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Abstract

In Hilbert spaces, a problem of variational inequality is termed hierarchical if is
treated on the collection of common fixed points of mappings. This article is devoted to
studying the situation of this type of inequality by projection method and approximating
of contraction algorithm to a fixed point. This is a way for solving some types of nonlinear
problems. Here, a new iterative projection sequence is presented, and then the examination
of the strong convergence of this sequence to a solution of hierarchical-variational inequality
(HFI) is studied under some appropriate conditions. Current iterative sequence constructs
for three elements, which are mean non-expansive mapping, non-expansive mapping and
projection mapping considered on nonvoid and closed subset of a real Hilbert space. We
also established strong convergence results for the iterative projection sequence to obtain
an approximation to the solution of HFI by showing that the sequence is an asymptotic
regularity and demi-closedness principle, and another strong convergence result for a more
general iterative projection sequence for the same three mappings defined above is studied.
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Keywords: Contraction mapping, Hierarchical fixed point problems, Mean non-expansive, Projection
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1. Introduction

A variational inequality problem (VIP) was formulated in (1964) via
mathematician Stampacchia [1]. In the last years, VIP theory has been
developed and generalized in many trends in a new manner such as ([2] - [4]), to
study a broad class of problems. A theory of VIP constitutes a natural
popularization of a theory of boundary value issues and permits us to deem a
new problem emerging from several domains of applied mathematics.

* E-mail: nour .saddam1103a@ihcoedu.uobaghdad.edu.iq;
noor.alkersan31l3@gmail.com (Corresponding Author)
" E-mail: Salwa.s.a@ihcoedu.uobaghdad.edu.iq

© @ Taru PuBLicaTIONS


http://www.tarupublications.com
http://dx.doi.org/10.47974/JIM-1969

742 N.S. TARESH AND S. S. ABED

Consider H, with ((.,.), H) is Hilbert space, ||. || its induced norm.
A VIP in space H is finding a point § € D such that
(Kg,b—8)=0,VvbeED, (1)

where K:® — His a nonlinear mapping. A set solution of (1) denoted by
VI(D,K)

VI(D,K) = {(Kg,b—§) > 0,V b € D}
The VIP in (1) is valent to the fixed point equation, g = PD((I — uK)g)

where > 0 and PD: D — H is the metric projection which assigns, Vg € H, the
unique point in D denoted PD(g), s.t ||g— PD(E)| = inf{||g — ¥||: v§ € D}.
It is noticed P® is a non-expansive and monotone mapping (see [5]).

Many authors studied a fixed point ([6] — [10]), also many applications and
related papers for this field such as ([11] —[15]).

The next problem is denominated a HFPP: Find h € D

(h —Sh,g —h)>0,vg € F(K) (2)

where S:D — H be a mapping the HFP approach was however introduced
recently via Maingé and Moudafi ([16, 17]).

In this work, the iterative-projection sequence for solving HFPP referred
to below has been studied and defined under different conditions on the
concerned parameters, leading to convergence to solve the well-posed problem.
Mainge and Moudafi proved a strong convergence result for non-expansive
mappings for finding HFPP [16]. Moudafi proved another result for the same
mappings above [18], and Xu proved converges strong results to a unique
solution of HVIP for contraction mapping and non-expansive mapping [19].
Yao, et al. discussed the singleton solution of HVIP for contraction as a strong
limit to dilate the range by using the metric projection, non-expansive mapping,
and a countable family of non-expansive mappings respectably [20], and several
other related works in the references.

S”f = (1 - ﬁf)gf + ﬁfggf
8. = POI&I(y) + (1 — 6)KJ;],1=0, 1.2, ... (3)
where {ﬁf}, {¢&;} are sequence in (0,1) that satisfy certain conditions.
In the sense of the finding in [16] and ([18] — [20]) solutions are searched

in the set of fixed points for mappings being researched. The findings and
considerations are novel as far as we know.

Now use the following symbols:
. H := Real Hilbert space.

. D: = Non-empty convex closed subset of H.
. (=) For a strong convergence.
. (—)For a weak convergence.

. Wy, (gf) ={& g, — g} the weak w —limit set of {gf}
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1 : = identity mapping of H,T: H —» H.
. &" : = unique solution of VIPs in (12).
. F(K): = set of all fixed points of K.

. p is a fixed point belonging to F(K).

