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Abstract

In this article, we examine the characteristics of sup-hesitant fuzzy UP-subalgebras
(sup -HFUPSs) (resp., sup-hesitant fuzzy UP-filters (sup-HFUPFs), sup-hesitant fuzzy UP-
ideals (sup-HFUPIs), sup-hesitant fuzzy strong UP-ideals (sup-HFSUPIs)) of UP-algebras and
demonstrate that the notion of a sup-HFUPS (resp., sup-HFUPF, sup-HFUPI, sup-HFSUPI)
is an extension of the notion of an interval-valued fuzzy UP-subalgebra (IvFUPS) (resp.,
interval-valued fuzzy UP-filter (IvFUPF), interval-valued fuzzy UP-ideal (IvFUPI), interval-
valued fuzzy strong UP-ideal (IVFSUPI)). Additionally, fuzzy sets (FSs), Pythagorean fuzzy
sets (PFSs), hesitant fuzzy sets (HFSs), interval-valued fuzzy sets (IvFSs), and cubic sets (CSs)
are used to characterize sup-HFUPSs (resp., sup-HFUPFs, sup-HFUPIs, sup-HFSUPISs).

Subject Classification: 03E72, 03G25, 08A72.

Keywords: UP-algebra, Fuzzy set, Pythagorean fuzzy set, Hesitant fuzzy set, Interval-valued fuzzy
set, Cubic set.

1. Introduction

As a crucial extension of the idea of a FS [30], Torra and Narukawa
[27, 26] created the concept of a HFS, which is a function from a reference
set to a power set of the unit segment of the real line. When several sources
of ambiguity appear at once, HFS theory can be used to overcome FS’s
limitations in dealing with imprecise and confusing data. Later, theories of
HFSs are developed and applied by Torra and Narukawa, and others in
the domain of mathematics. For example, Kim et al. [13] applied HFSs to
groupoids, groups and rings. Muhiuddin et al. [18, 19, 20] studied HFSs
based on ideal theory in BCK/BCl-algebras. Jittburus and Julatha [5, 6]
studied HFSs in the meaning of the infimum and supremum of their
images, and introduced sup-hesitant fuzzy ideals and inf-hesitant fuzzy
interior ideals of semigroups. The ideas of interval-valued fuzzy ideals
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and hesitant fuzzy ideals in ternary semigroups and I' -semigroups were
generalized by Julatha and lampan [7, 8], who established sup-hesitant
fuzzy ideals and provided their important attributes via sets, FSs, IVFSs,
and HFSs. The notions of hesitant fuzzy h-ideals (h-bi-ideals, h-quasi-
ideals) of I" -hemirings were presented and explored by Mandal [14].

On UP-algebras, Mosrijai et al. [17] presented, proved various
findings, and analyzed the generalizations of HFUPSs, HFUPFs, HFUPIs,
and HFSUPIs. Mosrijai and lampan [16] presented anti-HFUPSs, anti-
HFUPFs, anti-HFUPIs, and anti-HFSUPIs, and examined their linkages
and characterizations. Mosrijai et al. [15] presented the notions of sup-
HFUPSs, sup-HFUPFs, sup-HFUPIs, and sup-HFSUPIs, as well as some of
their features and extensions. They considered the relations between the
concepts and their level subsets. lampan et al. [4] introduced the notion of
fuzzy duplex UP-algebras. A fuzzy duplex UP-algebra was discovered to
be the prerequisite for a fuzzy duplex UP-set. Jun et al. [11] gave a brief
overview of the mentioned UP-filters and describes their established
interconnections.

It inspired us to research HFSs on UP-algebras, as was already
mentioned. Characterizations and properties of sup-HFUPSs (resp., sup-
HFUPFs, sup-HFUPIs, sup-HFSUPIs) will be investigated via FSs, PFSs,
HFSs, IvFSs, and CSs. Furthermore, we will discuss relations between the
concept of a sup-HFUPS (resp., sup-HFUPF, sup-HFUPI, sup-HFSUPI)
and the concept of an IVFUPS (resp., IvFUPEF, IvFUPI, IvFSUPI).

2. Preliminaries

We review basic definitions and information concerning UP-algebras
before beginning our research.

If the following conditions hold, an algebra A = (A, *,0) of type (2, 0)
is known as a UP-algebra [3], where A is a nonempty set, * is a binary
operationon A, and 0e A:

(UP-1) (vp,w,y e A)((w*y)*((p*w)*(p*y))=0),
(UP-2) (vpe A)O*p=p),

(UP-3) (Vpe A)(p*0=0),

(UP-4) (VpweA)(pxw=0,wxp=0=p=w).

In what follows, unless otherwise specified, A denote a UP-algebra

(A, *,0).
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Definition 2.1: A nonempty subset S of A is called a UP-subalgebra (UPS)
of A if Sis closed under the multiplication * on A.

Definition 2.2: [24, 3, 2] A subset S of A is called [label=()]
(1) a UP-filter (UPF) of A if 0€S and (Vp, we A) (p*weS, peS =
weS),
(2) a UP-ideal (UPI) of A if 0€S and (Vp, w, ue A) (p* (w+*y) €S,
weS = p*yes),
(3) a strong UP-ideal (SUPI) of A if 0eS and (Vp, w, ye A) (y*w) *
(y*p) €S, weS = pes).

A FS [30] of A is a function from A into the unit segment of the real
line [0, 1]. A HFS [26, 27] on A is defined by a function f that when
applied to A return a subset of [0, 1]; that is, f A — 0([0,1]), where
([0,1]) is the power set of [0, 1]. Then the concept of a HFS on A is an
extended and general concept of a FS. For a HFS ¢ on A and an element
pof A, define £(p) by

sup(p)= {supé(p)if ¢py=o,

0 otherwise.

Mosrijai et al. [15] studied HFSs in the meaning of supremum of their
images and introduced sup-HFUPSs, sup-HFUPFs, sup-HFUPIs, and sup-
HFSUPIs in the following definition.

