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Abstract

Gupta et al. [2] used a Randomized Response Technique (RRT) to propose several
estimators for finite population variance of a sensitive study variable using auxiliary
information. In this paper, we modify those estimators by using the more efficient form
of RRT, namely, Optional Randomized Response Technique (ORRT). Performance of the
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proposed estimators is evaluated using a unified measure of respondent privacy and
estimator efficiency. We also estimate the sensitivity level of the sensitive study variable.

Subject Classification: 62D05.

Keywords: Auxiliary information, Mean squared error, Optional randomized response technique,
Respondent privacy, Variance estimation.

1. Introduction

The problem of variance estimation is very well-studied in the context
of survey sampling. Many authors including [6] have used auxiliary
information to find improved estimators of the population variance when
the study variable is directly observed. Others who have contributed in
the area of variance estimation include Sanaullah et al., [9], Masood and
Shabbir, [7], Asghar et al., [1] and Sanaullah et al., [10]. However, variance
estimation has received much less attention when the study variable is
sensitive in nature and direct observation is not possible. Gupta et al. [2]
have estimated the population variance of a sensitive variable using the
Randomized Response Technique (RRT) when the auxiliary information is
available.

RRT was introduced by Warner [11]. The technique provides
respondents enough privacy in order to reduce response bias. The main
focus of this paper is on improving the [2] variance estimators by using the
more efficient Optional Randomized Response Technique (ORRT)
introduced by Gupta et al. [3]. The ORRT model is based on the assumption
that a question may not be sensitive for all respondents. Thus, there is no
need to force every respondent to give a scrambled response. Respondents
can provide a scrambled response or a truthful response depending on
whether they consider the question sensitive or not. With that motivation,
we will re-examine Gupta et al. [2] in the context of the ORRT model.

Let Y be the study variable with mean Y and variance G;. Let X be
the auxiliary variable with mean X and variance o>. Let W be the
proportion of respondents who consider the question sensitive. It is
assumed that Y and X are strongly positively correlated. Let (i/,X) and
(s;,si) be the sample means and variances of the study and the auxiliary
variable respectively. We use the additive RRT model Z=Y +S studied by
Pollock and Bek [8]. Since we will estimate both the population variance
0'5 and the sensitivity level W, we will use a split sample approach where
the sample of size n is divided into two sub-samples of sizes n, and n, (n,



VARIANCE ESTIMATION USING RR TECHNIQUE 371

+ n, = n). We use a scrambling variable S, in the ith sub-sample i = 1, 2.
We assume E(S,) =0 for i =1, 2. We also assume that S, S, and Y are
mutually uncorrelated.

2. The Proposed Estimators

Based on the ORRT model, the respondents are allowed to answer in
two different ways depending on whether they feel the question is sensitive
or not. Let

7 - Y with probability 1-W 1212
" |Y+S, with probability W 7

The mean and variance of the scrambled response Z, are given by:

E(Z,)=E(Y)(1-W)+E(Y +S )W = E(Y), 1)

and

(7: =(1-W)o, +W(o, + cr: ). )

Following Gupta et al. [5] and Zhang et al. [13] solving Equation (2)
for the two unknown parameters 0'5 and W, we have
5 {02 o’ -0’0’

— z2 " sl z17s2 2 2
y }’Gsl #0,

o
2 2
Gsl - 652

2 2
0., -0
W= {M}, 0% #02
2 2 s1 52
O-sl Y
Estimating o and by its unbiased estimator s>, we get the following
estimators of o and W:
2 2 2 2
s.,0., —5.,0
52 | Jz227s1 Ca17s2 | 52 2
O-y_l: 2 2 }’Gslio-sz

o-sl - 652

2 2

~| 8% -s

W= {—Z; 2 :|,6521 #0.,
o’ -0’

To obtain the Bias and MSE of the proposed variance estimator, we
define the following error terms:
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2 2 2 2 2 2

-0 S,—0O s.—0 s, —0O
z1 5 — 22 z2 5 —_x1 x 6 — _x2 X

z1 2 7 ¥z2 7 Zxl 2 /¥ x2 2

o-z 1 Gz 2 o-x ’ O-x

where E(5.,)=E(5.,) = E(8,,) = E(8,,) = E(8.,6.,) = E(5.,8,,) = E(5.,8,,) =0

E(5z21) = 912';01' E(6222) = 92&102 ’E(éjl) = 911(;41' E(5fz) = 921(;42'

