o @) (0n())’ (1 = v,())" 7 [7), where he c[01], 0<
v, <1, v, represent sequence functions defined on[0,1] which are continuous.
Offered the following sequence of King-type operators by Utilizing a function 9
such that ¥ € C[0,1] which is satisfying
0 s=0

19(s)={1 c=q 3
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= (B h)°Y9, = (Bh)°(B,9) 1°9 ([3-4,12,15]). The construed
Bernstein operators and continuous function 9 which is differentiable on

[0,1] such that I(s) = {(1) s i (1) ,and 9'(s) > 0 on [0,1] by Cardenas-

Moralles et al([10,14]) as Bf(h;s) = ;;:0(’;)(19(5))’3 (1-9()""

h(ﬁ‘l (g)) A modification of Szasz-Mirakyan operators considered as

follows:
B
Z(h;s) = (Z,(h°9™)°9)(s) = e O 35 o h (9™ (£) (%

a function possesses the properties: (i) 9 is defined on R* = [0, ), and it is
continuously differentiable
(i) 9(0) =0, ¥'(s) = 1, are given by Cardenas ([1, 5]). In ([2,8])

I(n. n-1 19(5)
Gamma operators Ay (h;s) = oy F(n)f h( ( )) e9&du, s >0,

n € N, U is a function satisfying (i) and (ii) introduced. In this essay, we

show a sequence of (p.l.o) Alfl"“’(h;S) as /lf"‘o(h; g)=F(Z;l9(h; c))
B

> , where 9

%2

7 (n59)

(d))
—=£ o7 (1)

= 570 Pus @ 0™ ((5)), sl w) =

_ 1/’ o _
then we have Alp‘o(h ¢) = (p(c)) r@p)f (p(#))w &O(c)) Yi-oe o)

(”""(“)) oo ((£)) ol 'du

Also, we take h € C,[0,0) = {h € C[0,00) 3 h(u) < Be®* for some ¢ >
0,B > 0}, Il h lic,= suppefo,)|R(1)]. This essay is orderly: In section two we
provide results for Alfl"‘(o(h; ¢) that will be useful in the essential results of

this work. In section 3 we discuss a Voronovskaja-type asymptotic formula,
and else upshots. In section 4 we give numerical examples.

2. Basic Results

In this section, we prove results, which are important for the essential
results of this work.

Lemma 2.1: [1] For the operator Z2 (h; s), we have

(1;5) =1,22(h;s) = 9(s) » 22 (h%; s)—ﬁz(s)+19(s)

Lemma 2.2: [1] For s € [0, ©) the moment Z (h; s) defined as:
Ly (9(s)) = Z2((9(w) — 9(s))’, s) , we have
Lno(8(9) = 1. L1 (9()) = 0. Lo(9(5)) = 22
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Lemma 2.3: For the operator AZ"{’ (h; ) . for each ¢ € [0, ) , we have:
LA =11

2 PG e) = ()

AP Gie) = { p?(6) + EREON L 62() as n e

ny
Proof:
V. P-1 1” (ﬂ)) ,
Lo A" (L) = (m)) m,))f (0w)" ™ el 5o ‘au
F(w) r@) =1 2

2 M0 = () s 1oy e ES ) panp du

Trw) v
= (). ©
Yo
Mg = (L) [ ey el W)
{92() + £ o4y

Ve
_(so(c)) r(w)f (p()¥* e (%o )@(ﬂ) 'y +

l(so(c)) r(w)f (pw)¥*te (5 )80(14) "du

L (96 11
r(w>(w) r+2+ nriy) ¢ r@+1

= 02(¢) +5<7(c)(111+n50(c))’ 4)
ny

when n - o we have Aﬁ"/" (u?;¢) — 9%(¢). Using the Korovkin

theorem[8], we have lim,,_,o, 4% (h; ¢) - h(c)-

Lemma 2.4: For the function }(fy(g) = /lrl/l}”fo((,u —¢)Y;¢), we have

) )
L-Hyo(9) = 1 2-Hy1 () = 0; 3-Hy, (o) =%¥l@(c)_

Proof: Using Lemma 2.3 and by direct computation we can prove this lemma.

Lemma 2.5: For h € C,[0,00), we have || Af“g <l kI, .1l is represent the
sup-norm on [0, o).

Proof: Since V¥ (h;¢) = (@) [ (pw)” ()28 s ) 'du

and from lemma 2.3 then || Af‘“ I< |l koo™t | /13:50(1;9) =lhl
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3. Main Results

In this section a Voronovskaja-type asymptotic formula and other
important results for the operators A‘fl"“ (h; ¢) we prove respectively. Let us first
recall The Peetres K-functional([9,11]) is defined by

K(h,2) = infzew2{ll A= Z Il +2 1| Z llyy2}-

Also K(h,3) < A(w;(h,V3) +mim(1,3)) I h 1), 4> 0 is a constant,
for all h € C[0,0) and s € [0,), where the second order modulus of
continuity for h € C,[0,0) is defined as w, (h, \/5) = SUPo<i<y3SUDs,s+2i€[0,00)
|h(s + 2i) — 2h(s + i) + h(s)|. Also we recall the definition of the usual
modulus of continuity for h € (,[0,00)as w(h,2) = SUPg<;<aSUPs s+iec[o,o)

|h(s + i) — h(s)].