2. Preliminaries
Below are some needed definitions and lemmas:
A mapping K: D — H is named.
i. strongly monotone [21]if3 7 > 0
(Kg—Ky,8—¥) =2 llg—¥l*>,vg, 7 € D
ii. monotone [21] if
(Kg—Kyg—y)=0,Vgy€D,
iii. contraction [22]if 3 & € (0,1) which it
kg — Kyl < &llg - ¥ll,ve,y €D,
iv. non-expansive [22] if
kg — Kyll < llg - ¥ll,vg,y €D,
v. mean non-expansive [23] if Vg,V € D,
IKg—Kyll <y g—¥ll+611g—K¥ll, .6 20, y +6 < 1.

Remarks 2.1 [23]: The non-expansive mapping is mean non-expansive, but the
reverse is not true.

Example 2.2: Let D =[0,1] S H, K:D - D,K(§) = § ifg < g and K=
1,if g >,

L . ! . . .
Then K is discontinuous at § = 7 S0 K is not non-expansive mapping.

< o g y 1|« g o ¥ y y -
R R
1, o 1, o 1 - o 1, o 2 < o
< Ng=yll+5 g - Kyl + S lIkg = Kyll < S lig =yl + 5 g — K¥ll
Case 2: ||[Kg— Ky|| =|[1—1]| =0
g ¥y, 2., 2 1, o 2 1. o 2 < .
< |4-S+Ze+3| < SHz—vl+ 3z — 10 <5z - +3 g — Kyl
So,y=3,6=1

Lemma 2.3 [24]: If g € H and ¥ € D then § = PD(Q) if and only if the next
stipulation satisfies: (¢ —y,2— §) <0,V1€D

Lemma 2.4 [25]: Assume that I: D — H be a & — contracting mapping,
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K: ® — D be a non-expansive, then:
(i) The mapping T — I' is (1 — &) — strongly monotone,
(I-Dg-0-Dyg-N=21A-& llg—Jll*vsyeD
(i1) The mapping [ — K is monotone,
(I-Kg-0-Kyg-% =0,vgj €D

Lemma 2.5 [26]: Assume that {1;} and {0;} be the sequences of nonnegative
real numbers which in

T < (- R)T,+&+0,VIEN
where {¥;} is a real number sequence in (0,1) and {&} is a real number sequence.
Suppose that the next stipulation satisfies: (a) Y2, 0y < o0;

(D) X2, Ry = 00;(¢) ]imsup% < 0. Then, lim7; = 0.

3. Main results
The texts and hypotheses have been used below as data for the next results:
Assume that® # D C H, [:D - H be a & —contracting, K: D - D be a
mean non-expansive mapping where F(K) # @, and assume that S:D — D be a
non-expansive mapping. For arbitrary g§ € D consider the sequence {gf}
defined by (3), and let's recount some hypotheses that need later:

(A1) limeg, 6 =0, B2y b = o0, (A2) lim 3 = ¢ € (0,00), 7, < 06,

(A3) Y (= G <o, )
=1 =1

(A4) lim (Berzol+ )

f—o0 NG G

ﬁf_l _ﬁ} < oo'(df-l - di‘) < (1 - df');

<y,

= 0, (AS) There is Y > 0 such that =1

e e

Lemma 3.1: Assume that K, K,,..K:D —> D be mean non-expansive
mappings s.t an(K}) # 0, let K= Z W, K, where 'Q; > 0,(G=12,...,0)
i

s.t Z Q; = 1.Then K:D — D is mean non-expansive and F (K) = ﬂfF(K})
i

Proof: Let §,§ € D, since N F(K;) € F(K) is trivial, to prove
F(K) € n{F(K;). Let g € F(K) and j € n{ F(K;)

-y = HZ 0, K — 3| < QullK,E — 31 + 9 l1KoE — T
!

+ 0+ QellKeg = ¥

SWlyllg=yll+811g—KJll+QlyIIg—¥I+6lg— Kl
+o+ Qly g =9I+ 611 8- Kl
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=Wy Ig=Jll+8 11z =yl +Qlylig— Il +5lg -yl
+o Qv g =3Il + 6118 — FlI]
SUlg = Jll+Qllg = Jll+--+0dl g - ¥l
Ky g =yl =lIK; =9l ==K g=¥ll =gl
Thus, K18 = K,§ = -+ = K;8.