E(Szlsxl) = 9] )“;21 4 E(5225x2) = 92)“;22’

where 4_ = ! i(Z -Z)(X -X),0 11 and
rsi % % "ursi N_1]'=1 j i j 7Y ni N
MZOI"LLOZi
l:sz' = (lrsi _1)

With this background and notations, we introduce several variance
estimators as discussed below:
2.1 A Basic Variance Estimator Under the ORRT

We have our first proposed estimator for the population variance
given by

2 2 2 2
s 0’ —s.0
zf()(fl):{—ZZ — 52},0521;&0522 (3a)
o’ -0’

The estimator ¢ (A) can be expressed in terms of the error terms as
shown below

2 2 _ L2 2
tO(A) — 0-22(1+522)G;1 621(1+521)652 (3 b)

s1

2
0-52
Subtracting 0'; on both sides, we obtain
02,026,-020.8

(t (A)_O.Z)= 2275122 z1 752721 (3C)
' ! 0-521 _Gszz

To obtain the expression for the bias, up to a first-order approximation,
we take the expectation on both sides of (3¢c), and we have

2 2 5 _~2 <2 5
BZﬂS(tO(A)) ~ E(Gzzo-sl 22 O-zlo-sz z1 J — O (3d)

2 2
Gsl 052
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Subtracting G;, squaring and taking the expectation on both sides of
(3b), the MSE, up to a first-order approximation, is obtained as

62626 . -02025. )
MSE(tO(A)):E 2275122 2196291

2 2
sl _Gsz
1 4 4 Q2 4 4 Q2 2 2 2 2
= 2 2 \2 E(6226516z2 + 621652521 - 20z16226516525215z2)
(O-sl - O—SZ)
MSE(t, (A)) =~ 1 0,06'c*A,_ +006'c* A )
0 =2 2 \2 2 227 s17M 402 17217 s2%M01
(Gsl - 652)

B . .
MSE(t,(A))~—L; where B, =0,0%,04,,, +0,0:0A,, and ds=0’ -0,

dSZ’ 27227 5177402 17 z17 5277401

(3e)

2.2 The Ratio Estimator Under the ORRT

Isaki [6] proposed the traditional ratio estimator of population
variance using auxiliary information as

The ORRT version of ¢, is

2 2 2 2 2 2
5220-51 _5210-52 O-x O—x 1
2 2 > T 5 ) (4a)
o,—0C s s 2

s1 52 x1 x2

t,(A)=

where s?, and s, respectively are sample variances of x in the two sub-
samples.
t,(A) can be written as

t (A)= (l)l:zo-z + 2(0-222652]5Z2 — 62210-52257.1 J_ ) )
) y yox

2 2
Gsl - 0-52
2 2 2 2 2 2 2 2
_ 5 6220—51522 — 0—210-52521 _ 0.25 _ 5 0-220-51522 — 0-210-52521
x1 2 2 yox2 x2 2 2
o.—0O O.—0.
s1 52 s1 52

Subtracting 0'; on both sides, we obtain,
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2
(t.(A) —62) - 0526521522 — 62210-5,22 21| %, (59(1 + 5)(2) _
1 vy o2 — o> 2
sl s2
(5 +5 ) 0-2220—521522 _0—2210-522521
x1 x2 2(0'?1 _ O'szz

By taking the expectation on both sides, the Bias of t,(A), up to a
first-order approximation, is obtained as,
2 2 9% 2 2%
Bias(t,(A)) ~ 6,020 0 —60,02,0 A,
1 2(6521 - 0-522

272275177222 172175277221

B . .
Bias(t,(A)) ~ —2—[125,' where B, =6,02,0624,,, —6,0°,0>, (4b)

To obtain the MSE of t (A), up to a first-order approximation, we
write

62026, -020%8 0,(8,,+6,,)
(tl(A)—cﬁ)Z{( B 1}— —

Gsl - 0-52

z2 " s1z2 z1 " s27z1
(6x1+5x2)(

2
62026020628 ﬂ
2(0-521 _Gszz

Expanding and simplifying, the MSE of t (A) is obtained as

MSE(t (A)) ~ 920-:20-:1&:02 + 910-:10-:2}“;01 + G;l (01)“541 + 022';42)
' (0-521 - 0.522 )2 4
—o? 9265265212’;22 _916:10-5222’;21
! 0-521 - o-szz
1
MSE(t,(A)) = 10 [4B, + dSO';(dSG;B3 —-4B,)] (4¢)

where B, =0, +60,;

177041 277042

2.3 A Generalized Variance Estimator Under the ORRT

A generalized population variance estimator under the ORRT is given by

2 2 2 2
t,(A)= —5220521 SZ;GSZ+((of—sfl)+(af—sf2))(%ﬂ

s1 Us2
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*[ (o> + ) 52

ol(as;, + ) +(as;, + B(L]+(1-)(ao; + ﬁ)]

In this estimator, & and B are suitably chosen constants associated
with the auxiliary variable X. With ¢g=1, we obtain various ratio
estimators, and with ¢ =-1 we obtain various product estimators. @ isan
unknown constant, and its optimal value will be obtained later.

