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Abstract
For a complete field equipped with a discrete non-archimedean valuation, we propose 

the SEL Egyptian fraction expansion, a generalization of the non-archimedean Sylvester 
series, Engel series, and Lüroth series expansions for its elements. Using this expansion, 
characterizations of rational elements of the two function fields, each completed with a prime-
adic valuation and the degree valuation, respectively, are also established. These results 
generalize the existing rationality characterizations via the above three series expansions for 
elements of such function fields.

Subject Classification (2020):  11A67, 11S23.

Keywords: Engel series expansion, Lüroth series expansion, Sylvester series expansion, SEL Egyptian 
fraction expansion, Discrete-valued non-archimedean field, Function fields.

1.  Introduction

According to [3, 8, 10], any real number (0,1)A∈  can be written as 
the Fibonacci-Sylvester expansion (or the Sylvester series expansion) and such 
expansion is finite if and only if A is rational. An analogous representation 
states that any real number can be represented uniquely as the Engel series 
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expansion, and this expansion is finite if the number is rational [3, 10]. In 
1973, Cohen [2] refound such expansion by introducing an algorithm to 
construct the Cohen-Egyptian fraction expansion, and proved that a real 
number is rational if and only if it has a finite Cohen-Egyptian fraction 
expansion.

In 2021, the authors [4] introduced an algorithm that leads to an 
Egyptian fraction expansion, called the Sylvester-Engel-Lüroth (SEL) 
Egyptian fraction expansion for any real number. Using this expansion, 
characterizations of rational numbers were also established. These results 
generalize the ones for the Fibonacci-Sylvester expansion and the Cohen-
Egyptian fraction expansion. In addition, a new expansion called the 
Lüroth Egyptian fraction expansion (or the Lüroth series expansion) and its 
characterization of rational numbers were obtained. It was proved that the 
Lüroth Egyptian fraction expansion is finite or periodic if and only if it 
represents a rational number.

In another direction, let us summarize some information on discrete-
valued non-archimedean fields taken from [1]. Let K be a complete field 
equipped with a discrete non-archimedean valuation ||.⋅  The set  :=
{ Kk ∈ : | |k ≤ 1}  is called the ring of integers and the set  := { Kk ∈ :
| |< 1}k  is an ideal in .  Note that   is a maximal ideal and also a 
principal ideal generated by some prime element .p ∈  Let ⊂   be a 
set of representatives of the residue class field / . � Each \{0}Kk ∈  can be 
represented uniquely in the form 

=
= ( , 0),n

n n N
n N

a a ak p
∞

∈ ≠∑ 

where .N∈  The order ( )n k  of k  is defined by 
( )| |=| | =| | with (0) = . (1.1)Nn kk p p n ∞

Some basic properties of | |k  and ( )n k  are as follows: 

(B1)	� | | 0k ≥  with | |= 0k  if and only if = 0,k 1 2| |k k = 1| |k 2| |,k  and 

1 2| |k k+ ≤ max 1{| |,k 2| |}k  with equality when 1 2| | | |;k k≠  

(B2) � 1 2( )n k k = 1( )n k + 2( ),n k 1(n k / 2 )k = 1( )n k − 2( )n k  if 2 0,k ≠  and 

1 2( )n k k+ ≥ min 1{ ( ),n k 2( )}n k  with equality when 1 2( ) ( ).n k n k≠  
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Note that 0 <| |< 1p  and (1)n = ( 1)n − = 0.  We define the head part of ,k  
denoted by ,k〈 〉  as the finite series 

0

= ( )
= if ( ) 0, and 0 otherwise.n

n
n

a
n k

k p n k〈 〉 ≤∑

Moreover, let := { : }.S Kk k〈 〉 ∈

In the particular case of function fields, let ( )x  be the field of rational 
functions and ( )p x  be an irreducible polynomial of degree d over a field 

.  We are interested in two types of valuation in ( ),x  that is the ( )p x
-adic valuation ( )||p x⋅  and the degree valuation 1/|| x⋅  defined as follows [9]: if 

( )f x / ( )g x  is an arbitrary nonzero element of ( ),x  we can write ( )f x /
( )g x = ( )mp x ( )r x / ( ),s x  where ( ),f x ( ),g x ( ),r x ( )s x ∈ [ ]x \ {0}, ( )p x 

( )r x ( ),s x  and ,m∈  set 

deg ( ) deg ( )
( ) 1/

( ) 1/

( ) ( )
( ) ( )

|0| = 0, = 2 and |0| = 0, = 2 . (1.2)f x g xmd
p x x

p x x

f x f x
g x g x

−−

Let (( ( )))p x  and ((1/ ))x  denote the completions of ( )x  with respect to 
the ( )p x -adic and the degree valuations, respectively, to which we refer as 
the function fields. We also let ( )||p x⋅  and 1/|| x⋅  denote the extensions of the 
valuations to (( ( )))p x  and ((1/ )),x  respectively. We shall emphasize 
that both valuations are discrete non-archimedean valuations. By the 
explanation mentioned earlier, we have = ( ),p xp = { ( )b x ∈ [ ]x : ( )b x =
0 or deg ( ) < }b x d  and = 1/ ,xp =   for the fields (( ( )))p x  and 

((1/ )),x  respectively.
In 2006, Laohakosol et al. [6] introduced an algorithm that leads to 

various and unique series expansions for elements of the function fields 
(( ( )))q p x  and ((1/ )),q x  where q  is a finite field of q elements. Of 

particular interest to us here are the Sylvester series, the Engel series, and 
the Lüroth series expansions. Moreover, rationality characterizations via 
the above three series expansions are also established in [6, 7] as the 
following theorems.