Proposition 3.2: Assume that K:D - D be a mean non-expansive mapping,
F(K)#®. Then {(I-K)s— (I—K)¥y,g§ —§)=0,VEyED

Proof: Letg, j € D,and p € F(K)
((-K)g-(1-K)yg — 9 =llg—-yl> - (Kg — K, & = §)
>g—ylI*-lIKg— Kyl g— ¥l )
IKg = Kyll <y llg— Il + 6 |l — Kyl <y llg— yll + 6 (llg — Kpll -
Iky —KplD <y llg— yll+6Mlg— pll =G NIy — pll + 81y — pIDI
svlig=dll+éllg-yll<lig—- ¥l )
Putting (5) into (4), we get.
(-Kg-0-K)yg -y =0
Proposition 3.3: Assume that the hypotheses (Al) — (A2) holding, then {gf}
defined in (3) is bounded.

Proof: From (3), we obtain
15 — pll < ”[(1 - ﬁf)gf + ﬁfggf] - p|| = (1 - T’lf)”gf - p” + ﬁfllggf - p”
< (1 =1)llg - pll +.([ISg — Spll + 156 — pll) < llg; — pll + . [ISp — 8
It follows that.
2., — Bl = IPD [&:T'F) + (1 — 6)K5:] — PD@)|
< 6@l — pll + IT@) — pID + A — &) (ylIF: — pll + 81 — Kpl)
< 6@y — pll + IT@) — Bl + (1 — 6)IF: — pll
< &(&|g, — || +n.&||S6 — pl| + Ir @ — pll)
+ (1= 6)(llg, — o]l + .15 — pIl)
< [1-6:Q1 - ®]||g, — || + &I @) — pll + 0.2 + &:&)||Sp — ||
",

Sinelim ' = ¢ € (0, ), and there is a constant W > 0, such that

Gl P () —pll+7 (1+6:8) || Sp—p|
I8, 51l < 11~ 61 = O, — 5l + e’ < max{lg, — sl 2 ve e
Hence {gf} is bounded. Thus, {I (gi)}, 3. {K gi}, and {K¥;} are bounded.

<W,vieN
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Proposition 3.4: Suppose that the hypotheses (Al) and (A3) are holding. Then
&, — &l = 0,asi — oo, where {g.} defined by (3).

Proof: Set M; := 4T () + (1 — 6)K¥,, VI €N

And W= sup sy {[[0(g)|| + KTl + |38,
From (3) we have.

g, — &l = [[PD(M:) — PO(Mp)|| < [|M: — M|

SGITF D —TEF el + Gey — a)ITF e + Gy — @)IKF: — Kyl

< 8ll¥ — Ve ll + 6y — )P + (1 — &) X

G NYe— Feall +8 AT — pll = [ ¥ 0 — DI+ 8 1IF 20 — K pIDD

SGelYi—Veall + (G — 6P+ A =0 )Y ¥ — Feall +8NY: — FealD

< [1 = 6(1 = 1§ = Fer | + (6, — &) ¥ (6)

19 = Feall = I(1 =)z, +1, 88, — [(1-n. )&, +0.,58,]l

= “(1 - ﬁf) gf + ﬁf ggg - (1 - ﬁvf-l) gf'-l + ﬁf-lég h ﬁf-lggf-l - ﬁi-l ng—l

+1 f-ng w1 ﬁfS g1 ”

+

I

&

S (1 _ﬁf) gf_gf-l + ﬁf-l _ﬁf gf-l _ggf'-l +ﬁf ggi_ggm
(7
< |88 ||+ [Ny — | ¥
Putting (7) into (6), we obtain
gf«_l - gf« = [1 - df(l - é)] gf« - gf«_l | + [ ﬁf.l - ﬁf + (df-l - di”)] ¥ (8)

Thus by using condition (A1), (A3), and applying Lemma (2.5) we have
rll,r?o”grﬂ - gr” =0. ©)

Corollary 3.5: Assume that the hypothesis of Proposition (3.3) holds. Then:
(@ lim||g — Kg | =0, () Iy — KFill > 0,28 - oo,

0

(© lim B — g g o Ll ]

f—o0 § f—00 i OF

Proof: For (a)

”gr - Kgf” = ”gr — & ” + ”gm - Kgf”

s ”gf - gf+1” + df[r(g’f) - Kgr] +(1 - df)HKyf - Kgf”