After some simplifications, we have

t,(A)= 0'; + 0-22203215222 - 02210'522521 o’ [&a —;57(2 H
s1 0-52
2
oo
(I-goy (6, +6,,))v, 2Nao? + )

Using Taylor’s approximation, up to a first-order approximation, we
obtain the bias of the generalized estimator tp(A) as

2 2 29* 2 2%
Bias(tp (A)) ~ Q|:%(01)~(;41 +0 l" )_(026220-51)“222 elo-le-SZAZZI J:ll

277042 2 2

O-sl _0-52
where Q = goy,
. Q[ o, b
Bzas(tp(A))~$ 5 B, -B, (5b)
The MSE is given by
2
9 2 41* 0 4 _4 l* R . .
MSE(tp (A)) z|: 26246520-4202__{—0-216;1052 401 [%4- Q] Gj (01)&041 + 021042)
s1 s2
_252 020_520—521)“;222 _ 0120-510-52212*21 (& + QJ:| (5¢)
! Gsl - 0-52 2

where R_ =
Wy

QQN ‘ RQN

Differentiating equation (5c¢) with respect to Q and setting the
equation to zero, the optimum value of Q is given by

2 2 4% 2 2 A%
Q = ezo-zzo-slﬂ“zzz_Glo-z]o-szlzm _ny
opt

O-; (0-521 - 0_522 )(91)“;41 + 92)“;42) 2
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o B R

" 5%dsB, 2
Y

Putting Qaw in (5¢), the minimum MSE of tp(A) is
0,0°,06*A, +0c'c* A 00’ 0> A, —60>0>A, :l

MSE(t (A)) ~| 222470 %42 W27 %2 0 %000 m ~ A% 0 m
P 2 22 2 22 - .
(© Os (Gsl - Gsz) (01)“041 + 02’1042)

sl

B B?
MSE(t (A)~—1|1-—2
(t,(4) ds{ BlBj

MSE(t (A))~ B—12[1 —~T?]; whereT'= 5, (5d)
F ds BB

173

3. Simulation Study

We take a sample of size N = 1000 from a bivariate normal population
and consider this as our finite population. The bivariate normal population
has parameters given by

2 6 3
By ={2}, Zya ={3 2}, P, =085

For the 1000 observations that have been made, the mean, variance
and the correlation have the following values:

p, =1.98549,u, =1.97337, ol= 1.99136,0; =5.98102, p,, =0.85086

These will be our finite population parameters. A simple random
sample of size 500 without replacement is taken. We consider the equal
split where n, =n,=250. S and S, are the scrambling variables with
normal distribution with E(S,)=E(S,)=0 and various values of Var (S,)
and Var (S,). We use four different values (0.3, 0.5, 0.8, 1) for the sensitivity
level W. In the generalized variance estimator, we choose ¢=1, ¢=1 and
B =0. Our simulation results show that other choices of & and B have
minimal impact.

The MSE is affected when varying the choices of Var(S;) and Var
(5,)- As the difference between the Var(S,) and Var(S,) increases, the
MSE values tend to decrease. This makes sense because in the proposed
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estimators, the difference in variances (ds) shows up in the denominator,
thereby reducing the MSE as the differences increase.
The Percent Relative Efficiency (PRE) of ¢,(A) is calculated as

£ _ MSE(t;(4))

= x100, where i=0,1and p
MSE(t,(A))

Since we are developing the proposed estimators based on randomized
data, it is also important to consider the privacy level of the RRT model. A
unified measure of estimator quality (6) was introduced by Gupta et al.
[4], and it is given by

Estimator MSE 3’ o’

0 = where A, =—=—L

DP

is the average privacy level for the model Z, = Y + S, with equal sub-sample
sizes, as per Yan et al. [12]. We prefer smaller value of (§).

