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1. Introduction  
 After defining Cone metric spaces and contraction mappings' fixed point 

theorems were introduced by Huang et al. [1], In addition, many researchers in 
this field work [2-4]. furthermore, the fixed point theory has also recently been 
developed on partially ordered sets [5-7]. The current authors have extended the 
weak contraction principle [8], especially in Cone metric spaces. In this area, 
several other more resent works such as [9-12]. As a generalization of metric 
spaces, S-metric spaces were recently introduced [13]. In this branch, for several 
other observations [14-15]. The idea of Cone S- metric space [16] was then 
introduced by Dhamodharant et al. The aim of the work is to show some fixed 
point results by using a control function for new weakly contractive mappings 
with a partial order.  

Definition 1.1: [1] Let 𝔼𝔼 be a real Banach space and    E.   is called a Cone 
if and only if 
(1)     * +         noempty, closed, 
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(2)  If y, w ∈  , y, w ≥ 0, c, h ∈   then         ∈ , 
(3)  If a ∈   and −a ∈   then a= 0. 

 
Offered a cone  ⊂ 𝔼𝔼, a partial ordering ≼ w. r. t.  is defined by c ≼h  h 

−c ∈    To signify that c ≼ h, we will write c ≺ h but    . While      will 
stands for h − c ∈      denotes the interior of   . The cone   is said normal if 
there is a number      such that ⩝ c, h ∈𝔼𝔼 ,0 ≼ c≼ h then ‖ ‖ ≼  ‖ ‖. If the 
preceding conditions satisfy, the least positive number is known as the normal 
constant. Assume 𝔼𝔼 is a Banach space,   is a Cone in 𝔼𝔼with        and ≼is 
partial ordering w. r. t. . 

Definition 1.2: [16] Let Ɱ  , a function   : Ɱ3 →E if the following 
requirements are met 
(1)  0≼    (u, y, v), 
(2)    ( , y, u) = 0       , 
(3)    ( , v, y)≼     (u, u, a) +   ( ,   a) +   (y,  , a). 

 
Then (Ɱ,   ) is said to be a Cone S-metricspace and denoted by (    –

metric). 

Lemma 1.3: [16] Let (Ɱ,S)be a   –metric. Then we get    (     )  
    (     )  

Definition 1.4: [16] Let Ɱ be an    –metricspace.  
a) A sequence {vi} in Ɱ converges to c if ⩝ u ∈ 𝔼𝔼, 0 ≪u. That is,   k0∈ 𝒩𝒩 

such that    (vi, vi, c) ≪ u for each i ≽ k0. We denote this         → c or 
vi →c. 

b) If for each  u ∈ 𝔼𝔼, 0 ≪u. That is,   k0∈ 𝒩𝒩 such that    (vi, vi, vp) ≪ u for 
each i, p≽ k0, then { vi } is called a Cauchy sequence in Ɱ.  

c) Ɱ is called complete if every Cauchy sequence is convergent. 

Lemma 1.5: [2] Let 𝔼𝔼 be a real Banach space with Cone   . Then 
i. if e   g and g   x  e   x 
ii. if 0 ≼ y ≼ h and e ≽ 0   0 ≼ ey≼ eh, where  ∈  , 
iii. for n ∈ 𝒩𝒩 if 0 ≼   ≼   , and           ,            0 ≼ y ≼ h, 
iv.    ≼   ≼ zn and                 then          ⇔   is normal 

[17]. 

Definition 1.6: [8] Let       be afunction. 
(i)      called strongly monotone increasing (denoted S.M.I) if for c,h∈  , 

     ( )   ( ). 
(ii)  we say   is continuous at    if for any sequence 〈  〉 in  , such that 

               (  )     . 
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Definition 1.7: [6] Let (Ɱ,⩽) be a partially ordered set , F a self-mapping in Ɱ. 
We shall call F a monotone increasing (denoted by F is M.I ) if x, y ∈ X, x ≼ y   
Fx ≼ Fy. 

2. Main Results 
The following are necessary before beginning the theorems:  

Lemma 2.1: Let Ɱ be a    –metric        regular Cone such that    
(     ,)∈     , for      ∈ Ɱ with       . A function   from      * + 
to itself with the following properties: 
1.  ( )        , 
2.  ( )  k, for  ∈      * +, 
3. either  ( ) ≼    (     )       (     ,) ≼  ( ) , for  ∈      * +. 

 
Let 〈  〉 be a sequence in Ɱ for which   (  ,     ,     )is monotonic non-

increasing. Then    (  ,     ,     ) is convergent to either           ∈     . 

Proof: Since 〈  〉be a sequence in Ɱ for which    (  ,     ,     ) is monotonic 
non-increasing where    (  ,     ,     )≽   ,  ∈    y∈   such that    (  , 
    ,     ) y .  