Theorem A: The Sylvester series expansion of (( ( )))q p xk ∈  or in ((1/ ))q x  is 
finite if and only if ( ).q xk ∈
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Theorem B: The Engel series expansion of (( ( )))q p xk ∈  or in ((1/ ))q x  is 
finite if and only if ( ).q xk ∈

Theorem C: Let { }kn  be the sequence of digits of the Lüroth series expansion of 
.k  

(i)	� If 1/| | 1k xn ≤  for all k sufficiently large, then the Lüroth series expansion of 

qk ∈ (( ( )))p x  is finite or periodic if and only if ( ).q xk ∈  

(ii)	� The Lüroth series expansion of (( ))q xk ∈  or in ((1/ ))q x  is finite or 
periodic if and only if ( ).q xk ∈  

In 2009, Laohakosol et al. [5] established the non-archimedean Cohen-
Egyptian fraction expansion (or the non-archimedean Engel series expansion) 
for elements of K. They also proved that an element in (( ( )))p x  or in 

((1/ ))x  is a rational function if and only if its Cohen-Egyptian fraction 
expansion is finite.

In the same way as real numbers, we construct an Egyptian fraction 
expansion for elements of K, called the non-archimedean SEL Egyptian 
fraction (SELEF) expansion (or the non-archimedean SEL series expansion). 
This expansion is a generalization of the non-archimedean Sylvester series, 
Engel series, and Lüroth series expansions. Their use for characterizing 
rational elements heavily depends on the nature of each specific field. 
Here, our interest is on the case of function fields (( ( )))p x  and ((1/ ))x  
because the situation in both fields is more favorable than the others. 
Using the SELEF expansion, we obtain characterizations of rational 
elements of the function fields, which generalize the existing rationality 
characterizations via the three series expansions (Theorem A, Theorem B, 
and Theorem C) in [6, 7]. In particular, the results from [5] follow 
immediately from our results.

2.  Non-archimedean SEL Egyptian fraction expansion

Throughout this section, let K be a complete field equipped with a 
discrete non-archimedean valuation | |⋅ . A sequence { }nk  of elements of K 
is said to converge to an element ,Kk ∈  denoted by limn→∞ =nk k  if, for 
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any > 0,e  there is an integer 0n  satisfying | |nk k− < e  for all 0> .n n  One 
can verify that if limn→∞ = ,nk k  then limn→∞| |nk = | |.k  In the usual 
fashion, we can introduce the notion of convergence of an infinite series 

=1 .n nk∞∑  It follows immediately that if the series =1n nk∞∑  converges, then 
limn→∞ = 0.nk  It is useful to note that the converse also holds because ||⋅  
is non-archimedean [9].

We begin with the following three lemmas to construct the SELEF 
expansion for nonzero elements of K. 

Lemma 1: If \{0}Kk ∈  with ( ) 1,n k ≥  then there are unique r K∈  and n S∈  
such that r = ( 1) ,nk a− ( ) 1,nn ≤ − and ( )rn ≥ ( )n k + ( )n a + 1,  where 

\{0}.Ka∈  (Of course, n is the head part of 1/ .)k  

Proof: Let ,a Kk ∈ \ {0}  with ( ) 1n k ≥  and let = 1/ .n k〈 〉  Then ( )nn =
( )n k− ≤ 1.−  Letting = ( 1) ,r nk a−  as = 1/ ,n k〈 〉  we get 1/k = n + 1k≥∑

,k
ka p  where ka ∈  for all 1k ≥  and so 1nk − = 1 .k

k kak p≥− ∑  It follows that 
( )rn − ( )n a = ( / )rn a = ( 1)nn k − = ( )n k− + 1( )k

k kan p≥∑ ≥ ( )n k + 1.
To prove the uniqueness, suppose that there are 1 2,n n S∈  with 1( )nn

≤ 1,− 2( )nn ≤ 1,−  and 1 2,r r K∈  such that 1r = 1( 1) ,n k a− 1( )rn ≥ ( )n k +

( )n a + 1  and 2r = 2( 1) ,n k a− 2( )rn ≥ ( )n k + ( )n a + 1.  It follows that 

1(1/ )nn k − = 1( rn − / )ak = 1( )rn − ( )n a − ( )n k ≥ 1,  implying 1 = 1/ .n k〈 〉  
Likewise, 2 = 1/ .n k〈 〉  This shows that 1 2=n n  and hence 1r = 1( 1)n k a− =

2( 1)n k a− = 2.r  

Lemma 2: For each 1,m ≥  if ,in S∈ i Ka ∈ \ {0}, 1( )nn ≤ 1,− 1( )inn + ≤ ( )inn
− ( )in a − 1,  and ( )inn ≤ ( )in a (1 ),i m≤ ≤  then 

1=

1 1 1= (1 ).
m

i i i k k kk i in n n n n
i m

a a
n n

+

 
  
 

 + ≤ ≤∑ 
 

Proof: Since 1( )nn ≤ 1,− 1( )inn + ≤ ( )inn − ( )in a − 1,  and ( )inn ≤ ( ),in a  we 
obtain ( )inn ≤ 1−  (1 i≤ ≤ 1)m +  by induction. It follows that 1(1/ )i inn a + =

