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Abstract

In this paper, we introduce a new class of functions involving a familiar analytic
characterization that was used to obtain sufficient conditions for starlikeness. We have
discussed the impact of the convex combination of two starlike functions. The results

obtained here extend or unify the various other well-known and new results.
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1. Introduction

Let H be the class of functions analytic in the open unit disc

A=1{E]&|<1}). Welet
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I ={peH,p&)=E+a, & +a &2 +..) (1.1

and let I'=T",. Also, denote & be the subclass of I" which are univalent
in A.

Motivated Ahuja et al. [1], Aouf et al [3, 4, 5, 6], Breaz et al. [8],
Karthikeyan et al. [12, 13] and Saloomi et al. [18], we now define.

Definition 1.1: For o, 8,y >0, a function ¢ €I" is said to be in M;’,ﬁ(Y) if
and only if

E%'(&)

[p(&)1

)5*” @ <), (1.2)

¢ (é‘)

where < denotes subordination and Y € P is of the form
Y(&)=1+v+0,E+0,E+- (v, >0; E€A). (1.3)

Remark 1.1: Here we highlight only few well-known special cases of
M ,(Y).

(1) Ifwelet =0, y=1 and Y(f)—ﬁ then the class Myﬁ(Y') reduces
to well-known Bazilevic¢ class B(a) (see [7]).

(2) If we let a=0,y=1 and Y(&)=" (X?)g, then the class M ()
reduces to sufficient condition obtained by Li and Owa [16, Eq. 2 1].

Several other closely related studies of the class Mg/ﬁ(Y) will be
discussed in the subsequent sections.

Since the coefficient estimates and Fekete-Szeg6 inequality of the
functions in class P are well-known. Here we will omit stating those
results explicitly. For details, refer to the recent work of Delpli and Jassim

[9].
Lemma 1.1: [10] If p(&)=1+X,;,p,&" € P, then

4 I
|p,| <2 forall n>1 and |P2—7|52—T-

Theorem 1.1: If ¢ € M] (X)), then the estimates of the coefficients of ¢ are

U
la, | < (@x2B+7) (1.4)

and
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la, | <

max {1

vy vy [(a+4ﬁ)(a—1)+2ay—2]| (1 5)
(a+6B+2y) vy 4o+2B+7)? | ’
Also for each peC, we have

la, —uas | < Wmaxl |2H, -11}, (1.6)

where H, is given by

M - [1_ s | B 2nr2)_ uvl<a+6ﬁ+§y>]. 1.7)
1 4(o+2B+y) (a+2B+y)

Proof: Let ¢ € Mg,ﬁ(Y), then (1.2) can be rewritten as

cfl—%’(é){z_ L BEo"(S 1\§¢(§)} L8
worel~ ' e® - & |~ Nw®] (1.8)

where w(§) is a Schwartz function. The left hand side of (1.8) is given by

£ "‘¢(é‘[ L Beor é) é)}zl 2
o 2 e T )¢<§> +(o+2B+y)a,E+

{((x+6,5 +2y)a, +%2[((x +4B)(a—1)+ 20y —2]}52 +oee (1.9)

And with p(§)=1+3_,p,&" € P, the right hand side of (1.8) is given
by

Y[w(E)] = { M1 vné{ vl[pz ]+ vm}iz

)+1
1)2 1 V3—20,+0; ﬁ gs e (1 10)
P3 plpz v 4 : :
Equating the coefficient of & and & in (1.9) and (1.10), we get
__ upy
a, = 2(a+2B+y) (1.11)
and
2
v _Pi1_v vl(a+df)(a-1)+20y-2]
4= 2(o+6B+2y) |:P 2 [1 1)1+ 4(a+2f+y)? H (1.12)

Using Lemma 1.1 in (1.11), we get the result (1.4). Also using the
famous inequality belonging to P in (1.12), we get (1.5).
To find the Fekete-Szego inequality, consider
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2
la, —ua, | =

Uy Pz_ﬁ 1_&_’_ vy [(o+4B)(o—1)+20y-2] _ pvy(a+65+2y) )
2(a+6+2y) 2 v 4(a+2B+7) (o+2B+y)

(1.13)

On applications of the results on P in (1.13), we get (1.6). Hence the
assertion of the Theorem.

Corollary 1.1: Let ¢ € B(et) (See Remark 1.1), then

2
|112 < (a+1)
and
2 o?+da+4
<= 1,//—/===
la,| D max{ ) }
Also,
a2 1 a?+a-2 _Au(o+2)
|, —paay | < (ar2) X {1’ (@+1?  (a+1)? 1 }’
where ueC.