<& = &l + &lr G = Kg [ + @ = aly 9 — & + o1y - K]
< g = & ll + allr @ - Kg [l + A = [y [l9: - &l + oll5: — K&]
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= ”gr - gfﬂ” + df”r(yf) - Kgf” +(1—6) [}/ ((1 - nr)”gr + gr” +
nr”ggr - gr”) +4 ((1 - nr)”gr - Kgr” + nr”Sgr - Kgr”)]
= (1—(1—1136(1—'1;)) [”gf - gfﬂ” + df”r(yf) - Kgf” +(1 - df)[yflfnggf - gf” +
6ﬁl"||§g1‘- - Kgr”]]
By (A1) and (A2) it follows that ), = 0,as ¥ — oo, lim||g, — Kg || = 0.

For (b): Hence rllqrg Z—z = ¢ € (0, ) and by condition (A1) we get
W, = 0,as f — oo. Therefore, we have
”yr - gr” = ”[(1 - nr)gr + nrggr] - gr”
= 485, ~ &l > 0ast o o (10
19 — K§:ll < ”37? - gf” + ”gf - gm” + “gm - Kyf”
<[5 — &l + llg — g [l + &P — Kg [l + @ = 6 IKF: — K¥ill - 0,

as I — oo,

For (c¢): From (8) we get

Nl =2l _ ”PD(Mf)_PD(MF-I)” < ”Mf_Mi-l“
ﬁi‘ ﬁf - flf«
2 A ”gf—gf-l ” [y =] (df-l_df)
<[1-a:(1-8)] ] B e
—H—g . , apflE-eal e
—[1 (lf(l e)]T'i‘[l_(x.f(l_ e)] ﬁ]v_ - ﬂi-l +
e 2l
Hence

(1—a(1—e))[———] G 1[l—i] &Y

O | Mg US|

[|ﬁf—1—ﬁf| n (df-l‘df)] y

Letu‘z:df(l_~ 5 Y

|| B grll
e

< (1 r (1 ~)) ||gl’ rl||
T] | (arl r)]

[Inr_; il N (dr.ur‘df)] ¥

Ny

By (11), we have that

1.
il - )+ [

< (1—(3%(1—:5))%%%Y & — &
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Mz — M|

<A-u)———+
-1
By condition (A1), (A4) and by applying Lemma (2.5), we yield

1imw = 0 and lim ”Mf_,Mf'l ” = [ ¥,

f—o0 M f—00 ¢ [

=0.

Proposition 3.6: Assume that the hypothesis of proposition (3.3) holding. Then
when f — oo, we get [[; — Tl < [|&, — T(g)|
Proof: Hence lim l = ¢ € (0, ) and by condition (A1). Thus %, - 0,

f— oo Of
ast — o
”gr - S”f” = ”gf - [(1 - ﬂr)gr + ﬂrgz‘;’f]” = nr”gr - ggr” - 0ast— oo
Iy: =T FN<F: =T G+ T ED—-T G
<lge= T @I =0 lg: = T@IN+0 88 —T @0l +en, llz:—Sgll
< ||gf —T (g, when t - oo.
Theorem 3.7: Let the hypotheses (A1) — (45) hold. Then g, — ghasi—- o
such that {gvrv} defined in (3), and &" € F(K), which define in the following:

1 -k S =k = -k -

CU-DE+(1-8)gg-&)20,vgeFK) (12)

Proof: 1t is evidenced in [20] that the VIPs have unique solutions.

Now, to prove the convergence
For any p € F(K), we can calculate (o}, & — p)

where o: = ||(g1 gf)” I ana w1, = = &I(g) + (1 — 4)K¥;, Vi € N.
Then, by (3) we get.

&y = PD(M) — My + Mi + (1 — 6 — (1 — 6
&~ & =& T & + 68— (PO(M) =My + 6T F ) + (1 — 4Ky —
¥+ (1 — &) ¥r)
= (1—ai (g — 38) + (M — PD(M)) + (1 — &) G — K
+6:(8 —T(g) +T(g) — TG +& — & +¥: — %)
o= (g - gv)ﬁ(Mv = PD(MY)) + g (1= )G = K50) +
(1a)n( r(e,))- o, (LD &+ (1—Z:>ﬁf(gf_yf)
Hence g, = PD(M;) . For any p € F(K), we get
(M; — PD(M;), PD(M;_4 ) — p)

(0 & —P) = (8,58, & —P) + = u)n
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+