( )in a− − 1( )inn + ≥ ( )inn− 1+ = (1/ )inn 1 2+ ≥ (1 ).i m≤ ≤  We consequently 
have (1/ i inn a  1)m m mn na + > > (1n / 1)i i in na + > (1/ )inn  and the 
desired result follows by the property (B2). 
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Lemma 3: Any infinite series 11/n + =11k
∞∑ / 1 1n a  1 ,k k kn na +  where ,kn S∈

k Ka ∈ \ {0}, 1( )nn ≤ 1,− 1( )knn + ≤ ( )knn − ( )kn a − 1,  and ( )knn ≤ ( )kn a  for 
all 1,k ≥  converges to an element Kk ∈  such that 1( ) = (1/ ).nn k n  

Proof: By the same proof as in Lemma 2, we have (1n / )kn ≥ 1  and (1n
/ 1)k kna + ≥ (1/ )knn + 1 ( 1).k ≥  Then, for each 1,k ≥  we obtain 1 1(1/nn a
 1)k k kn na + = 1(1/ )nn + (1n / 1 2 )na +  + (1n / 1)k kna + ≥ 2 1,k +  which 
implies that lim 1k→∞ / 1 1n a  1k k kn na + = 0.  Since K is complete equipped 
with a non-archimedean valuation ||,⋅  the series converges to an element 

.Kk ∈  Using (1.1) and Lemma 2, we obtain that ( )n k = | |log p
|limm→∞

1(1/n + =11m
k∑ / 1 1n a  1)|k k kn na + = | |log p limm→∞ 1|1/n + =11m

k∑ / 1 1n a 

1|k k kn na + = limm→∞ 1(1/ )nn = 1(1/ ).nn  
The first main result reads:

Theorem 1: Every \{0}Kk ∈  is representable as a non-archimedean SELEF 
expansion of the form 

0 1 1 1 11

1 1= , (2.1)
k k kkn n n nn

a a
k

+≥
+ + ∑



where 0 , , = ( ) \{0}k k k kn n S n Ka a∈ ∈  which may depend on ,kn  and 

1 1( ) 1, ( ) ( ) ( ) 1 ( 1), (2.2)k k kn n n kn n n n a+≤ − ≤ − − ≥

provided that ( ) ( ) ( 1).k kn kn n a≤ ≥  This expansion is unique subject to these 
conditions on kn  and .ka  

Proof: Let 0n = Sk〈 〉∈  and 0 0= .r nk −  If 0 = 0,r  then 0= nk  and the 
process stops. Assume that 0 0,r ≠  so 0( ) 1.rn ≥  By Lemma 1, there exist 

1n S∈  and 1r K∈  with 1( )nn ≤ 1−  such that 1 0= 1/ ,n r〈 〉 1 1 0= ( 1)r n r − 1 ,a  
where 1( )rn ≥ 0( )rn + 1( )n a + 1.  Then k = 0 0n r+ = 0 1n + / 1 1n r+ / 1 1.n a  
Using ( )knn ≤ ( )kn a ( 1)k ≥  and 1( )nn = 0(1/ )rn = 0( ),rn−  we consequently 
have n(r1) ≥ 1. Repeating this process, we eventually have 1= 1/k kn r −〈 〉  and 

1= ( 1) , (2.3)k k k kr n r a− −

0 1 1 1 2 1 1 1 1 1 1

1 1 1= , (2.4)
k k k k k

rk
n n n n n n n nn

a a a a a
k

− −
+ + + + +

 


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where 0 ,n ,kn S∈ k Ka ∈ \ {0}, ( )knn ≤ 1,−  and ( )krn ≥ 1( )krn − + ( )kn a + 1  
for all 1.k ≥  Since ( )knn = 1(1/ )krn − = 1( )krn −−  for all k ≥ 1, we obtain the 
inequality (2.2). One can see that if some = 0,kr  then the process terminates.

We now assume that 0kr ≠  for all 0.k ≥  By Lemma 3, we have that 
the series 11/n + =11k

∞∑ / 1 1n a  1k k kn na +  converges and so lim 1k→∞ /

1 1n a  1k k kn na + = 0.  By the same proof as in Lemma 3 and ( )krn =

1(1/ ),knn +  we have ( krn / 1 1n a  )k kn a ≥ 2 1k + → ∞ as ,k →∞  
implying limk kr→∞ / 1 1n a  k kn a = 0.  This shows that the series in (2.1) 
converges to .k

To show that such expansion is unique, suppose that 

0 01 1 1 1 1 1 1 11 1

1 1 1 1= =
k k k k k kk kn n n n m m m mn m

a a b b
k

+ +≥ ≥
+ + + +∑ ∑

 

with the restrictions 0 ,n ,kn S∈ ka = ( )k kna ∈ \{0},K 1( )nn ≤ 1,− 1( )knn + ≤
( )knn − ( )kn a − 1( 1)k ≥  and 0 ,m ,km S∈ kb = ( )k kma ∈ \{0},K 1( )mn ≤
1,− 1( )kmn + ≤ ( )kmn − ( )kn b − 1( 1).k ≥  We treat three possible cases.