1.1 Convex Combination of Starlike Functions:

Radius estimates of a convex combination of two starlike functions
was recently obtained by Khatter et al. in [15]. Motivated by the well-
known Joukowski transformation and study of Gandhi [11], here we will
study a class of functions of the form

_ (1-4)
A,O=2k&)+ 57, 0<a<1) (1.14)

where k(&),h(&) e P,
Example 1.1: Let k(&)=1+ g[gg,(a =1+2) and h(E)=E+1+2 in (1.14).
It is well-known that k(&) maps A on to cardioid with cusp on left hand

side (see [2, 14]). Whereas h(§) maps A on to Lune shaped region. We see
that

A, (&)= /1{1+§[%§H + ;z% (1.15)

maps the unit disc on to a lune shaped region with a small Bernoulli
lemniscate shaped fold near the cusp of lune (see Figure 1). If 4 is large,
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then the size of Bernoulli lemniscate shaped fold becomes smaller and
vice versa.

If k(&) and (&) in (1.15) are swapped, then A,(§) maps A onto a
region illustrated in Figure 2. Figures 3 illustrates the case when k(&) = h(&)
in (1.14).

Figure 1
R

Figure 2
1 2
Image of A ,(£)= 5[5 +1+&2 ]+ . 1+§[L+5]
o\o-¢
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(A)if k(&) =h(@) =1+ %2 (B)if K(&)=h(§)=&+h:&

o-¢

Figure 3

Mapping of unit disc under the transformation A, ()

We note that if k(&), h(§) e P, then A,(§) = Ak(&) + % isalsoin P

for 0 <A <1. But, it can be easily seen that neither univalence nor convexity
is preserved under A, (§). Thatis if k(§), h(§) are convex then A, () need
not be convex.

From the well-known result h(&)e P=_ .

ie € P, the upper bound is

given by Ih(lé)l < %(é =re"). Therefore (1.14) implies
1-2)
4,@1 < K1+ 0D
1+r 1+r _ 14r
< )“EJr(l_)“)E:E‘

Also, we have Ml;(g)l <17 or |A,(€)| 2 2. Combining the inequalities,

we get %S 1A, (©)]<.

Replacing Y(§)=A, (&) in equation (1.2), we get
Corollary 1.2: If the function ¢(&)el" given by (1.1). If e M [(A,) with
k() =1+X1k&" and W(&)=1+3,_hE", then we have

< | Ay HA-D)ly |

|El2 | (a+2B+y)

and
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|a

| < WDl o g |20 —hy)+ 2k, _ (2 + =Dy e+ 4B) -1+ 20721 |
317 (o+6B+2y) | Mg +(A-Dhy Ha+2B+y)

For each pueC, we have

< Ak +(A-D)hy|

M D max{1, 27, -1},

la, — pa; | <

where J, is given by

1

T =1 (1—2.)(h12—h2)+/1k2+[/'Lkl+()L—l)h1][(a+4ﬁ)(a—l)+2ay—2] Ul Ak +(A-Dh (o +65+27) ]
! Ak +(A-1)hy 4(a+2B+7)? (o+2B+7)*

Corollary 1.3: If the function ¢(&)el given by (1.1). If ¢ M y 5(A,) with
k(&) =1+= {‘”5} (0=1++2) and W&) = E+\1+&%, then the estimates of the
initial coefficients of ¢ are

I |<1+/1(ﬁ—2)
217 (a+2B+y)

and

o < 022 o feia-sV2a a2l 4By 2ay-2|
317 (a+6B+27) | 211+4(V2-2)] 4a+2p+7) |

For each ueC, we also get

1+A(2-2) B
< mmax{l,lZJl 111,

2
‘ua ~Ma,

where J, is given by

1

_ [ l11a- 82 241, 1+ AN2-2)][(o+4B)(a—1)+20y-2] _ u[1+A(N2-2)](0r+6B+27)
1 2[1+l\f 2)] 4a+2B+y) (a+2p+y)?

Letting A =0 in the Corollary 1.3, we get

Corollary 1.4: If §(§) e T given by (1.1). If pe M! [
19,1 Gaagery

- F] then

and

1 [(a+4ﬁ)(a—1)+2ay—2]|}

1
<1 max{1}
|2, ] (a+6B+2y) max{ 2 Mo+2B+y)? |

Also, for all 4 eC we have
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2
|ﬂ3 _.uaz |S

1 |[(a+4ﬁ)(a—1)+2ay—2] _ ,u(a+6ﬁ+2y)|
2(a+6p+2y) ,| 2Aa+2B+y) (a+2B+y)? | !