Definition 2.3: [15] A HFS é on A is called

(1) a sup-HFUPS of A if (Vp, we.A) (SUP {(p*w) > min{SUPL(p),
SUP(w)),

(2) asup-HFUPF of A if

(i) (YpeA)NSUPL(0)=SUPL(p)),

(ii) (Vp,w e A)YSUPL(w) = min{SUPL(p*w), SUPL(p)),
(3) asup-HFUPIof A if
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(i) (vpeA)SUPL(0)=SUPL(p),
(ii) (vp,w,y € A)SUPL(p*y) 2 min{SUPL(p*(w*y)), SUPL(w)}),

(4) asup-HFSUPI of A if

(i) (YpeA)(SUPL(0)>SUPL(p)),
(i) (Vp,w,y e A)NSUPL(p)>min{SUPE((y *w)*(y * p)), SUPE(w))).

385

Example 2.4: The UP-algebra A ={0,p,w,y} has a fixed element 0 and a

binary operation * that is given by the Cayley table below.
wy

0 p
p

QS‘GO|*
o o o o
= < o

wy

o o &
o 8§ g

(1) Define a HFS £, on A by: £(0) = [0,09], £ (p) = 10,0.2,0.6}, & (w)
= (0.3,0.4), and ¢ (y) = &, we have that {, is a sup-HFUPS of A.

(2) Define a HFS £, on A by: £,(0) = (0.5,1), £,(p) = {0, 0.6, 0.9}, and

¢,(w) = &,(y) = [0.6, 0.8]. Then ¢, is a sup-HFUPF of A.

(3) Define a HFS £, on A by: £,(0) = [0,1], &,(p) = [0.5, 0.7], {,(w) =
{0.5, 0.6, 0.7}, and é(y) =[0.2, 0.7), we get that 53 is a sup-HFUPI

of A.

(4) Define a HFS ¢, on A by: £,(0) = (0.8}, &,(p) = [0.3, 0.8), {,(w) =
[0.5, 0.8], and @(y) =1{0,0.2, 0.4, 0.6, 0.8}, we obtain that 54 is a

sup-HFSUPI of A.

Mosrijai et al. [15] also showed that the concept of a sup-HFUPS is a

general concept of a sup-HFUPF, the concept of a sup-HFUPF is a general

concept of a sup-HFUPI, and the concept of a sup-HFUPI is a general
concept of a -HFSUPL Moreover, they also proved that a HFS on a UP-

algebra is a sup-HFSUPI if and only if it is a constant function. In this

paper, we will study these concepts via concepts of FSs, PFSs, HFSs, IVESs,

and CSs.
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3. Fuzzy set and Pythagorean fuzzy sets

In this section, sup-HFUPSs, sup-HFUPFs, sup-HFUPIs, and sup-
HEFSUPIs will be studied by using FSs and PFSs.

Definition 3.1: [2,24] AFS v in A is called
(1) a fuzzy UPS (FUPS) of A if (Vp, we A) (y(p*w) = min{y(p),
v(w)}),
(2) a fuzzy UPF (FUPF) of A if
(i) (vpe Ay O)zy(p)),
(i) (Vp,w e A)(w(w) 2 minfy(p*w), y(p)),
(3) afuzzy UPI (FUPI) of A if
@) (Vpe Ay (0)2y(p),
(i) (Vp,w,ye A)y(p*y)zmin{y(p*(w*y)), y(w)).
(3) a fuzzy SUPI (FSUPI) of A if
M) (peAdWO)2yp),
(i) (Vp,w,y € A)(y(p) 2 minfy((y *w)*(y *p)), y(w)}).

For a HFS £ on A, we define the FS F¢ of A by F (p) = SUP{(p)
Vpe A

Definition 3.2: Let 7 beaFSin A and fe]0,1].

(1) TheFS " in A defined by
F': A—[0,1],p> min{F(p)+t,1}.

(2) The FS 7~ in A defined by
F: A—[0,1],p = max{F(p)—-t,0}.

For FSs F and o in A, define F <o if F(p) < w(p) Vpe A. ForaFS
F of A and s,t<][0,1], then we have:

1) F<F<F,
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(2) if s>t, then F <F,
(3) if s<t, then F' < F".

Theorem 3.3: The following are equivalent for a HFS é’ on A.
(1) 5 is a sup-HFUPS (resp., sup-HFUPF, sup-HFUPI, sup-HFSUPI) of A.

(2) F¢ isa FUPS (resp., FUPF, FUPI, FSUPI) of A.

(3) (F°) is a FUPS (resp., FUPE, FUPI, FSUPI) of A Vte[0,1].

4) (}'é)t+ is a FUPS (resp., FUPF, FUPI, FSUPI) of A Vt€[0,1].

Proof: (4)=(2)=(1) and (3)=(2). They are clear.

(1)= (4). Assume that { is a sup-HFUPS of A. Let p,we. A and
t€[0,1]. Then SUP{(p*w) > min{SUP{(p), SUP{(w)}. Thus SUP{(p *w)
> SUP{(p) or SUP{(p*w) > SUP{(w). We think about the next two
cases.

Case 1, let SUP{(p*w) > SUPE(p). Then SUP{(p*w) + t >
SUP{(p)+t and so

(Fg):(p*w)=min{]-'£(p*w)+t,1}
=min{SUP{(p*w)+¢,1}
> min{SUP{(p)+¢,1}
=min{F(p)+1,1)
=(F) ()
> min{(F°); (p),(F°); (w)).

Thus
(F): (pw) 2 min{(F); (p), (F°); (@)).

Case 2, let SUPf (prw)= SUPcf (w). It can be proved similarly as Case

1 that

(FE) (pw) = min{(F*)! (p), (F°) (w)).

Therefore, we get that (F 5): isa FUPS of A Vte]0,1].

We are also able to prove the other findings.
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(1)=(3). Assume that 5 is a sup-HFUPS of A. Let p,we A and
te[0,1]. Then SUPE(p*w) > SUP{(p) or SUPE(p*w) > SUPE(w). We
think about the next two cases.