Case 1: Both expansions are infinite. By Lemma 3, we have 0( )nn k − =

1( )nn− ≥ 1.  As 0 ,n S∈  we obtain 0 = .n k〈 〉  Likewise, 0 =m k〈 〉  and so 

0 0= .n m  It follows that 

1 1 1 1 1 1 1 1=1 =1

1 1 1 1:= = .
k k k k k kk kn n n n m m m mw

a a b b

∞ ∞

+ +
+ +∑ ∑

 

Then ( )wn = 1( )nn− ≥ 1  and 1 1( 1)n w a− = 21/n + =21k
∞∑ / 2 2n a 

1.k k kn na +  Again, by Lemma 3 and (2.2), we get 1 1(( 1) )n wn a− = 2( )nn− ≥

1( )nn− + 1( )n a + 1 = ( )wn + 1( )n a + 1,  which implies by Lemma 1 that 

1 = 1/ .n w〈 〉  Similarly, one can prove that 1 = 1/m w〈 〉  and so 1 1= ,n m 1a
= 1 1( )na = 1 1( )ma = 1.b  Continuing in the same manner, we deduce that 

=k kn m  and =k ka b  for all 1.k ≥  

Case 2: Both expansions are finite i.e. 
1 1

0 01 1 1 1 1 1 1 1=1 =1

1 1 1 1= = (2.5)
r s

k k k k k kk kn n n n m m m mn m
a a b b

k
− −

+ +
+ + + +∑ ∑

 

for some ,r s∈  and we may assume that .r s≤  We have that 0( )nn k − =

1( )nn− ≥ 1  by Lemma 2. Since 0 ,n S∈  we obtain 0 = .n k〈 〉  Likewise, 
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0 =m k〈 〉  and so 0 0= .n m  Thus, 1w := 11/n + 1
=11r

k
−∑ / 1 1n a  1k k kn na + =

11/m + 1
=11s

k
−∑ / 1 1m b  1k k km mb +  and so 1 1 1( 1)n w a− = 21/n + 1

=21r
k
−∑ /

2 2n a  1.k k kn na +  Again, by Lemma 2 and (2.2), we get 1 1((n wn − 11) )a =

2( )nn− ≥ 1( )nn− + 1( )n a + 1 = 1( )wn + 1( )n a + 1,  which implies by 
Lemma 1 that 1 1= 1/ .n w〈 〉  Similarly, 1 1= 1/m w〈 〉  and so 1 1= ,n m 1 1= .a b  
On repeating this argument, we have = ,i in m =i ia b (1 ).i r≤ ≤  If < ,r s  
then 1rw + := 11/ rm + + + 11/ rm + 1rb +  1sm − 1sb − = 0.sm  Thus 1( )rwn + =

1( )rmn +− ≥ 1  and 1( )rmn +− ∈ ,  contrary to the fact that (0) = .n ∞  Hence 
=r s  and 0 0= ,n m = ,i in m =i ia b  for all 1 .i r≤ ≤  

Case 3: One expansion is finite and another one is infinite i.e. 
1

0 01 1 1 1 1 1 1 1=1 =1

1 1 1 1= = .
r

k k k k k kk kn n n n m m m mn m
a a b b

k
− ∞

+ +
+ + + +∑ ∑

 

By the same proof as in Case 1 and Case 2, we deduce that = ,i in m =i ia b
(1 )i r≤ ≤  and 1rz + := 11/ rm + + = 11k r

∞
+∑ / 1 1r rm b+ +  1k k km mb + = 0.  By 

Lemma 3, we obtain 1( )rzn + = 1( )rmn +− ≥ 1,  which is contrary to the fact 
that 1( )rmn +− ∈   and (0) = .n ∞  This shows that this case is impossible.

From every case, we deduce that the expansion is unique, which 
completes the proof. 

By taking = 1/ ,k kna = 1,ka  and = 1k kna −  for all 1k ≥  in Theorem 
1, we obtain the non-archimedean Sylvester series, Engel series, and 
Lüroth series expansions for elements of K, respectively. In the particular 
case when = (( ( )))K p x  or ((1/ )),x  one can see that these expansions 
yield the three series expansions in [6]. 

3. Characterizations of rational elements of function fields

In this section, using the SELEF expansion, characterizations of 
rational elements of the function fields (( ( )))p x  and ((1/ ))x  are 
established. To distinguish the meaning, the notations defined in Section 1 
are reused with additional subscript ( )p x  or 1/x  accordingly.

From (1.1) and (1.2), it follows that 

( ) 1/
( ) ( )
( ) ( )

= and = deg ( ) deg ( ) (3.1)p x x
f x f x
g x g x

m g x f xn n   
      
   

−
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for all ( )f x / ( )g x ∈ ( )x \ {0}  because ( )| ( )|p xp x = 2 d−  and 1
1/|1/ | = 2 .xx −  

We now proceed to the second main result and start with an easy estimate. 

Lemma 4: If ( )p xn S∈ \ {0},  then n = ( )m x ( ) ( )( ) ,p x np x n  where ( )m x ∈ [ ]x  with 

1/| ( )| xm x ≤ ( ) ( ) 12 .p xd d nn− −  

Proof: Let n  =  
( ) ( )p x nsn  

( )x  
( ) ( )( ) p x np x n

 + +  1( )s x−  
1( )p x −

 +  0 ( )s x  =  ( )m x
( ) ( )( ) ,p x np x n  where 

( ) ( )( )
p x ns xn ( 0),≠ , 0 ( )s x ∈ [ ]x  are of degree less than 

d and ( )m x ∈ [ ].x  By the property (B1) and ( )( )p x nn ≤ 0,  we have 1/| | xn
≤ 0 1/| ( )| xs x ≤ 12 ,d−  yielding 1/| ( )| xm x ≤ 1/| | xn ( ) ( )

1/| ( )| p x n
xp x n−

≤ ( ) ( ) 12 ,p xd d nn− −  as 
desired. 