(1 — &)V — K, 8, p>+ ((1 -1, & —p)

- a)
~ G (A-Dg - (=D g —p) +
Using Lemma (2.3) and Proposition (3.2) we have
(8, — 58,8 —p) =(1-5)g - ([1-9)p.g-p) +{(1-5)p& -
2(([-8)p.g - (14)
(¥ — K35, 8, — 0y = (A = Ky = A = K)p, &, — ¥ +
(A=K — A= K)p,§: — p) = (A = Ky — (T = KIp, & — ¥

(1—d;)ﬁf (& —Vu& —P) (13)

> 4.((A = KDy & —38,)) (15)

((-T)g,5-p=(0-T)g,~A-Dp g —p+(@A-T)p&,— p)

>1-8)|g -l +(T-Dp.g —p) (16)
~(-Dg ~ A= Dng —p)

>[|d-Dg - A-Dyl | g, - sl (17

<g]‘- _yf' g]‘-_ f’)
2 ” g P yr””gr - p” = nr” gf - ggr”” gf - p” (18)
By applying Lemma (2.3), getting
(M — PD(thy), PD (1) — P)
= (M; — PD(M;), PD(My, ) — PD(M;)) + (M; — PD(M;), PD(M;) — p)
> (M; — PD(M;), PD(M,, ) — PD(M;)) (19)
Substituting (19), (18), (17), (16) (15) and (14) into (13)
(on & — Py = <(T =SB —p) + (M; — P@(Mv) P@(Mf ) -

s
PQ(MH)H =@ =)~ Ié)yr)— §—Sg)+5 ||(1—r)g -
(—nyllllgv—pll i lg -l + =5 —F)p,gf—p>+

o g = Sl - sl 20)
g, - sll” < - Sf?kpv—pwwﬁ—ﬁng—pﬂ—uam

@ - Dlllg - 8l - 55 @ — 60— K & — 38) — 555 ||g =
Se.llllg — 8l — =5 (A~ D& — )

ezl o vt
(1- ur)ﬂr ’ [
Let g — g, to show that § — §'. Since the sequence {gf} is bounded so

Hence o; = -0, —Ky; = 0,ast - co.

there is subsequence {gm} of {gf}converges to a point §* € D.
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We also have g. — Kg. - 0,ast — .
By Corollary (3.5) (a), getting §° € F(K) thus, Vp € F(K), we obtain

(=D &, = P) < =22 (0, 8, — Y (T = §)5, &, — )
N ) . o .. 1., , , ,
=25 (1= (0 = K)o & = 58,)) = 2= M = PRV ) [ [ Moy — M|
-0 -Dg, - A= Dulllle, - bl — iz, — &l - sl
when k > oo,we get (I -1)g", 8" — p) < —((I - 5)&", 8" — p), vp € F(K)
But the VIP (12) has the unique solution, then we obtain that w,, (gf) =
{8}
Then we get limg, = §',i.e.§, — &
f—o0
Then next corollary is obtained from the result of ( [20], Theorem 3.2)

Corollary 3.8: Assume that the hypotheses of Theorem (3.7) hold and K,5: D —
D be non-expansive mappings such that F(K) # @. Then g.— & € F(K),

where {g;} defined by (3).

Theorem 3.9: Assume that @+ D CH I"D > H be a é—contraction,
K:®D - D be a mean non-expansive mapping such that F(K) # Q.
Suppose that S5:®D — D is a non-expansive mapping. For g, €D define a

sequence {gf} by
Sl,f = (1 - ﬁf)gf + ﬁfggf

¢
g, =PO|alGy+ Q- (xf)zj 0 Ki}“lf],f" =012, .. 1)

where {ﬁf}, {6;} are sequences in (0,1) that hold stipulations of the Theorem
(3.7). Then g, > g" € F(K).

Proof: The proof followed via Corollary (3.8) and Lemma (3.1).

4. Conclusion

The effect of this study betokens that the iterative projection method
holding some appropriate conditions has a hierarchically fixed point.
Also, the results (fli)rorg”gf+1 — gf|| =0, and rll)rg”gr — Kgf” = 0) which gives us
strong convergence results for the iterative projection method of some
mappings, and also has strong convergence result for a more general iterative
projection sequence for contraction, mean non-expansive and non-expansive
mappings. The solution of iterative projection method via the hierarchically
fixed point is approximated by showing the conditions referred to above
warranting the convergence of the manner.
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