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Abstract

For a complete field equipped with a discrete non-archimedean valuation, we propose
the SEL Egyptian fraction expansion, a generalization of the non-archimedean Sylvester
series, Engel series, and Liiroth series expansions for its elements. Using this expansion,
characterizations of rational elements of the two function fields, each completed with a prime-
adic valuation and the degree valuation, respectively, are also established. These results
generalize the existing rationality characterizations via the above three series expansions for
elements of such function fields.
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1. Introduction

According to [3, 8, 10], any real number A<€(0,1) can be written as
the Fibonacci-Sylvester expansion (or the Sylvester series expansion) and such
expansion is finite if and only if A is rational. An analogous representation
states that any real number can be represented uniquely as the Engel series
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expansion, and this expansion is finite if the number is rational [3, 10]. In
1973, Cohen [2] refound such expansion by introducing an algorithm to
construct the Cohen-Egyptian fraction expansion, and proved that a real
number is rational if and only if it has a finite Cohen-Egyptian fraction
expansion.

In 2021, the authors [4] introduced an algorithm that leads to an
Egyptian fraction expansion, called the Sylvester-Engel-Liiroth (SEL)
Egyptian fraction expansion for any real number. Using this expansion,
characterizations of rational numbers were also established. These results
generalize the ones for the Fibonacci-Sylvester expansion and the Cohen-
Egyptian fraction expansion. In addition, a new expansion called the
Liiroth EQyptian fraction expansion (or the Liiroth series expansion) and its
characterization of rational numbers were obtained. It was proved that the
Liiroth Egyptian fraction expansion is finite or periodic if and only if it
represents a rational number.

In another direction, let us summarize some information on discrete-
valued non-archimedean fields taken from [1]. Let K be a complete field
equipped with a discrete non-archimedean valuation |-|. The set O :=
{keK :|x| <1} is called the ring of integers and the set P :={keK:
|x|<1} is an ideal in O. Note that P is a maximal ideal and also a
principal ideal generated by some prime element 7€ O. Let Ac O be a
set of representatives of the residue class field O /P. Each x € K\{0} can be
represented uniquely in the form
K= iNann” (a,eA,a,#0),

where N e Z. The order v(x) of k is defined by

| =" ®=|x N with v(0)=co. 1.1

Some basic properties of |k | and v(x) are as follows:
(B1) |x|>0 with |x|=0 if and only if k=0, |k, |=|x,||x,|, and
|k, +x,| < max {|x |, |Kk,|} with equality when |k [|#|x,|;
(B2) v(kx,) = v(x,) + v(x,), v(k, / k,) = v(x,) — v(k,) if k,#0, and
v(k, +x,) = min {v(k,), v(x,)} with equality when v(x,)# v(x,).
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Note that 0<|7|<1 and v(1) = v(-1) = 0. We define the head part of x,
denoted by (x), as the finite series

(k)= i( )anir” if v(x)<0,and 0 otherwise.
Moreover, let S:={(x):x € K}.

In the particular case of function fields, let F(x) be the field of rational
functions and p(x) be an irreducible polynomial of degree d over a field
F. We are interested in two types of valuation in F(x), that is the p(x)
-adic valuation |-|W) and the degree valuation |-|,,, defined as follows [9]: if
f(x) / g(x) is an arbitrary nonzero element of F(x), we can write f(x) /
g(x) = p(x)" r(x) / s(x), where f(x), g(x), r(x), s(x) € Flx] \ {0}, p(x) 1
r(x) s(x), and meZ, set

(@)
g(x)

fx)

e = pdeg f(x)~degg(x) (1.2)

=2"" and [0|,,=0,

p(x)

101,,=
P ’ 1/x

Let F((p(x))) and F((1/x)) denote the completions of F(x) with respect to
the p(x)-adic and the degree valuations, respectively, to which we refer as
the function fields. We also let |-|p(x) and |-|
valuations to F((p(x))) and F((1/x)), respectively. We shall emphasize

x denote the extensions of the
that both valuations are discrete non-archimedean valuations. By the
explanation mentioned earlier, we have 7 =p(x), A={b(x) € F[x]: b(x) =
0 or degb(x)<d} and m=1/x, A=F for the fields F((p(x))) and
F((1/x)), respectively.

In 2006, Laohakosol et al. [6] introduced an algorithm that leads to
various and unique series expansions for elements of the function fields
IE‘q((p(x))) and ]Fq((l/x)), where F is a finite field of g elements. Of
particular interest to us here are the Sylvester series, the Engel series, and
the Liiroth series expansions. Moreover, rationality characterizations via
the above three series expansions are also established in [6, 7] as the

following theorems.

Theorem A: The Sylvester series expansion of k € Fq((p(x))) orin IFq((l /x)) is
finite if and only if k €, (x).



444 M. JANTHAWEE AND N. R. KANASRI

Theorem B: The Engel series expansion of x e]Fq((p(x))) or in ]Fq((l/ X)) is
finite if and only if k €F, (x).