Characterizations of rational elements of (( ( )))p x  using the ( )p x
-adic SELEF expansion are given in the next two theorems.

Theorem 2: If ( )1/ k p xSa ∈  for all 1,k ≥  then the SELEF expansion of 
(( ( )))p xk ∈  is finite if and only if ( ).xk ∈  

Proof: Assume that ( )\{0}.xk ∈  For 1,k ≥  since kn = 11/ ,kr −〈 〉 1/ ka ∈

( ) ,p xS  Lemma 4 implies that 
( )( ) ( ) 1( )

1/= ( ) ( ) ,| ( )| 2 , (3.2)p xp x k d d nn k
k k k xn m x p x m x nn − −

≤

( )

( )( )

( ) 1
1/

( )1
( )

= ,| ( )| 2 , (3.3)p x k

p x k

d dk
k xk

t x
p x

t x
n a

n a

a
+ −

≤

where ( ),km x ( )kt x ∈ [ ].x  Now , kk a ∈ ( )x  and 0 ,n ( )k p xn S∈ ⊆ ( )x  for 
all 1.k ≥  Using (2.3), each kr  is also rational by induction. It follows that 

( ) ( ) ( )
( )= ( ) ( 0), (3.4)p x kr k

k k

u x
v xr p x kn

≥

where ( ),ku x ( )kv x ∈ [ ]x  with ( ) 0,kv x ≠ gcd( ( ),ku x ( )) = 1,kv x  and ( )p x 
( )ku x ( ).kv x  Since 1/ ka ∈ ( ) ,p xS  we have ( )p xn ( )ka ≥ 0.  Substituting the 

equations in (3.2), (3.3), and (3.4) into (2.3) and using ( ) 1( )p x krn − = ( )p xn−
( )kn ≥ 1( 1)k ≥  lead to 

( )( ) 1 ( )( )
1 1 1( ) ( ) ( ) ( ) = ( ) ( ) [ ( ) ( ) ( )].p xp x kn k

k k k k k k kt x p x u x v x v x p x m x u x v xn an +−

− − −−

As ( ) ( )1gcd( ( ) ( ), ( )) = 1p x nk
k kp x u x v xn− + , we have 1( )| ( ) ( )k k kv x t x v x−  so that 

1/ 1 1/| ( )| | ( ) ( )| ( 1). (3.5)k x k k xv x t x v x k−≤ ≥
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It follows from (2.2) and the inequality in (3.2) that 

{ }( ) ( )
1/ 1 1/ 1 1/

1
2| ( )| max | ( )| , 2 | ( )| . (3.6)p x kd n d

k x k x k xu x u x v xn −

− −≤

Using (3.5) repeatedly and the inequality in (3.3), we deduce that 
( ) 1 1( 1) ( )0 1/

1 1/ 1/1
| ( )|

2
| ( )| | ( )| . (3.7)p x kkx

k x xk
v xv x p x n a a −− +

− −≤ ⋅


By (2.2), we have ( ) ( ) 1( / ) ( ) 1p x k k p x kr rn a n −≥ +  ( 1)k ≥  and so 

1
( ) ( ) 0 ( ) 1

1 1 1 1

( ) 1 ( ) 1 1

( ) ( 1) ( )

( ) = ( ).

k
p x p x p x

k k

p x k p x k

r
n n

r k n

n k n n
a a

n n n

n n

−

− −

− −

 
  
 

≥ + − −

− − −


 

Consequently, we have ( ) 1 1 ( )( ) ( )p x k p x kk nn a a n−+ ≤ −  and so 
( ) ( )1 ( ) ( )0 1/ 0 1/

1 1/ 1/1 1
| ( )| | ( )|

2 2
| ( )| | ( )| = 2p x k p x kn d d nx x

k x xk k
v x v xv x p x n n− − − −

− − −≤ ⋅ ⋅

by (3.7). It follows from (3.6) that 

{ }0 1/
1/ 1 1/ 2 1

| ( )|1
2 2

| ( )| max | ( )| , ( 1).x
k x k x k d

v xu x u x k− + −≤ ≥

This implies that 1/| ( )|k xu x ≤ (1/2) 1 1/| ( )|k xu x− < 1 1/| ( )|k xu x−  for all k 
sufficiently large. Thus, ( ) = 0mu x  and so = 0mr  from some m onwards. 
Therefore, the expansion is finite.

The converse is trivial. 
For another characterization of rational elements of (( ( ))),p x  the 

condition that = ,q   a finite field of q elements, is necessary. Furthermore, 
the proof of this result is inspired by that of Theorem 2 in [7].

Theorem 3: If ( )k p xSa ∈  for all 1k ≥  and 1/| | 1k k xn a ≤  for all k sufficiently 
large, then the SELEF expansion of (( ( )))q p xk ∈  is finite or periodic if and only 
if ( ).q xk ∈  

Proof: Clearly, a finite SELEF expansion represents a rational function. We 
now assume that this expansion is periodic. Thus, there are ,m r∈  such 
that =k k rn n +  and =k k ra a +  for all .k m≥  By the same proof as in Theorem 
3.2 in [4], we have that k = b + 1 1( /ng a  1mn − 1)ma − =0 ,k

k l∞∑  where , ,b g  
and = 1l / m mn a  1m rn + − 1m ra + −  are rational functions. One can show that 
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( )( )p x rn l ≥  and so ( )| |p xl ≤ 2 < 1.dr−  This implies that =0
k

k l∞∑ = 1/(1 ),l−  
yielding k  is rational.