Case 1, suppose that SUPf(p*w) > SUPé(w). Then SUPé(p*w) —t
> SUP{(w)—t. Thus

(]-'&);(p*w) = max{]-'é(p*w)—t,O}

= max{SUPZf(p *w)—t,0}

> max{SUP{ (w) -, 0}

= max{]-'i(w) —t,0}

=(F*); ()

> min{(F°) (p), (F°); (@)}
which implies that

(F5); (pw) 2 min{(F*); (p),(FO); (@)}
Case 2, suppose that SUPé (prw) 2 SUP@A' (p). We can prove similarly

as Case 1 that

(F5); (p*w) = min{(F*), (p),(F°); (w)).

Therefore, we consequently have that (F 5); isaFUPSof A Vtel0,1].

We are also able to prove the other findings.

Definition 3.4: [12] AFS F in A is called

(1) an anti-FUPS (AFUPS) of A if
(Vp,w e A)(F(p*w) <max{F(p), F(w)}),

an anti-FUPI (AFUPI) of A if

(i) (Ype ANFO)<F(p),

(i) (Vp,w,y e A)F(p*y) <max{F(p*(w*y)), F(w)}),
(2) an anti-FUPF (AFUPF) of A if

@) (Vpe A(FO)<F(p),

(i) (Vp,we A)(F(w) <max{F(p*w), F(p)}),
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(3) an anti-FSUPI (AFSUPI) of A if
©)  (Vpe AYFO)<F(p),
(i) (Vp,w,y € A)F(p) <max{F((y *w)*(y *p)), F (w)}).

Let £ bea HFSon A. The HFS £*, defined by £*(p) = {1-SUPE(p)}
Vpe A, is called the supremum complement [15] of £. Then (£*)*(p) =
[SUP{(p)}, SUP{*(p) = 1-SUP{(p) and also SUP(S*)'(p) = SUPS(p)
Vpe A. Now, we give properties of sup-HFUPSs, sup-HFUPFs, sup-
HFUPIs and SUP-HFSUPIs of UP-algebras in terms of FSs with their

supremum complement.

Theorem 3.5: The following are equivalent for a HFS 5 on A.
(1) 5 is a sup-HFUPS (resp., sup-HFUPF, sup-HFUPI, sup-HFSUPI) of A.

(2) }"&# is an AFUPS (resp., AFUPF, AFUPI, AFSUPI) of A.

3) (.7-"&” ), is an AFUPS (resp., AFUPF, AFUPI, AFSUPI) of A Vte[0,1].
)

) (FX) isan AFUPS (resp., AFUPF, AFUPI, AFSUPI) of A ¥t e[0,1].

Proof: (4)= (2)= (1) and (3)= (2). They are clear.
(1)=(2). Let f be a sup-HFUPS of A and p,w e A. Then
F* (prw)=SUPE* (p*w)
=1-SUP(p*w)
<1-min{SUP{(p), SUPE (w))
=max{1-SUP&(p),1-SUPL(w))
= max{F (p), F* (w)).

Hence, F ¢ is an AFUPS of A.
We are also able to prove the other findings.
(2)= (3). Assume that F° is an AFUPS of A. Let p,weA and

te[0,1]. Then
(FE ) (prw) =max{0, 7 (prw)—t}
< max{0, max{F* (p), F* (w)} -t}
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=max{0, max{]—'? (p)- t,]—'? (w)—t}}
= max{max{O,]—'? (p)- t},max{O,]-"? (w)-t}}
—max{(F5 ), () (F* ) @)
Therefore, Vt€[0,1], (F ¢ ), is an AFUPS of A.
We are also able AEO prove the other findings.
(2)=(4). Let F° be an AFUPSof A, p,we A and t<[0,1]. Then
(FE ) (prw) =min(1, 7 (pw)+1)
< min{l,max{}'? (p),}'g (w)} +1})
— min{1,max{F* (p)+£, F° (w)+1}}
min{1, 7 (p)+#}, min{1, F* (w)+ 1))
0 OE ) @)

=max

{
= max{(}'&

Therefore, (F 3 ), isan AFUPS of A Vte[0,1].
We are also able to prove the other findings.

The notion of PFSs was first given as the following definition by Yager
and Abbasov [28, 29].

Definition 3.6: [28, 29] A PFS P in A is an object of the form P ={(p,
F(p), o(p)) | pe A}, where the functions F:A — [0,1] and w: A —>
[0,1], and 0<(F(p))* + (@(p))* <1 Vpe A.

We'll use the symbol (F,w) of the PFS {(p, F(p), o(p)) | pe A} to
keep things simple. For a FS F of A, we define a FS 7 by Z(p) =22
Vpe A. Then (%,2) isaPFSin A forall FSs F and @ of A.

Proposition 3.7: For a HFS é’ on A, the following are true.
1) (F5, 7 isaPFSin A.

@ (5, FD, @FL EED, (@, FD) and (51,0
are PFSsin A Vs,te[0,1] and «, B e{-,+}.

(3) There exist s,t€[0,1] and o, 8 €{—,+} such that ((]—'E);’, (.7-'5# )f) isa
PFSin A.
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Definition 3.8: [22] A PFS P=(F,w) in A is called
(1) a Pythagorean FUPS (PFUPS) of A if
(Vp, w € AY(F(p*w) = min{F(p), F(w)), (3.D)
(Vp,w e A)(o(p*w) <max{a(p), o(w)}), (3.2)

(2) a Pythagorean FUPF (PFUPF) of A if

(Vp e A)(F(0)= F(p)), (3.3)
(Vp e A)(@(0) < o(p)), (34)
(Vp,w € A)(F (w) 2 min{F (p*w), F(p)}), (3.5)
(Vp,w e A)(w(w) < max{w(p *w), o(p)}), (3.6)
(3) a Pythagorean FUPI (PFUPI) of A if (3.3), (3.4), and

(Vp,w,y € A)(F(p*y) 2 min{F (p*(w *y)), F (w)}), (3.7)
(Vp,w,y € A)(@(p*y) <max{o(p*(w*y)), o(w)}), (3.8)

(4) a Pythagorean FSUPI (PFSUPI) of A if (3.3), (3.4), and
(Vp,w,y € A)(F(p) 2 min{F ((y) * (v * p)), F (w)}), (3.9)
(Vp,w,y € A)(w(p) < max{o((y *w) *(y * p)), @(w)}). (3.10)

From Proposition 3.7 and Theorems 3.3 and 3.5, we characterize a
sup-HFUPS, a sup-HFUPF, a sup-HFUPI, and a sup-HFSUPI of a UP-

algebra in terms of PFSs seen in Theorem 3.9.