Theorem C: Let {n,} be the sequence of digits of the Liiroth series expansion of
K.

@) If In.|,,<1 forall k sufficiently large, then the Liiroth series expansion of
k eF, ((p(x))) is finite or periodic if and only if k €, (x).

(if) The Liiroth series expansion of k eF ((x)) orin F((1/x)) is finite or
periodic if and only if k € F, (x).

In 2009, Laohakosol et al. [5] established the non-archimedean Cohen-
Egyptian fraction expansion (or the non-archimedean Engel series expansion)
for elements of K. They also proved that an element in F((p(x))) or in
F((1/x)) is a rational function if and only if its Cohen-Egyptian fraction
expansion is finite.

In the same way as real numbers, we construct an Egyptian fraction
expansion for elements of K, called the non-archimedean SEL Egyptian
fraction (SELEF) expansion (or the non-archimedean SEL series expansion).
This expansion is a generalization of the non-archimedean Sylvester series,
Engel series, and Liiroth series expansions. Their use for characterizing
rational elements heavily depends on the nature of each specific field.
Here, our interest is on the case of function fields F((p(x))) and F((1/ x))
because the situation in both fields is more favorable than the others.
Using the SELEF expansion, we obtain characterizations of rational
elements of the function fields, which generalize the existing rationality
characterizations via the three series expansions (Theorem A, Theorem B,
and Theorem C) in [6, 7]. In particular, the results from [5] follow

immediately from our results.

2. Non-archimedean SEL Egyptian fraction expansion

Throughout this section, let K be a complete field equipped with a
discrete non-archimedean valuation |-|. A sequence {x,} of elements of K

is said to converge to an element k € K, denoted by lim, ., k =x if, for
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any € >0, there is an integer n, satisfying [k —x| < & forall n>n;,. One

can verify that if lim _ x =k, then lim |k |=|x|. In the usual

n—0

fashion, we can introduce the notion of convergence of an infinite series

©
n=1

1K, . It follows immediately that if the series ¥,k  converges, then

lim  x =0. Itis useful to note that the converse also holds because |-|
is non-archimedean [9].
We begin with the following three lemmas to construct the SELEF

expansion for nonzero elements of K.

Lemma 1: If x € K\{0} with v(x)2>1, then there are unique r€ K and neS
such that r = (mk-1a, v(in)<-1, and v(r) > v(x) + v(ex) + 1, where
o € K\{0}. (Of course, n is the head part of 1/x.)

Proof: Let o, k e K \ {0} with v(x)>1 and let n=(1/x). Then v(n) =
—v(x) < —1. Letting r=(nx-1)or, as n=(1/x), we get 1/x =n+ Y
ar", where a_ e A forall k>1 andso nk -1 = —k¥,.a,x". It follows that
v(r) = v(ar) = v(r/ @) = v(nk -1) = v(—k) + V(Za, ") = v(K) + 1.

To prove the uniqueness, suppose that there are 1,1, € S with v(n,)
<-1,v(n,) <-1, and 7,1, €K such that r = (nx-1a, v(r,) = v(x) +
Vo) +1 and 7, = (nx-1ea, v(r,) > v(k) + v(x) + 1. It follows that
v(l/x—-n)) = v(-1, / ak) = v(r,) — v(a) — v(k) > 1, implying n, =(1/k).
Likewise, n, =(1/ k). This shows that n, =n, and hence r, = (n,x -1)ox =

(nx-1a = 1,.

Lemma 2: For each m>1, if n,eS, o, e K \ {0}, v(n,) < -1, v(n,,) < v(n,)
- V(o) =1, and v(n,) < v(e,) (1<i<m), then

v(1+flj=vu] (1<i<m).

M =i 0 M O My i

Proof: Since v(n,) < -1, v(n,,) < v(n,) - v(e,) — 1, and v(n,) < v(a,), we

i+1

obtain v(n,) < -1 (1<i < m+1) by induction. It follows that v(1/ a1, ) =
-v(a,) —v(n,,) =2 -v(n) +1 = v(1/n) +1>2 (1<i<m). We consequently

i+1
have v(1/no, ---nan . )>-->v(Q1l/nan )>v(l/n) and the

m_m m+1 i+1

desired result follows by the property (B2).
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Lemma 3: Any infinite series 1/n, + >;,1 / not, --- no,n, ,, where n, €85,
a, e K\ {0}, v(n)) < -1, v(n, )

all k=1, converges to an element x € K such that v(x)=v(1/n,).

<v(n)-v(a,) -1, and v(n) < v(a,) for

Proof: By the same proof as in Lemma 2, we have v(1 / n,) >1 and v(1
) 2 v(1/n)+ 1 (k>1). Then, for each k>1, we obtain v(1/n,a,
) > 2k+1, which

implies that lim, 1/ me, --- nopn, = 0. Since K is complete equipped

/ ak nk+1

cenopn ) =v(l/n) + vl / an,) + -+ v(1/ oyn,

with a non-archimedean valuation ||, the series converges to an element
k € K. Using (1.1) and Lemma 2, we obtain that v(x) = log,, [im
A/ ny+ X1/ moy - meogn )| = log, limus. 11/, + X1/ nyet, -
nony | = limpo. V(L/ 1) = v(1/n,).