For the converse, assume that ( )q xk ∈  and we assume further that 
the SELEF expansion of (( ( )))q p xk ∈  is infinite. We now show that such 
expansion is periodic. For 1,k ≥  since kn = 1 ( )1/ k p xr −〈 〉 ∈ ( ) ,p xS  we can 
write uniquely 

( ) ( ) ( )

( )

( ) ( ) ( )
( )= ( ( ) ( ) ( ) ) ( ) =: ( ) ( ) , (3.8)p x k k p x k p x k

p x k k

n c n n
k n c kn a x a x p x p x t x p xn n n

n
− −

−+ +

where 
( ) ( )p x knan  

( )x  ( 0),≠  ,  ( )
kca x−  

( 0)≠  ∈  [ ],q x
 
deg ( )ia x  <  ,d  and 

{0}.kc ∈ ∪  One can easily see that 
( ) ( ) 1/| ( )|

p x kn xa xn  
< <  | ( )

kca x−  ( ) ( )
1/( ) | ,p x k kn c

xp x n− −  showing 
( ) ( ) deg ( )( ) ( )

1/ 1/ 1/| | =| ( ) ( ) | | ( )| = 2 , (3.9)c kp x k k p x k k

k

a x dcn c n
k x c x xn a x p x p xn n − −− −

−

by the property (B1) and so 
( )deg ( ) ( )deg ( )

1/1 2 =| ( )| = 2 . (3.10)c k p x kk k
a x dc d nt x

k xt x n− − −
≤

Similarly, since ( )k p xSa ∈  for all 1,k ≥  we write 
( ) ( ) ( )

( )

( ) ( ) ( )
( )= ( ( ) ( ) ( ) ) ( ) =: ( ) ( ) , (3.11)p x k k p x k p x k

p x k k

d
k d kb x b x p x p x s x p xn a n a n a

n aa − −

−+ +

where 
( ) ( )( )

p x k
b xn a  

( 0),≠  ,  ( )
kdb x−  

( 0)≠  ∈  [ ],q x
 

deg ( )ib x  <  ,d  and 
{0}.kd ∈ ∪  It can be proved in a similar fashion that 

( )deg ( ) deg ( ) ( )
1/ 1/| | = 2 , 1 | ( )| = 2 . (3.12)d k d k p x kk k

b x dd b x dd d
k x k xs x n a

a − −− − −
≤

Now we have k  and ka  are rational for all 1.k ≥  Using (2.3), it can 
easily be proved by induction that kr  is rational for all 0.k ≥  Consequently, 
we obtain 

( ) ( ) ( )
( )= ( ) , (3.13)p x kr k

k k

u x
v xr p x n

where ( ),ku x ( )kv x ∈ [ ]q x  with gcd( ( ),ku x ( ))kv x = 1  and ( )p x  ( )ku x
( ).kv x  Substituting (3.8), (3.11), and (3.13) into (2.3) and using ( ) 1( )p x krn − =

( )( )p x knn− ≥ 1, ( )( )p x kn a ≤ 0  lead to 
( ) ( )( ) ( )

1 1 1( ) ( ) ( ) = ( )[ ( ) ( ) ( )] ( ) ( 1). (3.14)p x k p x kr
k k k k k k kv x u x p x v x u x t x v x s x kn n a−

− − −− ≥
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One can notice that ( )( )p x krn − ( )( )p x kn a ≥ 1.  Since ( )p x  ( )kv x  and 
gcd( ( ),ku x ( ))kv x = 1,  we have ( )kv x | 1( )kv x−  and so 0 ≤ deg ( )kv x ≤

1deg ( )kv x−  for all 1.k ≥  There must then exist non-negative integers 0N  
and M such that deg ( )kv x = M  for all 0 ,k N≥  i.e., {deg ( )}kv x  is finite and 

( )kv x =
0k Nc v ( ),x k qc ∈ \ {0}  for all 0 .k N≥  We note from ( )kv x ∈ [ ]q x  

that { ( )}kv x  is finite. Since ( )( )p x krn ≥ 1, ( )p x  ( ),kv x  and ( )p x  ( ),ks x  we 
also obtain from (3.14) that ( ) 1( )( ) p x krp x n + |[ ( )ku x 1( )kt x+ −

0
( )]k Nc v x  and so 

( ) 1 1 0( ) max{deg ( ) deg ( ), } ( ). (3.15)p x k k kd r u x t x M k Nn + +≤ + ≥

Consider the following two possible cases. 