Table 1

Theoretical (bold) and empirical MSEs and PREs of the estimators with Gj =
5.98102and p, = 0.85086. ‘

o2 | 0% | W W Estimator | Mean(s2) | MSE PRE s
0.7504 100

to(A) 59957 | 47538 106 0.7625

03 | 03128 t1(A) 60326 | V7386 | 10183, gsng

0.7401 101.8118
0.7032 106.7106

to(A4) 6.0003 07128 | 1057090 0.7146
0.7805 T00
to(A4) 6.0029 07756 100 0.7931
. 0.7671 | 101.7443
05 | 04914 t1(4) 6.0391 07642 | 1014914 0.7795
0.7415 | 105.2476
tp(A) 6.0074 07405 | 1047443 0.7535
L5 05 03134 T00
to(A) 6.0072 0 100 0.8265
0.8 | 0.7959 t1(A) 6.0427 0.8046 | 1010887 | 06

0.8008 102.7421
0.7795 104.3392

to(A) 6.0112 07844 | 1048700 | 07921
037713 T00
to(A) 6.0343 08806 100 0.8916
1 0.9854 t1(A) 6.0097 0.8636 | 1015948 |, 006

0.8580 102.6419

0.8235 | 1065439
tr(4) 6OI8L | o836 | 1057757 | 08368
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Table 2

Theoretical (bold) and empirical MSEs and PREs of the estimators with 0'5 =
5.98102 and p,, = 0.85086. V

o2 | 0% | W W Estimator | Mean(o2) MSE PRE s
0.8154 100

to(A) 6.0005 08004 100 04122

03 | 02994 t1(A) 6.0374 0.7942 1 102.6781 | 1014

0.7980 101.4262
0.7681 106.1590

tp(4) 60051 | 9703 | 1050707 | 03883

to(A) 60109 | i }% 0.4409

05 | 04841 | t(A) 60460 | oo | B a5

s RN A A
to(A) 6.0148 gtggg’ i% 0.4805

08 | 08042 | t1(A) 60496 | gt | IS 0

o | oons | Soe e,

to(A) 6.0053 }ﬁ‘l“;’ }g 0.5331

1| 09953 | t(4) otor | L0170 | 1036969 5

1.0114 102.9433

0.9969 | 105.7888
tp(4) 60388 1.0008 | 1040300 | 030

In Tables 1 and 2, the theoretical and empirical MSEs and PREs are
given based on the ORRT proposed variance estimators. The results show
that the generalized estimator is more efficient than the basic and the ratio
estimators. By comparing corresponding cells in Tables 1 and 2, one can
note that the MSEs increase as the variances of Si increase, which is on
expected lines due to extra noise in the data. However, this loss in efficiency
is off-set by the gain in privacy as shown by the & -column. For example,
the MSE of the generalized variance estimator is 0.7415 when W=0.5,
Var(S,)=1.5, Var(S,)=0.5 in Table 1, and it is 0.8213 when W=0.5, Var(S,)=3,
Var(S,)=1 in Table 2. However, § decreases from 0.7535 to 0.4151. It is also
observed that the MSEs of the proposed estimators increase asWincreases
(going towards non-optional model). For instance, when Var(S,)=3 and
Var(S,)=1, the MSE of the generalized variance estimator increased from
0.8213 to 0.9969 asWincreased from 0.5 to 1. This indicates that using
ORRT models improves the efficiency of the estimators. Taking unified
measure § into account, we can note that the MSE increases as Var(S,) and
Var(S,) increase. However, this increase is off-set by the corresponding
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gain in privacy level. For example, the MSE of the generalized variance
estimator is 0.7795 when W=0.8, Var(S,)=1.5, Var(S2)=0.5 in Table 1, and it
is 0.9091 when W=0.8, Var(S1)=3, Var(S2)=1 in Table 2. However, §
decreases from 0.7921 to 0.4596.

4. Concluding Remarks

In conclusion, this study uses the ORRT model to estimate the
population variance of a sensitive study variable. Several variance
estimators are proposed using the additive ORRT model. Through a
simulation study; it is seen that the generalized estimator is more efficient
than the other estimators. Additionally, it is observed that the MSEs
increases as the sensitivity level Wincreases, which indicates that the ORRT
estimators are more efficient than those based on non-optional RRT.
Furthermore, we examine the estimators’ performance with respect to the
unified measure of the estimator efficiency and the respondent privacy.
We observe that an increase in the noise level results in an increase in the
MSE . However, the unified measure decreases as the noise level increases.
As such, it is crucial to examine both the MSE and respondent privacy.
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