The inequality is sharp for each ueC.
Letting A =1 in the Corollary 1.3, we get

Corollary 1.5: If ¢(€)eT given by (1.1). If ¢6M5,ﬁ[1+§(%§]} with

(0 =1++2), then we have

.| < (2-1)
207 (a+2B+y)
and
V241 W2-1[(ar+4B)(@-1)+2ay-2]]
< N/ _1)—
|a3 | < (a+6,B+27)maX L 2(\/5 D Aa+2B+y)? |

Also, for all ueC we have
V2-1

2
_ < Nemr
|LZ3 Ha, | T 2(a+6B+2y)

max{L, |27, -1[},

where 7, is given by

1

7. =[ 6 a2 W2 1e+4p) @1 207-2] _ 2ul2-1)(e+6B+27)
2 2(oc+2/5’+y)2 (oc+2/3+y)z '

2. Coefficient inequalities for the function ¢
The inverse of ¢(§)=E+3,a,&" is given by
¢ (w)=w—a,w® +(2a; —a,)w’ —(5a; —5a,a, +a,)w’ +---. (2.1)
provided ¢(&) is univalent (see [17]).
Theorem 2.1: Let ¢ € M ,(Y) and let ¢~ be the inverse of ¢ defined by

o (w)=w+ ibkw", (lw|<r; r=1/4),
k=2

then

U

15, 1< (o+2+y)

and
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|by| < max{1,[2)] -1}

2(a+6ﬁ+2
where V =[H,] .. uor H s defined as in (1.7).

Proof: From (2.1), we have

b,=-a,

and b, =2a-a,.

The estimate for | b, |=|a, | can be obtained from (1.11). Setting u =2
in (1.13), we get |b, |.

Specializing oo=f=0, y=1 and Y(§) = 1+T—;vi log(71’”2"1(“1’!“’”)5] in
Theorem 2.1, we get.

Corollary 2.1: [19] Let ¢(&) e satisfies

V< ‘R[w(g:)] @, 0<v<l<p;EeA),

and let g(w) given by (2.1) is the inverse function of ¢ then
Ib |< 5/’ V) [ (1—V)]

o=V

27i
|b, | < L‘/‘;V) sin[”s_:)]max{l -3 V1+(2+3@i]e v

3. Application to functions based on certain distributions
Let the linear operator
Z(¢&):T»Tr
be given by
Z9(8)=Z(Y,8)* (&)
=S+ ZTW%S '

n=2

We define the class MZ] ,(Y,Y) in the following way:
MI) (X, V)={pel: ZpeM] (Y)),

where M ,(Y) is given by Definition 1.1.
Proceeding as in Theorem 1.1, we obtain the following result.
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Theorem 3.1: If ¢ € MZ] [(Y,Y), then the estimates of the coefficients of ¢ are

Y
19, 1< Geaperiy, (31
and
< vy 1[0 vl[(a+4ﬂ)(a—1)+2ay—2]| 39
|’13| (a+6B+2y)Y5 max{ m 4a+2B+y)? | (32)

Also, we have following inequality for each peC

la, —pas | < Wmax {LI2H, 1]}, (3.3)
where 7, is given by
’Hz _ (1 _b vl[(a+4[3)(a—l)+zay—2] uvl(a+6ﬁ+2y Y3) (3.4)
U 4(o+2B+y) (a+2B+y)? ‘rz

Proof: Since ¢ e MZ] (Y,Y), for Z"f(§) = & + Y,0,8 + Y,a.8 +--- we
have

5“(?%(5))’[2_ L BETNOO) | (1 5(%(5»} <Y
Foore |- aeer D g ©

We can easily get
T 0(E) [ g BT +(y_1)§<1"¢<5>)1

[Z%(1 (T¥(&) T59(8)
= 1+(a+2B+y)Ya,8
2
+ {(a +6B+2y)Y,a, + TZZ“Z [(x+4B)(x—1)+20y - 2]}2,‘2 +eee, (3.5)

Thus by (3.5) and (1.9) we have

1+(a+2B+y)Y,a,6+ {((x +6B+2y)Y,a, + YZZ“% [(c +4B)(a—1)+2ay —2]}52 +
=1+2 vlp1§+[2 1(;72 Vl] 2p1:|§2

|:p3 [UZ 1];91;92 [“3‘2122*'“1]%}63...

From the above equation, we have

_ V1p1
= 2(a+2B+y)Y, (3-6)
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2
- uw _n 1-2 vy [(o+4B)(a-1)+20y-2] 7
% 2(a+65+2y)Y3 |:p2 2 [ U1+ 4o+2B+7)? I| (37)
From (3.6) and (3.7), we get
2
_ 2| _ v _pi 1_2_’_ v [(a+4B)(o-1)+20y-2] _ pvy(o+6B+2y)Y; ]
|a3 ua2| 2(a+6+2y)Y3 {Pz 2 [ v 4a+2B+y)? (a+2B+7)> Y3

(3.8)
Now by an application of Lemma 1.1 and Fekete-Szeg6 inequality of
P, we get the desired result.

Remark 3.1: Replacing I", with various other well-known parameters, we
can obtain the results obtained by various authors.
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