Case 1: If there is an infinite subsequence { }km ⊆   with all 0km N≥  
such that deg ( )

kmu x + 1deg
kmt + ( )x ≤ ,M  then 0 ≤ deg ( )

kmu x ≤ M  for 
all 1.k ≥  Using (3.15), we consequently have 0 ≤ ( )p xn 1( )

kmr + ≤ /M d  for 
all 1.k ≥  Thus the two sequences of non-negative integers {deg ( )}

kmu x  
and ( ){ ( )}

kp x mrn  are bounded. This implies that { ( )}
kmu x  and ( ){ ( )}

kp x mrn  
are finite because ( )

kmu x ∈ [ ]q x  and ( )p xn ( )
kmr ∈   for all 1.k ≥  From 

the unique representation of ,
kmr  we get that { }

kmr  is finite. Consequently, 
there are positive integers i and j such that = .

i jm mr r  It follows that 1imn + =

( )1/
im p xr〈 〉 = ( )1/

jm p xr〈 〉 = 1jmn +  and so 1ima + = 1ima + 1( )
imn + = 1ima + 1( )

jmn + =

1.
jma +  Using (2.3), we obtain 1imr + = 1jmr +  so that the expansion is periodic. 

Case 2: If there is a positive integer 1 0N N≥  with deg ( )ku x + 1deg kt + ( )x
> M  for all 1.k N≥  It follows from (3.14) that 

( ) 1 ( ) 1( ) ( ) 1
1 1 1

( )
( )( ) ( ) = [ ( ) ( ) ( )] ( ). (3.6)p x k p x kr k

k k k k kk

v x
v xu x p x u x t x v x s xn n a+ +− +

+ + +−
	

(3.16)

By taking the infinite valuation on both sides of (3.16) and using (3.12), we 
have 1 ( ) 1deg ( ) ( )2 k p x ku x d rn+ ++

≤ 1 11
deg ( ) deg ( ) deg ( )2 .k k d kk

u x t x b x dd+ − ++
+ + −  This means that 

1deg ( )ku x+ + ( ) 1( )p x kd rn + ≤ deg ( )ku x + ( )( )p x kd rn +
1

deg ( )
kca x
+− − 1kdc + +

1
deg ( )

kdb x
+− − 1 ,kdd +  using (3.10). By the assumption, we may assume that 

1/| |k k xn a ≤ 1  for all 1.k N≥  Using (3.9) and (3.12), we consequently have 
deg ( )

kca x− − kdc + deg ( )
kdb x− − kdd ≤ 0  for all 1k N≥  and so 1deg ( )ku x+

+ ( ) 1( )p x kd rn + ≤ deg ( )ku x + ( )( )p x kd rn 1( ).k N≥  Thus {deg ( )ku x + ( )p xdn

1
( )}k k Nr ≥  is a non-increasing sequence of positive integers. It follows that 
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both ( ){ p xn ( )}kr  and {deg ( )}ku x  are finite. This implies that { ( )}ku x  and 

( ){ ( )}p x krn  are finite because ( )ku x ∈ [ ]q x  and ( )p xn ( )kr ∈  for all 1.k ≥  
We deduce from (3.13) that { }kr  is finite. By the same proof as in Case 1, we 
can conclude that the expansion is periodic. 

From (3.9) and (3.12), one can see that the condition 1/| | 1k k xn a ≤  in 
Theorem 3 can be removed by taking ( ) =p x x  and we get the following.

Corollary 1: If k xSa ∈  for all 1,k ≥  then the SELEF expansion of (( ))q xk ∈  is 
finite or periodic if and only if ( ).q xk ∈  

Next, we give characterizations of rational elements of the function 
field ((1/ ))x  in the following two theorems.

Theorem 4: If 1/1/ k xSa ∈  for all 1,k ≥  then the SELEF expansion of 
((1/ ))xk ∈  is finite if and only if ( ).xk ∈  

Proof: For all 1,k ≥  since 1/ ka ∈ 1/ ,xS  we can write 1/ ka = k

k

m
mc x + +

1c x + 0 [ ],c x∈  where ( 0),
kmc ≠ , 1 ,c 0 ,c ∈ km ∈ ∪ {0},  and deg1/ ka

= km = 1/xn− (1/ )ka = 1/ ( ).x kn a  One can notice that deg ( )f x = 1/ ( ( ))x f xn−  
for all ( )f x ∈ [ ]x  and 1/xS = [ ].x  Let k = ( )p x / ( )q x ∈ ( )x \ {0}.  By 
the division algorithm, we have 

0 0 0

1 0 1 1 0

2

1 2 1 1 21 2
1

11 1

( 1)

( 1)

( ) = ( ) ( ) ( ), 0 deg ( ) < deg ( ),
( ) = ( ) ( ) ( ), 0 deg ( ) < deg ( ),

( ) = ( ) ( ) ( ), 0 deg ( ) < deg ( ),

( ) = ( ) ( ) ( ), ( ) = 0,

m

m m m m mm
m

m m m mm

p x n x q x r x r x q x
q x n x r x r x r x r x

q x n x r x r x r x r x

q x n x r x r x r x

a a

a a

−

− − − − −
−
−

−
−

−

−

+ ≤

+ ≤

+ ≤

+





 

where {0},m∈ ∪ 0 ( ),n x , ( ),mn x 0 ( ),r x , 1( )mr x− ∈ [ ].x  The last step 
of the process occurs when a remainder of 0 is obtained. It is always true 
because the sequence of remainders satisfies 0 <≤ 1deg ( )r x < 0deg ( )r x
< deg ( ).q x  Since deg ( )ir x < deg ( )q x ≤ deg

1

( 1) ( )i

i

q x
a a
−


(0 i≤ ≤ 1),m −  we have 
deg ( )in x ≥ 1(1 ).i m≤ ≤  Rewrite the equations in the following manner: 
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0
0

0 1

1

2
2 1

1 1 2 2 1 1 2 1 1
1

1

1 1 1 1 1 1

( ) ( )
( ) ( )

( )1 ( )
( ) ( ) ( ) ( )1

( ) ( )( 1)
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( )( 1)
( ) ( ) ( ) ( ) ( ) ( )

= ( )

=

=

= .

m
m m

m m m m m
m

m

m m m m

p x r x
q x q x

r x r x
n x q x q x n x

r x r x
n x n x n x q x n x n x q x n x n x

r x
n x n x n x q x n x n x

n x

a a

a a

−
− −

− − − − −
−

−

− − −

−

−

+

+

+
  

 



Combining these equations, we find that 

0 1 1 1 2 2 1 1 1 1 1

( ) 1 1 1
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )= ( ) .