 Now suppose that    (  ,     ,     )     ∈    by using the condition 
in the lemma we have    (  ,     ,     )∈     . Let    .So   is anormal 
cone. Assume G is the normal constant of   and let 𝛩𝛩={ k∈      ‖ ‖  
‖ ‖

 ⁄  } . Since   ∈   with   ‖ ‖
 ⁄  and  ∈     ,   ‖ ‖∈𝛩𝛩. Now we get for 

every k∈𝛩𝛩,    (  ,     ,     )≽   (k). let w is a positive integer,    ∈ 𝛩𝛩 such 
that    (  ,     ,     ) <   (  ) [ from the property (3) in the lemma]. 

We claim that for all    , 
   (  ,     ,     )≼    (  ,     ,     ) <   (  )     (            )    (  ). 

By aproperty of   and lemma (2.2 -iii) we have n→∞ y≼   (  )        
‖ ‖
  ≼ ‖  ‖, this is a contradiction. Then we have 

          (  ,     ,     )≽   (k),  k ∈ 𝛩𝛩    ≽   (k), n   ,      ( ) ∈  . 
Hence     (k)+  ,for some ∈ . Since   (k)∈     , t∈𝛩𝛩 then  ≼

     (k)  . 
We have 0    (k)        [ from of lemma (2.6-i)] 
We will conclude  ∈     . And if    (  ,     ,     )=0, for some   then 

trivially    . 

Lemma 2.2: Let   :       * +         * +and Ɱ be Cone S-metric space 
or (    –metric ) with the same properties (1 and 2) exist in lemma (2.1).Then 
for every u ∈ 𝔼𝔼 ,0   u there exists k0 ∈ 𝒩𝒩     (vn, vm, vm)     (u), for all n,m 
> k0 if and only if a         〈  〉 is a Cauchy sequence. 
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Proof: Take 〈  〉               in Ɱ. Assume that for every u ∈ 𝔼𝔼 ,0   u 
there exists k0 ∈ 𝒩𝒩     (vn, vm, vm)     (u)… (⁎). 

We prove 〈  〉 is Cauchy, since u ∈      and from condition (2) of the 
lemma, we get   (u)  u…(⁎⁎) . From (⁎),(⁎⁎) and property (2) of lemma 
(2.1),we conclude u ⪼    (vn, vm, vm)       k0 then 〈  〉 is Cauchy. 

Contrariwise, Let's say that 〈  〉 is a Cauchy sequence. Then   u ∈, 0   u 
   k0 ∈ 𝒩𝒩     (vn, vm, vm )   u. take u any point in 𝔼𝔼 with 0   u, from 

condition (1) of the lemma   (u)∈      with 0 ≪  (u).We have, there exists k0 
∈ 𝒩𝒩     (vn, vm, vm)    (u), for all n ,m > k0. 

Theorem 2.3: Let Ɱ be a partially order on   - metric .let Q:     be 
increasing and a continuous w. r. t. ≾. Such that A is complete with regular 
Cone normal   such that   (     ) ∈      ⩝     ∈         satisfying of the 
following: 
    ,  (        )-    [      ]    (  (     ))  (3.1) 
where             (     )   ,  (       )   (       )-with      
 ,      . With the following condition: 
1. there exists   ∈      ∈     
2.  :    is strong monotone non-decreasing (denoted S.M.I) and 

continuous, 
3.   :     * +       * + is continuous,  
4. either  (k)⩽   (     ) or   (     )   (k), for k ∈       * +  
5.  (k) =  (k)=0⇔k=0 

Then z=   . 

Proof: If    =     it will lead to Q have fixed point .Hence assume         , 
from (1) and Q is increasing w.r.t. ≼                   , we construct the 
sequence 〈  〉such that      

   and   ≼   
  ≼ …≼  

   ≼ ,that is 
  ⩽     .Let      (            ) 

From (3.1), we have  
   (  )   (  (               ) 
 ≼  [    (            )   (  (              )    (            )) ]

   (  (            )) 
 ≼  [    (            )   (   (            )     (            )) ] 

          (  (            ))   (3.2)  
By (2)   is S.M.I and property of  , we get  

  ,   -  (             ) ≼ ,   -  (             ) 
  (              ) ≼    (                 ) 

Since      
      , we implicit that  



NEW WEAKLY CONTRACTIVE MAPS� 893

  (              ) ≼   (                 )  
Thus, {  }is monotone decreasing sequence. By lemma (2.3)  s∈  and 

s∈      or s=0 then      ( 3.3 )  
And using (3.1), (3.2) and both       is continuous, then  

 ( ) ≼  ,(     ) -    ( )  ≼  ( )    ( ) [  is S.M.I and     ⩽1]  
Which is a contradiction then s=0. Hence, this is      where n    

(3.4) 
Now, we prove 〈  〉 is Cauchy sequence .If not then by lemma(2.2)   

   ∈   ,     ∈  ,     ∈               (        )     ( ), 
by condition (5) ,   ( )    (        ). 