Theorem 3.9: The following are equivalent for a HFS ¢ on A

1) Cisa sup-HFUPS (resp., sup-HFUPF, sup-HFUPI, sup-HFSUPI) of
A

@) (F¢,7%) isa PFUPS (resp., PEUPE, PEUPL, PFSUPI) of A.

3) (F5)(FY)) is a PFUPS (resp., PFUPF, PFUPI, PFSUPI) of A
Vs,te[0,1].

@) (F%) (F¥)) is a PFUPS (resp., PFUPE, PFUPI, PESUPI) of A
vt e[0,1].

) (F) (F¥')) is a PFUPS (resp., PFUPE, PFUPI, PFSUPI) of A
Vvtel0,1]
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©6) (V2,72 is a PFUPS (resp., PFUPF, PFUPI, PFSUPI) of A

Vs, tel0,1] and o, B e{—,+}.

B ~#
(7) Forall s,te[0,1] and «a,Be{-+} if (F°)", (F°)’)isaPFSin A,
~ ~#
then ((F°)*, (F* )?) is a PFUPS (resp., PFUPF, PFUPI, PFSUPI) of
A.

4. Hesitant fuzzy sets

In this section, sup-HFUPSs, sup-HFUPFs, sup-HFUPIs, and sup-
HFSUPIs will be studied in terms of HFSs.

Definition 4.1: [17] A HFS ¢ on A is called
(1) a hesitant FUPS (HFUPS) of A if
(Vp,w e A)E(prw) 2 L(p) N E(w)),
(2) a hesitant FUPF (HFUPF) of A if
i) (VpeA)EO)2L(p),
(i) (vp,weA)()2L(prw)Ep)),
(3) a hesitant FUPI (HFUPI) of A if
@) (vpe ACO0)2Lp),
(i) (Vp,w,ye A (p*y) 2L(p**y)nEw)),
(4) a hesitant FSUPI (HFSUPI) of A if
i) (VpeA)EO)2L(p),

(i) (vp,w,y e AP 25y *w)*(y*p) N {(w))
For a HFS gc on A and an element A of @([0,1]), we define the HFS

Hyp(C:4) 17,8] on A by )
Hup(C;A)(p) = (t eA|SUPL(p) 2 t} for all pe A.

We denote H,,,(¢;[0,1]) by Hsgup'

Theorem 4.2: The following are equivalent for a HFS 5 on A.
[label=(Arabic*)] ¢ is a sup-HFUPS (resp., sup-HFUPE, sup-HFUPI, sup-
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HFSUPT) of A. 7, is a HFUPS (resp., HFUPF, HFUPI, HFSUPT) of A.
H,,»(;A) isa HFUPS (resp., HFUPF, HFUPL, HFSUPI) of A Vae ([0,1]).

Proof: (1)= (3). Let ¢ be asup-HFUPS of A, p,we A and ae p([0,1]). If

7_{SUP (C A) (P) M 7-15,UP (C A) (W) = @ then
Howo (&5 A)(p)ﬂCfSUP(C A)(w)CHSUP(C A)(p*w).

On the other hand suppose that t e H, ( A) (p) N Hyp (C A) (w).

Then tea, SUPé'(p) >t and SUP{(w)>t. Since ¢ is a sup-HFUPS of
A, we get

t < min{SUPE(p), SUPE (w)} < SUPE(p * w).
Thus t e H,,,({;A)(p*w). Hence, we have
Hap (G 8)(P) N Hyp (G (W)  Hy (EA)(p*0).
Therefore, H,,,(¢;A) is a HFUPS of A.

We are also able to prove the other findings.
(B)=(2). Itis clear.

(2)=(1). Let HSUP be a HFUPS of A and p,weA Then SUPC(p)
SUPC(w) e [0,1], SUPC(p) € HSUP(p) and SUPC(w) € HSUP(w) Thus

min SUPC(p),SUPC(w) € ?{SUP(p)mHSUP(w).
Since HSEUP is a HFUPS of A, we get min{SUPé(p), SUPf(w)} €

HS‘gUP (p*w). Hence,
SUPZ(p * w) > min{SUPL(p), SUPE (w)).

Therefore, ¢ is a sup-HFUPS of A.

We are also able to prove the other findings.

Definition 4.3: [16] A HFS é’ on A is called

(1) an anti-HFUPS (AHFUPS) of A if
(Vp,we A)(C(p*w) < {(p)wi(w)),

(2) an anti-HFUPF (AHFUPF) of A if
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@) (vpeACO) =P,

(i) (vp,weA)Ew)clprw)ulp),
(3) an anti-HFUPI (AHFUPI) of A if

@) (vpe O <ip),

(i)) (vp,w,y e A)¢(p*y) = Ep*w=y)viw)),
(3) an anti-HFSUPI (AHFSUPI) of A if

@ (cACO) @),

(i) (vp,w,ye ACp)ci(yrw)(y*p)ulw).

Theorem 4.4: The following are equivalent for a HFS ¢ on A
(1) ge is a sup-HFUPS (resp., sup-HFUPF, sup-HFUPI, sup-HFSUPI) of A.
(2) Hsgljp is an AHFUPS (resp., AHFUPF, AHFUPI, AHFSUPI) of A.

~#
(3) Hyyp(C ;A) is an AHFUPS (resp., AHFUPF, AHFUPI, AHFSUPI) of A
Ve p([0,1]).

Proof: (1)= (3). Let ¢ be asup-HFUPS of A, p,we A and ae p([0,1]). If
Moo (€ 5A) (p*w) = @, then
M (C*50) (0 w) € My (7 8)(P) U Hy, (CF M) (w).

On the other hand, suppose t € H (gC *;A) (p*w). Then SUP 5 (p*w)
> tea. Since ¢ isa sup-HFUPS of A and Theorem 3.5, we have that F ¢
is an AFUPS of A and so
F<SUPE* (pxaw) = F* (prw) <max{F* (p), F (w)} = max{SUPE* (p), SUPE* (w)).