Theorem 3.1: If h°p™' € Col0,00)and suppose that the first and second
derivatives h°gp~" exist at g(¢) then we have:

limy o {41 (s ) = h()} = (1/2) Z2LIED) (o) (o))

Proof: From the following well-recognized Taylors formula we can write h(u)
at $(¢) as:

1= ((£10,£©) (P - P©)’) + B )W) +
(r°0™) (2(6)) (W) — 9(5)) + (1/2)(h°™)"(9()) () — ()" »

where 0(p(w), £(5)) = 0 as o) - (). Applying the operators A‘f{""’ (h; )
on the Taylor expansion above and using lemma 2.4, we have

AL RG;6) = 44° (6( (), £©) (P10 - )5 0(5))
Hp™)(0(9) + 3 (™) (o)) (L))
lim n{47 (h(w; ©) — h(5))
= limo 1 {12° (0(0(0, £6)) (W) - )50}

172005 (1 (0)) (2L

For given 2>0,32>0 3 |0(pw),#())| <2, |0(pw) —p()| <
2, then|0 (0 (), £(6)) (P () — 9(6))°| < nQFL,(5) , while if

|o(p(w) — ()| =2, then since |0(p(w), #(s))| <A we have
|0(go(u),go(c))(50(u) - p(c))2| < n%f]{,ﬁ(g) and we conclude lim,_ ., n

(A2 (0 (0w, £(9)) (W) — £()’; £(5))} = 0. Then we get
Lo AL (h; 6) = h()} = (1/2) KAL) (o) (o())
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Theorem 3.2: Let h,b be two function such that h,b € C,[0,00) and ¢ €
[0, 00), then

lim 479 (hb; ¢) = A7 (h, ) 477 (b3 6)| =
(ho™) (9(5)) °™")' (()) {8 (5) + p? (6)}-
Proof: hb(u) can be writing by the following well-recognized Taylors formula
at g (s) as:
hb(u) =1 ((hb)Y°0 ™) (0(0)) () — £(6))° + h()b(s) + (™) (9(5))
+((hb)o9™1) (9()) (W) — 9())

Applying the operators A‘fl”“’ (h, ¢) on the Taylor expansion above we have
1 o -1\ ) 2
AP (hb; ) = 2 (kb)) (p ()44 () — () 56) +

R(b(5) + (b)) (9()) 42 () — £()); 6)
Now
A (hb; 6) = A (h; ) A7 (b3 6)

= AP (hb; ) — h(§)b(S) + h()b(s)

— (b)) ()44 (W) - p(9)); )

+ ((hb)°p™) (P() 44 (W) - p(9)); )
1 " 2

=5 ()% ™) (9() A7 (9w - £(9))5¢)
1 " 2

+5 (b)) (9() A7 (9w - £(9)) )

— AL (s )AL (b; )

Note that from lemma 2.4 we have
AL (hb; 6) — AWP (h; ) A% (b; ¢)
1
=~ (™Y (P() ™" (9(0) (KL ©)
+ (h°p™) (9()) b0 (9())HE,(5)
lim n{A}” (hb; ©) — A7 (h; )47 (b )}

— —i(h°(@'1)"(go(s))(b%o'l)”(p(s))?ll%n {(:H‘fz(c))Z}
+(hop™) (9(9)) (b°~1) ((6)) Lim n{FH,7, ()}
From the Remark If ¥ =®(n) > o,,asn > o and lim,_q ﬁ =

pER [6], then lim,_, n{}[;‘fz (g)} = 0(c) + pp?(c) and lim,_,n
((HE, 3 =0.
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Lim n{A7 (hb; ©) — A7F (s A7 (b; )} =
(R~ 1) (9()) (B~ (9()) {2 (c) + p#? ()} -

Theorem 3.3: For h € C2[0,»),¢ € C,[0,00) then we have

Ve, £ (W+np(s)) IIh”II I "
|47 (h; ¢) = h(g)| < =R T + )

Proof: As from Taylors formula, we can write
h@w) = [ e (P(@) () — DS + (2™ (p(6)) +
(™) (9(9)) (W) — £(5))
Let { = go(n) then
58" (9(@) (@) - DS =
F e — o) (hep™)" () () dn

Since
0, —1\17 _ 1 o' R m-n' e’ (1)
(™) ") = s (DD, e

I COREION G RO

u _ @' mh" - e’ @)
[ (G — o) {F= 5B dn

[ o) — pm) (™))" pm) () dn =

I _ o' mn'" m)-r' me" o
[H (0 - o) {F= s dn

Applying the operators Alﬁ"‘” (h;¢) on the Taylor expansion above and
using lemma 2.4. we obtain