(3.17)
m m m m m m

p x
q x n x n x n x n x n x n x n xn x

a a a a− − − − −
+ + + +

 



We next show that (3.17) is the SELEF expansion of ( )p x / ( ).q x  Now we 
have ( )in x ∈ [ ]x = 1/xS  for all 0 i m≤ ≤  and 1/xn 1( ( ))n x = 1deg n− ( )x ≤

1.−  For all 1 1,i m≤ ≤ −  we have 1/ (x inn 1( ) ix r− ( ))x = deg ( )in x− −

1deg ( )ir x− < 1deg ( )ir x−− < deg ( )ir x− = 1/ ( ( )),x ir xn  showing 1/xn
1

( 1) ( )i

i
q x

a a

 − 
 
 

= 1/xn 1( ( )in x+ ( )ir x + 1( ))ir x+ = 1/xn 1( ( ))in x+ + 1/ ( ( ))x ir xn  by the property 

(B2). On the other hand, 1/xn
1

( 1) ( )i

i
q x

a a

 − 
 
 

= 1/xn 1

1 1

( 1) ( )i

i
q x

a a

−

−

 − 
 
 

+ 1/xn ( 1/ )ia− =

1/xn ( ( ))in x + 1/xn 1( ( ))ir x− − 1/xn ( ),ia  implying 1/xn 1( ( ))in x+ = 1/xn ( ( ))in x
− 1/ ( )x in a − 1deg ( )ir x− + deg ( )ir x ≤ 1/xn ( ( ))in x − 1/ ( )x in a − 1 (1 i≤ ≤

1).m −  This shows that the SELEF expansion of k  is finite, completing the 
proof.

The converse is trivial. 

For the last characterization of rational elements of ((1/ )),x  the 
condition that = ,q   a finite field of q elements, is also necessary.

Theorem 5: If 1/k xSa ∈  for all 1,k ≥  then the SELEF expansion of ((1/ ))q xk ∈  
is finite or periodic if and only if ( ).q xk ∈  

Proof: It is easy to see that a finite SELEF expansion yields a rational 
function, while that periodic expansions also give rational functions can 
be readily checked as in Theorem 3.
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Conversely, assume that ( )q xk ∈  has the infinite SELEF expansion. 
We show now that this expansion is periodic. From (2.3), one can easily 
prove by induction that ( )k qr x∈  and so 

( )
( )= ( 0), (3.18)k

k k

f x
g xr k ≥

where ( ),kf x  ( )kg x  ( 0)≠  ∈  [ ]q x  and gcd( ( ),kf x  ( ))kg x = 1 . Substituting 
(3.18) into (2.3), leads to gk–1(x)1 ( )k kg f x− = 1( k kf n− (x)1( k kf n− − 1( ))kg x− ( )k kg xa ( 1).k ≥  
Since gcd( ( ),kf x  ( )) = 1,kg x  we have ( )kg x  | 1kg −  (x) and so 0  ≤  deg ( )kg x  
≤  1deg ( )kg x− ( 1).k ≥  There must then exist non-negative integers 0N  and 
M such that deg ( )kg x = 0( ),M k N≥  that is {deg ( )}kg x  is finite. We note 
from ( )kg x ∈ [ ]q x ( 0)k ≥  that { ( )}kg x  is finite. Using (3.18) and (3.1), we 
obtain 

1/ 1/ 1 0deg ( ) = deg ( ) deg ( ) = ( ) = ( ) 1 ( ),k k k x k x kM f x g x f x r n k Nn n +− − − ≥ ≥

yielding deg ( )kf x ≤ 1M − 0( ).k N≥  This implies that { ( )}kf x  is finite. 
From (3.18) again, we deduce that { }kr  is finite. By the same proof as in 
Theorem 3, we can conclude that the expansion is periodic. 

Finally, we can conclude that characterizations of rational elements of 
(( ( )))q p x [ ((1/ ))]q x  using the Sylvester series expansion (Theorem A) 

and the Engel series expansion (Theorem B) follow from Theorem 2 
[Theorem 4] by letting = 1/k kna  and = 1ka  for all 1,k ≥  respectively. By 
taking = 1k kna −  for all 1k ≥  in Theorem 3, Corollary 1 [Theorem 5] and 
using the fact that 1/| | 1k xn ≤  if and only if 1/| ( 1)| 1,k k xn n − ≤  we obtain 
characterizations of rational elements of (( ( )))q p x  and of (( ))q x  
[ ((1/ ))]q x  using the Lüroth series expansion (Theorem C). In particular, 
the results from [5] follow immediately from Theorem 1 and Theorem 2 
[Theorem 4].
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