Thus + <SUPC"(p) or t <SUPE* (w). Hence, te Hyp (cjf# A) (p)UHy,,
(£*;a) (w). Therefore,
Hoe (E* i) (p*w) € My (€5 0)(p) U Hyy, (E M) (@):
This is shown that HSUP(f *.A) is an AHFUPS of A.

We are also able to prove the other findings.
(3)=(2). Itis clear.
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(2)= (). Let HSUI, be an AHFUPS of A and p,weA Smce
SUP§ (p*xw) € HSUP(p*w) we get SUP§ (p*xw) € HSUP(p) ) HSUP(w)
Thus SUPE*(p*w) < SUPC*(p) or SUPL*(p*w) < SUPE (w), which
img)lies that R ) R ) )

F© (prw) =SUPL* (p*w) < max{SUPL* (p), SUPL* (w)} = max{F* (p), F* (w)).

Hence, F 3 is an AFUPS of A and from Theorem 3.5, we have 5 isa
sup-HFUPS of A.

We are also able to prove the other findings.

5. Interval-valued fuzzy sets and cubic sets

In this section, sup-HFUPSs, sup-HFUPFs, sup-HFUPIs, and sup-
HEFSUPIs will be studied by means of IvFSs and CSs.

An 7 interval number represents the range of [r~,7"], where 0 <
< r" < 1. [[0,1]] stands for the collection of all interval numbers. For two
interval numbers 7 =[r",r"] and §=[s7,s"], define the relations <,=, and

=, and operations rmax and rmin on [[0,1]] as follows:

(1) 725 © r <s and r" <s",

2 =5 © r=s and r'=s",

(B) 7=<X5 & F=<35 and 7#5,

(4) rmax{7,s}=[max{r ,s },max{r’,s'}],
(5) rmin{7,3}=[min{r ,s },min{r",s"}].

Definition 5.1: [31] A mapping 7:.A4—[[0,1]] is called an [vFS on A,
where 7(p) = =[n"(p), n*°(p)] Vpe A, n~ and 7" are FSsin A such that

n <n.

Definition 5.2: [9] A CS C in A is a structure of the form C={(p, 7(p),
F() | |lpe A} when 7 isanIvFSon A and F isaFSin A. We'll use
the symbol (7, F) of the CS {(p, 7(p), F(p)) | pe A} for simplicity’s

sake.
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Definition 5.3: [23] A CS (7,®) in A is called
(1) a cubic UPS (CUPS) of A if

(Vp,w e A)(rmin{(p), ()} < 7(p*w)), (52)
(Vp,w e A)(o(p*w) <max{a(p), o(w)}), (5.3)

(2) a cubic UPI (CUPI) of A if
(Vp e A)(7(p) = 7(0)), (5.3)
(Vp e A)(@(0) < o(p)), (54)
(Vp,w,y € A)(rmin{z(p * (w *y)), w(w)} 2 (p*y)), (5.5)
(Vp,w,y € A)(o(p*y) <max{o(p *(w*y)), o(w)}). (5.6)

Definition 5.4: [25] A CS (7,) in A is called
(1) a cubic UPF (CUPF) of A if (5.3), (5.4), and

(Vp,w e A)(rmin{z(p * w), (p)} = T(w)), (5.7)
(Vp,w e A)(o(w) < max{w(p *w), o(p)}), (5.8

(2) a cubic SUPI (CSUPI) of A if (5.3), (5.4), and
(Vp,w,y € A)(rmin{z((y *w) *(y * p)), 7(w)} = 7(p)), (5.9)
(Vp,w,y € A)(w(p) < max{o((y *w) *(y * p)), ©(w)}). (5.10)

Definition 5.5: An IVFS 7 on A is called
(1) an interval-valued FUPS (IvFUPS) of A if (5.1) holds,
(2) an interval-valued FUPF (IvFUPF) of A if (5.3) and (5.7) hold,
(3) an interval-valued FUPI (IvFUPI) of A if (5.3) and (5.5) hold,
(4) an interval-valued FSUPI (IVFSUPI) of A if (5.3) and (5.9) hold.

Preposition 5.6: Every IVFUPS (resp., IvVFUPF, IvFUPI, IvFSUPI) of A is a
sup-HFUPS (resp., sup-HFUPEF, sup-HFUPI, sup-HFSUPI) of A.

Proof: Assume that 7 is an IVFUPS of A and p,w € A. Then rmin{z(p),
(w)} = w(p*w). Thus
SUPz(p*w)=rn"(p*w)2min{z” (p), 7" (w)} = min{SUPx(p), SUPT(w)}.

Therefore, 7 is a sup-HFUPS of A.
We are also able to prove the other findings.
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The following example shows that the converses of Proposition 5.6 is
not true in general.

Example 5.7: The UP-algebra A ={0,w,x,y,z} has a fixed element 0 and a
binary operation * that is given by the Cayley table below.

* 10 w x y z
0|0 w x y z
w|{0 0 0 v O
x|0 x 0y O
y10 x x 00
z|0 x x y O

Define a HFS 5 on A as follows:
£(0)=(0.8,11,¢(w) = (0,1),&(x) = {0.6,09,1),E(y) = (1), £(2) = [0.7,1].

Then Z_? is a sup-HFUPS (also, sup-HFUPEF, sup-HFUPI, sup-HFSUPI)
of A but not an IvFUPS (also, IVFUPF, IvFUPI, IvVFSUPI) of A since 5 is
not an IvFS of A.

By Proposition 5.6 and Example 5.7, the concept of a sup-HFUPS
(resp., sup-HFUPF, sup-HFUPI, sup-HFSUPI) of a UP-algebra is a
generalization of the concept of an IVFUPS (resp., IvFUPF, IvFUPI,
IvFSUPI).

Theorem 5.8: The following are equivalent for an IvFS @ on A.
(1) 7 is an IoFUPS (resp., IvFUPF, [vFUPI, [vFSUPI) of A.
() (7?,]-'#> is a CUPS (resp., CUPF, CUPI, CSUPI) of A.

(3) m and m~ are FUPSs (resp., FUPFs, FUPIs, FSUPIs) of A.

