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Abstract

In this work, a new conjugate gradient (CG) algorithm named the (H.M.) algorithm is
presented as a combination of the search direction and the line search technique for solving
nonlinear systems of unconstrained optimization problems. The main goal is to minimize
the CPU time (Ny,), the iterations number (N,) and the function evaluation number (N,) of
the (H.M.) algorithm this is done through the program MATLAB (with version R2020a) and
a numerical results comparison with two methods, (BFGS) and (BMLV) algorithm. Under
some criterion circumstances, the well-defined and the convergence of the (H.M.) algorithm
are proved, then taking introduction and proceeding to our aim.
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1. Introduction
Consider

F(h)=0,vh€R! (1)

is a nonlinear system of monotone equations, where F: R LS R i=123..
is a continuous function [1], such that a function F satisfies:

(F(h) — F(m)) (h—m) = 0; Vhm €R.

If the solution set of equation (1) is non-void then the solution set is
convex [2]. In addition the space R is vector space with Euclidean norm defined
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as in [3]. To solve equation (1), we should choose x, € R! and the (H.M.) for
solving (1) generates a sequence {x;} as [4-11]:

z; = x; + a,d;, suchthat z; = x;,; ,Vt=0,12.. (2)
Where the step length a, =7*,k =0,1,2, ... fulfills:
— T > ; 2
F(x; + aidy) dy = a; HIFGDI Il dell (3)
and d, is the search direction defined as the following [5, 6]:
—F(x;) ift=0
d; = T
ET) LR ift=123 ...

p+ll Fe—11I2

The prime steps of the (H.M.) algorithm are: -

4)

Step 1. Choose x, € R as an initial point and r, €, p € (0, 1).

Step 2. if ||F(x,) || <€, stop, also go to step 3.

Step 3. Calculate a; form the line search (3).

Step 4. Calculate x;,, form (2), then stop if ||[F(x;41) || <€, also go to step 5.
Step 5. Use (4) for the sake of account d,.

Step 6. Set t: =t+1, go to step 2.

For the sake of proof of the well-define and the convergence of the line
search (3) taking the lemmal and the following propositions and accepting
without proof, then proceed to our aim which is numerical results.

Lemma 1: [8] If d; given by (4) then
Fld, = —c* || F]>,Vc>0and t =1,2... ®)

Now the propositions:

(A)) Fon R!is monotone. [7]

(A;) The solution set of (1) is non-void. [8]

(A3) F on R! satisfies the Lipschitz continuous that is if there is R > 0 then
|F(h) —F(m)|| <R(h—m) ; VhmEeE R [9]

(A4) Let {x,;} be a sequence produced by the (H.M.) algorithm and if proposition
(A)), (A,) and (A3) are verified then [10]:

(B)) If a sequence {x;} is bounded then the last point of repetition is a solution
of (1) or

limg ol 2xp4q — 2]l = 0.
(B5) Suppose that there is a sequence {d,} is produced from (H.M.) and if there

is a fixed s > 0, || F;|| = s for non-negative integer t then a sequence {d,}
is bounded [11].
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(Bs) Let z, = x; + a,d; , if z, is fulfilled F(z.)" (x; — z.) > 0 then [12]:

_ . F@)T -z
Xty1 = Xt 1 FEOI F(z) (6)

Now similarly to [13], we'll prove that (3) is well-define.
By the contradiction, we impose that for some t, (3) is defined as:

—F(x + apd)’d, < atm Il d.ll* (7

If take the %im of (7), I'm getting a contradiction. Thus the (3) is well-
defined.

2. Convergence property

Here, we’ll start proving the convergence of the (H.M.) algorithm in a
similar way to [14].

Theorem 1: Let (A)), (4,) and (A;) are verified then, if {x.} generated by the
(H.M.) algorithm then

liminf,,o||F(x)| = 0.

Proof: For the contradiction, suppose the conclusion is incorrect thus:
liminf,_o||F (x:)|| # O for some t.

Now by proposition (A4)-(B,) there is a fixed s, > 0 and for t = 0 such
that

| Fell = s (8)
Form (2), (3) and (6) we obtain:

_ F@)"(xe-zp) _ F)T(e—xe— ardy)

Xerr =X = T rooE FDI2 F(z) = Xp1 — X = I FEOI F(z)
o —F@E)Ta,
= Xep1 T X = 1Pl F(z;)
at(m) I dell?
— > g — PN
I TP TE t
= K41 — X = —p(@)? Il F(z,)
@+l Fxp) D+ F(z)I?
If taking the norm for two sides then we get:
p (@)? Il dell®
Xerq — Xell = F(z
” t+1 t” ” 1+ F(xt)||||*|| F(zo)l12 ” ( t)”
Il dell?
= || x40 — xell 2 p (@)? - )

| 1+l F el Il FCzoll
If taking the tlim of (9) and by (A4), I'm getting to:

tlim (ap)=0.

Let a; = r~'a, such that:
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—F(xe + aide)"d, < e il dell? (10)
Without loss of generate, I'm taking:
tlim X, =x",

tlim di=d" .
If taking the tlim of (10) and by (11) obtain:

F(x*)Td* > 0. (12)
Consequently from (8) and by (5) we get:

(F(x)Td, < 0. (13)
If taking the }im of (13) and by (11), I'm getting to:
F(x)Td* <0

This is contradiction with (12). Thus the proof is finished.