AP (s 6) = h(s) = A%° ([ (o™ (9(D) (0 w) — Dd¢ ;)
) " (p74)
Jow) @) = O G (| )

|42 (h; ) — h(s)| < A%* (
. o) . h (80_1(0)50” _1(()
iy ( fso(c) W =9 ('~ 1(()))3 d<

By lemma 2.5 and ([13 4])
< 360,00 {1t + 15 "} where a? = (' (97" ()

@ = (' (P ()’ )
From Lemma 2.4 we have |A£'p(h; ¢) —h(9)| < %W{”Z_ZH-I—

Ih' "1
a3 :
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Theorem 3.4: Let h € C1[0, o0). Then for every ¢ € [0, ) inequlity

Ve . £ (W+np(s)) % o 0 (W+np(e))
|47 (R ) — h(9)| < Z(T) w<(h -1y, (—w) )

holds.
Proof: For any ¢ € C[0,0) and u € C[0, ) we have
h() = [E0{(hop™) (0) = (2™ (9())}dd + (2™ ) (9(6))
+(hop ™) (9()) (W) — £(5)
Effect by the operators AWO to both sides, we possess
ALP (s 6) = k(o) = A% (58 (o™ @) = (oo™ (9(6))} ) 5
+(hop ™) A2 () — £()); )

Since the usual modulus of continuity has the property |h(1) — h(¢)| <

w(h,2) (1 + M) 2 > 0 we can write

|[f5E oo™ @) = (hep™Y (0(6)) )¢ ]| <
© ((h°so-1)', 2) (RO 4 () — h(c)|))

then we obtain
429 (1 §) = h(5)|
< (e~ |HE (O

+w((h°p™, :)( 222 (e - ()% ))
+w(h°9™), DAY (|l (1) — 9(5)]; 6)

From the lemma 2.4, we have
|49 (h; ¢) = h(©)] < (oY, ) {235,(6) + AL (o) -

P19}
BY b (pw) - p©)li6) < (#5,(9))°

429 (hs ) = h()| < w0((h2p™), ) (HE,(9) ) {( 2©) +

NIH
\_W-_/

If we choose 5 — (g_[fz (C))E then we have
|47 (h; ¢) = h(o))]

) 2
BLGILLORY ( — (so(c)(wn; nso(c))) )
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Theorem 3.5: For any h € Co [0,00) and Z € CZ[O, o) we have
|48 (h; ¢) — h(5)|

<4 {wz <h°so‘1, /%W) + min(1, (HELREO)) | pogp-s ||)}

Proof: A% (h;¢) — h(o)| = | A% (h; ¢) — Z(5) + Z(5) — AY(Z;¢) +
AYP(Z;6) — h(s)|
<AV (hi ) — AVE(Z: )| + |A2F (Z; 6) — Z(9)| + 12() — ()]
From the theorem 3.3 we have [A%%(h;¢) — h(¢)| < [A¥*(h — Z; ¢)| +
P W+np(s) {IIZ_”II N ||z’go”||} +12() = h(o)|

np a2 o3
|A%9 (h; ) — h(¢)| < 2 Il h — Z || + T2 (C)(If:p"“o ©) {"i# + ”Z;‘ZH"}
429 (s 6) = h(g)] < 2 I b — 7 | + ZOLLREC)
{2 2o z )
If we choose A =max{2, %, "‘Z ’3’ "}

+

429 (i ¢) — h(e)| < 21 b — 2 1 +A 22T 4y 70y 20y 40 2 1

"
Taking the infimum on the above inequality over all Z € W?, one gets

’ (s ©)
|47 (h; ) = h(6)| < AK(h, %;’W))

Using equation 3.1, we get

422050 = o) < Mo (g™, PO

min(1, (2RO y pop-t ).
4. Numerical Example

In this section we choose carefully continuously infinitely differentiable
function g. This choice gives us a better approximation of operators Af"‘" to
the test functions h(c) for different values n. Also, the comparison between the
error functions of A;l’l"“ to the test functions h(¢) are shown for same n.

Example: The convergence of the operators AZ'W to the test function h(s) =
3 52

Vssin(10s), 0(s) = ?1:1725 for n = 5,10,15 is illustrated in Figure 1, also the
3

2
error functions L, = [A%¥ (h, s) — h(s)| are given in Figure 2.
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0.8
0.6

0.4

—0.4

—0.6

h(s) — A_S(v.p) (hs)
A 10%(w.p) (hs) A5 (y. ) (hs)

Figure 1
Convergence of the operators Az"@

0 02 04 06 08 1
X

L(10.hs)

Lhs)

L(15.h3)]

Figure 2
Error functions [ = |A$"o (h,s) — h(s)|

5. Conclusions

We gave a numerical example for the operators Af"" to approximate the
s3 s?
test functions h(s) = +/ssin(10s), o (s) = 31+12 ' in cases n = 5,10,15 and

§+E+1

compared the results, it turns out the operators Af"" gave better results when n is
bigger.
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