Proof: It is clear that (1) and (3) are equivalent. From Theorem 3.5 and

Proposition 5.6, we have that (1) and (2) are equivalent.
For FSs 7 and @ of A with F <@, define the IVFS [F,®] on A by

[F,0]: A—>[[0,1]], p = [F(p), o(p)]-

Let 7 and @ be FSs of A such that F <w and s,t€[0,1]. Then the

following are true.
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[F 0], [F,0] and [F ,®] are IVFSs on A.

If s>t, then [F,o,] isanIvFSon A.

(3) If s<t, then [F",®,] isan IvVFSon A.

)
)
)
)

(4) If 7 isanIvFSon A and 7 =[F,w], then 7" =F and 7" =o.

For a HFS f on A, we see that HfUP isan IvFSon A and SUPf(p)

= SUP?—[fUP(p) Vp e A. Now, we characterize sup-HFUPSs, sup-HFUPFs,
sup-HFUPIs and sup-HFSUPIs of UP-algebras in terms of IvFSs.

Theorem 5.9: The following are equivalent for a HFS ¢ on A

) & is a sup-HFUPS (resp., sup-HFUPF, sup-HFUPI, sup-HFSUPI) of A.

)

®)

4)

©)

(6)

(7)

[(F*);,F°] is an WFUPS (resp., IoFUPF, WwFUPI, TwFSUPD) of A
vt e[0,1].

[75,(F%)] is an TFUPS (resp., IFUPF, ToFUPI, ToFSUPI) of A
vt e[0,1].

[(F¢ ). (F¢ )/1 is an IoFUPS (resp., [oFUPF, [vFUPI, IvFSUPI) of A
Vs, t[0,1].

[(F°).,(F°) ] is an IoFUPS (resp., TFUPE, IoFUPI, ToFSUPI) of A
Vs,t€[0,1] with s>t.

[(F*) (F*)1 is an IoFUPS (resp., IoFUPE, IoFUPI, IoFSUPI) of A
Vs,te[0,1] with s<t.

7-(5g is an IvFUPS (resp., [vFUPF, [vFUPI, IvFSUPI) of A.

UP

Proof: By using Theorems 3.3 and 5.8, the assertions (1) —(6) are equivalent.
By Proposition 5.6 and SUPC (p) = SUPHSUP(p) Vp e A, we have that (7)
implies (1).

Finally, we will show that (1) implies (7), we assume that f is a sup-

HFUPS of A. Let pweA. Then min{SUPHS,(p), SUPH,,, (w)} <
SUP?%fUP(p*w) and so
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rmin{Hp (p), M (1)) = [0, min{sup o (), sup Moy ()]
=[0,supHS,, (p* w)]
= 7—{S§UP(p *W).
Hence, HfUP is an IVFUPS of A.
We are also able to prove the other findings. The proof that (1)

implies (7) is complete.

Theorem 5.10: The following are equivalent for a HFS ¢ on A
1) Cisa sup-HFUPS (resp., sup-HFUPE, sup-HFUPI, sup-HFSUPI) of A.
@) (ML, F') isa CUPS (resp., CUPF, CUPI, CSUPI) of A.
(3) (He,,(FF )y isa CUPS (resp., CUPE, CUPI, CSUPI) of A Vte[0,1]
@) (M, (FL)y isa CUPS (resp., CUPF, CUPI, CSUPD) of A Wt e[0,1]

Proof: It follows from Theorems 3.5 and 5.9.

Definition 5.11: [25] A CS (7%,®) in A is called

(1) an anti-CUPS (ACUPS) of A if
(Vp,w e A)(7(p*w) X rmax{z(p), #(w)}), (5.11)
(Vp, w e A)@(p*w) > min{(p), o)), (5.12)

(2) an anti-CUPF (ACUPF) of A if

(Vp e A)(7(0) 2 (p)), (5.13)
(Vp e A)a(p) < (0)), (5.14)
(Vp,w e A)(w(w) < rmax{z(p*w),x(p)}), (5.15)
(¥, w e A)(@(w) > min{w(p*w),o(p)), (5.16)

(3) an anti-CUPI (ACUPI) of A if (5.13), (5.14), and
(Vp,w,y € A)(7(p*y) = rmax{z(p*(w*y)), T(w)}), (5.17)
(Vp,w,y € A)(@(p*y)2min{a(p*(w*vy)), o(w)}), (5.18)

(4) an anti-CSUPI (ACSUPI) of A if (5.13), (5.14), and
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(Vp,w,y € A)(7(p) = rmax{zm((y *w) * (y * p)), ®(w)}), (5.19)
(Vp,w,y € A)(w(p) 2 min{w((y *w) *(y * p)), o(w)}). (5.20)

Definition 5.12: An IVFS 7 on A is called

(1) an anti-IoFUPS (AIVFUPS) of A if (5.11) holds,
(2) an anti-IoFUPF (AIVFUPF) of A if (5.13) and (5.15) hold,
(3) an anti-IvFUPI (AIvFUPI) of A if (5.13) and (5.17) hold,
(4) an anti-loFSUPI (AIvFSUPI) of A if (5.13) and (5.19) hold.

Proposition 5.13: The supremum complement of an AIVFUPS (resp.,
AIVFUPF, AIvFUPI, AIVFSUPI) of A is a sup-HFUPS (resp., sup-HFUPE,
sup-HFUPI, sup-HFSUPI) of A.

Proof: Let & be an AIVFUPS of A and p,w e A Then n"(p) < max{z*(p),
" (w)}. Thus
SUP7" (p*w)=1-SUPZ(p *w)
—1-n(prw)
>1-max{z"(p), 7" (w)}
=min{l-7"(p),1-7"(w)}
=min{1-SUP7(p),1-SUPx(w)}
=min{SUP7" (p),SUPZ" (w)}.

Hence, 7* is a sup-HFUPS of A.

We are also able to prove the other findings.

Theorem 5.14: The following are equivalent for an IvFS 7 on A.
(1) misan AIvFUPS (resp., AIvFUPF, AIvFUPI, AIvFSUPI) of A.
) (ﬁ',]—'#) is an ACUPS (resp., ACUPF, ACUPI, ACSUPI) of A.
(3) n" and m are AFUPSs (resp., AFUPFs, AFUPIs, AFSUPIs) of A.