3. Numerical Results

The numerical results include the main goal in this work is done through a
program MATLAB (with version R2020a) by comparison the results of (H.M.)
with the following two methods:
- (BFGS): This technique is taken from algorithm (A) in [15].
- (BMLYV): This technique is taken from [16].

The comparison is based on: function evaluations (N, ), iterations number
(Ny,) and the CUP-Time (Nr,). The problems and initial points taken from [17,
18], and the dimension is 500000 as shown in Table 1

Table 1
Numerical results of Nf,, N;,, and N,
Di (H.M.) (BFGS) (BMLV)
il *t Ny, |Ni, | Ny, | Ny, |Niy | Nr, Ny, Ni, |Nr,
p1 |500000 Xy |6 1 0.1 12 2 0.5 15000 |5000 |5.8
500000 Xy |6 1 0.5 |11 2 0.7 15009 |5000 |7.1
500000 X, |9 2 0.1 |9 2 0.6 89520 (179 0.9
500000 X3 |6 1 0.5 |15 2 0.6 46744 (125 0.9
500000 X4 |6 1 05 |14 2 0.6 15000 |5000 |6
500000 x5 |1 0 0.1 1 0 0.1 1 0 0.1
500000 X |9 2 0.1 |8 2 0.6 10 2 0.5
500000 X7 |7 2 0.1 |8 2 0.6 7 2 0.5
p2 [500000 Xo |10 2 0.1 11 2 0.8 7 2 0.5
500000 x; |10 2 0.1 11 2 0.6 7 2 0.8
500000 X, |10 2 04 |13 2 0.6 7 2 0.7
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P2 |500000 xo |10 |2 |01 |11 |2 |08 7 2 0.5
500000 x, (10 |2 |01 |11 |2 |06 7 2 0.8
500000 x, (10 [2 |04 |13 |2 |06 7 2 0.7
500000 x3 (17 |4 |04 |13 |2 |06 7 2 0.5
500000 x, |10 [2 |05 |12 2 |06 15938 [163 (3.2
500000 xs |6 |1 |00 |13 |2 |07 8 2 0.5
500000 xe (10 [2 |00 |13 |2 |06 18327 (29 03
500000 x, (10 [2 |01 |13 |2 |06 17954 (29 0.3
p3 500000 xo |10 |2 |0 |11 |2 |07 7 2 0.5
500000 x, 6 (1 |01 |14 |2 o6 9 2 0.5
500000 x, (10 |2 |02 |13 |2 |04 7 2 0.5
500000 X3 1 (02 |12 |2 |04 8 2 0.5
500000 X4 1 (01 (12 |2 |06 10529 (29 0.5
500000 xs (28 |7 |01 |14 |2 |06 8 2 0.5
500000 xe (10 [2 |01 |13 |2 |04 12861 |27 0.4
500000 x;, (10 |2 |02 |13 |2 |06 25657 |37 0.9
Pa |500000 xo (90 [29 |05 |10 |2 |07 8215 |30 0.9
500000 x, |1 [0 (02 |1 Jo |02 1 0 0.2
500000 x, |60 |19 |05 |10 |2 |07 13642 (31 0.7
500000 x; |54 |17 |00 |10 |2 |06 71095 140  |0.9
500000 x, |9 05 |10 |2 |07 11501 |13 0.9
500000 xs |1 |0 |02 |1 |o |02 1 0 0.2
500000 xe |78 |25 |05 |10 |2 |06 14475 (35 0.9
500000 x, (84 [27 |05 |10 |2 |06 12409 (32 0.9
ps 500000 xo (13 3 |00 |14 |2 |07 17110 |45 0.9
500000 x, (6 (1 [03 (14 |2 |o4 6288 |21 0.7
500000 x, (1[0 [02 (1 Jo o2 1 0.2
500000 x; (1[0 [02 |1 Jo o2 1 0.2
500000 x, |9 2 |0 |14 2 |03 13138 |35 0.9
500000 xs (9 |2 |03 |14 [2 |05 24353 |42 0.8
500000 xe |9 |2 |05 |14 |2 |07 36467 |45 0.9
500000 x, |9 |2 o4 |14 2 |05 17310 |31 0.8

4. Conclusions

We can see from the numerical results of the table above that:

The results clarifier in dark black represents of (H.M.) algorithm is top
than (BFGS) and (BMLYV), the source is the numerical results of number
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iterations and evaluation functions to me the (H.M.) algorithm less than in
the other two methods in most of the problems and different initial points
with dimensions.

In the table, the results clarifiers are in dark black representing the (H.M.)
algorithm is top than are (BFGS) and (BMLYV), the source is the numerical
results of CUP-Time to me the (H.M.) algorithm less than in the other two
methods in most of the problems and different initial points with
dimensions.

Thus, through the above two points, it's clear that (H.M.) algorithm is more

effective than (BFGS) and (BMLV) for solving systems of nonlinear monotone
equations:

F(h) =0,V h €R.
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