Then  〈   〉  〈   〉 are sequence, q∈    since q   >    >    with 
  (           ) ⩾   ( ) (3.5) 

Suppose that    is smallest positive integer then satisfy (3.5) and 

  (             )   ( )..⁕   ( )    .           /    (           ) 
⩽   (             )+2  (            )⩽   ( ) 

From (3.4), lemma (2.6-v) we have         (           )=   ( ) ( 3.6) 
Again this away and using (3.6) we get         (                 )= 

  ( ) ( 3.7) 
Now,    

   
         =  

      
   

0   (           )   .  (               )     (               )/1 

⩽   
   

0   (           )   .   (               )     (             )/1 

by using (⁕ ,3.6), we get                = (   )  ( ) ( 3.8) 
Obvious,         from (3.1), we get 

  0  (                 )1   0         1    .  (           / 

  ,  ( )-    ,  ( )-     (  ( )) [from 3.6,3.7,3.8,       and   is S.M.I ] 
which is a contradiction based on the property of  . 

Theorem 2.4: Let Ɱ be a partially order on   - metric .let Ԝ, Q:     are 
weakly non-decreasing with respect to ≾. Such that A is complete and  be a 
normal Cone with normal constant G such that   (     ) ∈     ⩝     ∈
        satisfying of the following: 
    ,  (        )- ≾   [      ]    (  (     ))  (3.9) 
where             (     )   ,  (      )   (      )-with       , 
     . 

If ԜorQ is continuous and the conditions upon [2-5] are the same as in the 
theorem (3.1). Then         



894� H. H. LUAIBI

Proof: Assume z=t,    any element in                             
   because Ԝ,Q are weakly non-decreasing , hence        ≼ Q    =    By 
similar away we concision   ≾  ≾… then    is increasing  

Let       (            ) 
   (  )   (  (             )  

≼  [    (          )   (  (           )    (             )
)-]   (  (          ))  

By symmetric  

≼  [    (          )   (  (            )   (          )
) ]   (  (          )) (3.10)  

Since   is strong monoton and from property of  , we conclude  
     ≼ (      ⁄ )   (          ) 

Then    ≼   (          ) Since           
and the same away, we can prove that          (            ) 
In view of above facts, {  +is monotone non-increasing sequence, by 

lemma (2.3), s∈   and s∈      or s=0 then      (3.11) 
From (3.10), (3.11) with using   is strong monoton and both       is 

continuous  
We get  ( )   ( )    ( ) Is contradiction then     ,this is      

where n   (3.12) 
Now, suppose 〈  〉 is not Cauchy sequence. From lemma(3.1)   ∈   with 

    suchthat    ∈  ,     ∈               (        )     ( ), 
from condition (5). 

Thus  〈   〉  〈   〉 are sequence, q∈   since q   >    >    with    

    (           ) ⩾   ( )  (3.13) 

Suppose that    is smallest positive integer then satisfy (3.13) and 
  (             )    ( ) 

        ( )    .           /    .           /⩽   .             /   

2  (            ) ⩽   ( ) [ definition   ] 
From (3.11), lemma (2.2-iv) we have  

          (           )=   ( )  (3.14) 

Again, this away and using (3.14) we get  

          .               /    ( )   (3.15) 

Now,   .               / ≼   .               /+   .               / 

+   (           ) 
by using (3.14), we get         (               )=   ( )  (3.16) 
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Again, 

  .                 / ≼ 2  .               / +   .               / 

 ≼ 2  (               )   (           )⩽   ( ) 
           (                 ) =   ( )  (3.17) 

   
   

               
≼     .             /   (

  .             /  

  .               /
)  

⩽ ( a+x)   ( )      ( ) [ from (3.15), (3.16), (3.17), let        ] 
Apply (3.11) and       is continuous, we have  

 0  .                 /1 ≼  0              
1    .  (             )/ ⩽ 

  ( y   ( )) -   (  ( )) 

     (   ( ) ) ≼   ( y ) -   (  ( )) [since   is S.M.I , from 3.17and y ⩽ 1] 
that is contradiction, based on a property of  . 

We conclude 〈  〉 is cauchy sequence.  A is complete,  c ∈  then     
 (3.18)  

Assume, Ԝ is continuous {    +        …⊛ and {    +        
 ,asn   since Ԝis continuous and ⊛                   , that is, 
               then c=   . 

Now, we must prove that Q has the same fixed point. From (3.9), for e = z, 
we get 

 .  (        )/ ≼  [    (     )   (  (      )    (      ))] 
  (  (     )) 

since     ⩽   implies  ⩽  
  and   is strong monotone non-decreasing, then 

  (      )  
 
   (      ), that is a contradiction then     . we have 

         In the same away, if Q is continuous, we conclude   
     . 

Conclusion 
The research involves obtaining a fixed point for the maps that satisfies a 

new weakly contraction. In future work, three or more maps could be studied. 
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