Proof: 1t is clear that (1) and (3) are equivalent. From Theorem 3.3 and

Proposition 5.13, we have that (1) and (2) are equivalent.
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In the following theorem, characterizations of a sup-HFUPS (resp.,
sup-HFUPF, sup-HFUPI, sup -HFSUPI) of a UP-algebra in terms of
AIvFUPSs (resp., AIVFUPFs, AIvFUPIs, AIVESUPISs).

Theorem 5.15: The following are equivalent for a HFS Z’ on A.

1) Cisa sup-HFUPS (resp., sup-HFUPF, sup-HFUPI, sup-HFSUPI) of A.

@ [(F*;, 751 is an AIFUPS (resp., AIuFUPE, AIoFUPI, AIoFSUPI) of
A Vte[0,1]

@) 7, )] is an AIoFUPS (resp., AoFUPF, AIoFUPI, AIoFSUPI) of
A Vte[0,1]

@ [(FE),(FE )] is an AIVFUPS (resp., AIvFUPE, AToFUPI, AIFSUPI)
of A Vs,te[0,1].

) [(FE),(FE )] is an AIVEUPS (resp., AIvFUPE, AToFUPI, AIFSUPI)
of A Vs, tel0,1] with s>t.

©6) [(FE ), (FE ) is an AIVFUPS (resp., AIvFUPE, AToFUPI, AIFSUPI)
of A Vs, tel0,1] with s<t.

#
(7) HSCUP is an AIvFUPS (resp., AIvFUPF, AIvFUPI, AIvFSUPI) of A.

Proof: From Theorems 3.5 and 5.14, we can conclude that the conditions
(1)-(6) are equivalent. Next, we will show that (1) implies (7), let { be
a sup-HFUPS of A and p,w € A, By using Theorem 3.5 and SUP?—[;AVSP (a)
= SUPa#(a) Vae A, we get
SUPHS, ,(p*w) = SUPE* (p )

= 7% (praw)

< max{]—'é# (p), ]_-5# (w)}

= max{SUPZ* (p), SUPE (w))

= max(SUPH,. (p), SUPHS, . (w)).

Then
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HE (pe ) = [0,5up e (p )]
=< [0, max{sup HS&SP(P)/ sup Hfjl,(w)}]
= rmax{')'(sgsp », 7‘{3{, (w)}.

Hence, H,fljp is an AIvFUPS of A.

We are also able to prove the other findings. The proof that (1)
implies (7) is complete.

Finally, to show that (7) implies (1), let Hsg;, be an AIVFUPS of A
and p,w € A. By using Theorem 5.14, we get

fﬁﬁ(p* w)=SUPL! (p*w)
=sup Hfjp(P *W)
<max{sup }{Séi:p (p),sup Hsgép (w)}
=max{sup 5# (p),supé# (w)}
= max{]-'g# (»), fg# (w)}.

Then F¢ is an AFUPS of A and by Theorem 3.5 that Cisa sup-
HFUPS of A.

We are also able to prove the other findings. This shows that (7)
implies (1).

Theorem 5.16: The following are equivalent for a HFS E on A.
1) & isa sup-HFUPS (resp., sup-HFUPF, sup-HFUPI, sup-HFSUPI) of A.
~# ~
() (M, F*) is an ACUPS (resp., ACUPF, ACUPI, ACSUPI) of A.

A N
(3) (T{SgUP,(}'C);) is an ACUPS (resp., ACUPF, ACUPI, ACSUPI) of A
vte[0,1].

~# "
(4) (Hip, (F)y is an ACUPS (resp., ACUPF, ACUPI, ACSUPI) of A
vt e[0,1].

Proof: It follows from Theorems 3.3 and 5.15.
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6. Conclusions and upcoming projects

In this work, we looked at the characteristics of sup-HFUPSs (resp.,
sup-HFUPFs, sup-HFUPIs, sup -HFSUPIs) of UP-algebras in terms of FSs,
PFSs, IvFSs, HFSs, and CSs. The concept of a sup-HFUPS (resp., sup-
HFUPE, sup-HFUPI, sup-HFSUPI) has been proven to be a generalization
of the concept of an IVFUPS (resp., IvFUPF, IvFUPI, IvESUPI).

We evaluated the following goals for our future research on UP-algebras,
semigroups, ternary semigroups, I' -semigroups, semirings, and other
algebraic structures:

* to extend the study results to bipolar fuzzy sets based on the idea of
Muhiuddin [10],

* to extend the study results to IvFSs based on the idea of Muhiuddin
etal. [21],

e toextend the study results to interval-valued intuitionistic fuzzy sets
based on the idea of Chao et al. [1].

Acknowledgment

The authors would also like to express their gratitude to the
anonymous referee for providing several useful ideas for improving the
current article.

This research was supported by University of Phayao and Thailand
Science Research and Innovation Fund (Fundamental Fund 2025, Grant
No. 5027 /2567).

References

[1] H. C.-J. Chao, C.-T. Tung, and C.-H. Chu, “Extension theorems for
interval-valued intuitionistic fuzzy sets,” Journal of Discrete Mathemat-
ical Sciences and Cryptography, vol. 21, no. 3, pp. 707-712 (2018).

[2] T. Guntasow, S. Sajak, A. Jomkham, and A. Iampan, “Fuzzy transla-
tions of a fuzzy set in UP-algebras,” Journal of the Indonesian Math-
ematical Society, vol. 23, no. 2, pp. 1-19 (2017).

[3] A.Iampan, “A new branch of the logical algebra: UP-algebras,” Jour-
nal of Algebra and Related Topics, vol. 5, no. 1, pp. 35-54 (2017).



404

[4]

[5]

(6]

[7]

(8]

[9]

(10]

(11]

(12]

(13]

(14]

(15]

P.JULATHA ET AL.

A. Iampan, M. Songsaeng, and G. Muhiuddin, “Fuzzy duplex UP-
algebras,” European Journal of Pure and Applied Mathematics, vol. 13,
no. 3, pp. 459-471 (2020).

U. Jittburus and P. Julatha, “New generalizations of hesitant and in-
terval-valued fuzzy ideals of semigroups,” Advances in Mathematics:
Scientific Journal, vol. 10, no. 4, pp. 2199-2212 (2021).

U. Jittburus and P. Julatha, “inf-Hesitant fuzzy interior ideals of
semigroups,” International Journal of Mathematics and Computer Sci-
ence, vol. 17, no. 2, pp. 775-783 (2022).

P. Julatha and A. lampan, “A new generalization of hesitant and inter-
val-valued fuzzy ideals of ternary semigroups,” International Journal
of Fuzzy Logic and Intelligent Systems, vol. 21, no. 2, pp. 169-175 (2021).

P. Julatha and A. Iampan, “sup-Hesitant fuzzy ideals of I'-semi-
groups,” Journal of Mathematics and Computer Science, vol. 26, no. 2,
pp. 148-161 (2022).

Y. B. Jun, C.S. Kim, and M. S. Kang, “Cubic subalgebras and ideals of
BCK/BCl-algebras,” Far East Journal of Mathematical Sciences, vol. 44,
no. 2, pp- 239-250 (2010).

G. Muhiuddin, “Bipolar fuzzy KU-subalgebras/ideals of KU-alge-
bras,” Annals of Fuzzy Mathematics and Informatics, vol. 8, no. 3, pp.
409-418 (2014).

Y. B. Jun, G. Muhiuddin, and D. A. Romano, “On filters in UP-alge-
bras, a review and some new reflections,” Journal of the International
Mathematical Virtual Institute, vol. 11, no. 1, pp. 35-52 (2021).

W. Kaijae, P. Poungsumpao, S. Arayarangsi, and A. lampan, “UP-
algebras characterized by their anti-fuzzy UP-ideals and anti-fuzzy
UP-subalgebras,” Italian Journal of Pure and Applied Mathematics, vol.
36, pp. 667-692 (2016).

J. H.Kim, P. K. Lim, J. G. Lee, and K. Hur, “Hesitant fuzzy subgroups
and subrings,” Annals of Fuzzy Mathematics and Informatics, vol. 18, no.
2, pp. 105-122 (2019).

D. Mandal, “Hesitant fuzzy h-ideals of I'-hemirings,” Journal of New
Theory, vol. 31, pp. 48-54 (2020).

P. Mosrijai, A. Satirad, and A. lampan, “New types of hesitant fuzzy
sets on UP-algebras,” Mathematica Moravica, vol. 22, no. 2, pp. 29-39
(2018).



SUP-HESITANT FUZZY UP-ALGEBRAS 405

[16]

(17]

(18]

(19]

(20]

(21]

(22]

(23]

(24]

(25]

[26]

(27]

P. Mosrijai and A. lampan, “Anti-type of hesitant fuzzy sets on UP-
algebras,” European Journal of Pure and Applied Mathematics, vol. 11,
no. 4, pp. 976-1002 (2018).

P. Mosrijai, W. Kamti, A. Satirad, and A. [ampan, “Hesitant fuzzy sets
on UP-algebras,” Konuralp Journal of Mathematics, vol. 5, no. 2, pp. 268-
280 (2017).

G. Muhiuddin and Y. B. Jun, “sup-Hesitant fuzzy subalgebras and its
translations and extensions,” Annals of Communications in Mathemat-
ics, vol. 2, no. 1, pp. 48-56 (2019).

G. Muhiuddin, H. Harizavi, and Y. B. Jun, “Ideal theory in BCK/
BCl-algebras in the frame of hesitant fuzzy set theory,” Applications
and Applied Mathematics: An International Journal, vol. 15, no. 1, pp.
337-352 (2020).

G. Muhiuddin, H. S. Kim, S. Z. Song, and Y. B. Jun, “Hesitant fuzzy
translations and extensions of subalgebras and ideals in BCK/BCI-
algebras,” Journal of Intelligent and Fuzzy Systems, vol. 32, no. 1, pp.
43-48 (2017).

G. Muhiuddin, D. Al-Kadi, and A. Mahboob, “More general form of
interval-valued fuzzy ideals of BCK/BCl-algebras,” Security and Com-
munication Networks, vol. 2021, Article ID 9930467, 10 pages (2021).

A. Satirad, R. Chinram, and A. lampan, “Pythagorean fuzzy sets in
UP-algebras and approximations,” AIMS Mathematics, vol. 6, no. 6,
pp- 6002-6032 (2021).

T. Senapati, Y. B. Jun, and K. P. Shum, “Cubic set structure applied in
UP-algebras,” Discrete Mathematics, Algorithms and Applications, vol.
10, no. 4, 1850049 (2018).

J. Somjanta, N. Thuekaew, P. Kumpeangkeaw, and A. lampan, “Fuzzy
sets in UP-algebras,” Annals of Fuzzy Mathematics and Informatics, vol.
12, no. 6, pp. 739-756 (2016).

K. Taboon, P. Butsri, and A. lampan, “A cubic set theory approach
to UP-algebras,” Journal of Interdisciplinary Mathematics, vol. 23, no. 8,
pp. 1449-1486 (2020).

V. Torra, “Hesitant fuzzy sets,” International Journal of Intelligent Sys-
tems, vol. 25, no. 6, pp. 529-539 (2010).

V. Torra and Y. Narukawa, On hesitant fuzzy sets and decision, In
2009 IEEE International Conference on Fuzzy Systems (pp. 1378-
1382), IEEE (2009, August).



406 P.JULATHA ET AL.

[28] R.R. Yager, Pythagorean fuzzy subsets, In 2013 joint IFSA world con-
gress and NAFIPS annual meeting (IFSA /NAFIPS) (pp. 57-61), IEEE
(2013, June).

[29] R. R. Yager and A. M. Abbasov, “Pythagorean membership grades,
complex numbers, and decision making,” International Journal of In-
telligent Systems, vol. 28, no. 5, pp. 436-452 (2013).

[30] L. A. Zadeh, “Fuzzy sets,” Information and Control, vol. 8, no. 3, pp.
338-353 (1965).

[31] L. A. Zadeh, “The concept of a linguistic variable and its application
to approximate reasoning-1,” Information Sciences, vol. 8, no. 3, pp.
199-249 (1975).

Received March, 2022
Revised August, 2022