The first main result reads:

Theorem 1: Every x € K\{0} is representable as a non-archimedean SELEF

expansion of the form

1 1
K=t 7Tl - jo1 Mo O (2'1)
where ny,n, €S,a, =a,(n,)e K\{0} which may depend on n,, and
v(n)<-1,v(n,_)<v(n)-v(a,)-1 (kx1), (2.2)

provided that v(n,)<v(a,)(k>1). This expansion is unique subject to these

conditions on n, and o,.

Proof: Let ny=<(xk)eS and r =x-n,. If r,=0, then k=n, and the
process stops. Assume that 7, #0, so v(r))>1. By Lemma 1, there exist
n,€$ and r, e K with v(n) < -1 such that n, ={1/1), r,=(nr,-1) o,
where v(r,) 2 v(r,) + v(er,) + 1. Then x = n +1,=n,+1/ n +r, / na,.
Using v(n,) < v(a,) (k=1) and v(n,) = v(1/1)) = —v(r,), we consequently
have (r,) > 1. Repeating this process, we eventually have n, =(1/7, ;) and

r.=(n Da (2.3)

Wl ™ k’

1 1 1
K=n,+-+ oot +—k (2.4)
np mogny MmOy Ny O Mg M0 1O
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where n,, n, €S, o, e K\ {0}, v(nn,) < -1, and v(r,) 2 v(r_) + v(er,) + 1
for all k>1. Since v(n,) = v(1/1, ) = -v(r, ) for all k > 1, we obtain the
inequality (2.2). One can see thatif some 7 =0, thenthe process terminates.

We now assume that r #0 for all k>0. By Lemma 3, we have that
the series 1/n, + ¥71/ no, - n,an, , converges and so lim, 1/
no, - non, = 0. By the same proof as in Lemma 3 and v(r,) =
v(l/n,), we have v(r,/mo, ---no)=2k+1 > 0 as koo,
implying lim, r / na, --- no, = 0. This shows that the series in (2.1)
converges to K.

To show that such expansion is unique, suppose that

1 S iy T
Mot "T+ gl MO Oy K=y ® my - gl 1y By 1y B4
with the restrictions n, n, €S, a, = «,(n,) € K\{0}, v(n,) < -1, v(n, ) <
v(n,) - v(a,) —1(k=1) and m,, m €S, B, = a,(m) e K\{0}, v(m,) <
-1, v(m,_,) < v(m,) — v(B,) — 1(k>1). We treat three possible cases.

Case 1: Both expansions are infinite. By Lemma 3, we have v(x-n,) =
-v(n)) >1. As n €S, we obtain n,=(x). Likewise, m =(x) and so
n, =m,. It follows that

1.3 1 1,2 1
o MOy My My o By my By

W=
Then v(w)=-v(n,)=21 and (mw-Do, =1/n,+ ¥,1/ no, -
n.on, . Again, by Lemma 3 and (2.2), we get v((n,w-1)a,) = -v(n,) >
-v(n,) + v(e,) + 1 = v(w) + v(er,) + 1, which implies by Lemma 1 that
n, =(1/w). Similarly, one can prove that m, =(1/w) and so n,=m,, «,
= a,(n,) = o, (m,) = B,. Continuing in the same manner, we deduce that
n,=m,_and «, = forall k>1.

Case 2: Both expansions are finite i.e.
1, 1 1 ¢ 1
ny+—+>———=K=m,+—+3) ——— ——
M oy MO Oy my oy By By

(2.5)

for some 7,5 N and we may assume that r <s. We have that v(x-n,) =
-v(n,) 21 by Lemma 2. Since n,€S, we obtain n,=(x). Likewise,
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m, =(K) and so n, =m;. Thus, w, = 1/”1 + Y1/ noy e noLn, | =
1/m + 321/ mB, - mpPBm,, and so (nw, 1o, =1/n, + 351/
n,e, -+ noun, . Again, by Lemma 2 and (2.2), we get v((n,w, — ;) =
-v(n,) 2 -v(n,) + v(or;) + 1 = v(w,) + v(er;) + 1, which implies by
Lemma 1 that n, =(1/w,). Similarly, m, =(1/w,) andso n, =m,, o, = j3,.
On repeating this argument, we have n,=m,, o, =, (1<i<r). If r<s,
then w _ :=1/m_ +--+1/m_ B ---m
) =1 and —v(m

r=s and n,=my, n,=m, o, = forall 1<i<r.

s=1 Ms-1 ms =0. Thus V(le) =

-v(m ) € N, contrary to the fact that v(0)=c. Hence

r+1

Case 3: One expansion is finite and another one is infinite i.e.

1, 1 1, & 1
ny+—+>——————=K=my+—+3y —— .
gD MO MOy my g m By Bmyy

By the same proof as in Case 1 and Case 2, we deduce that n, =m,, a, = 3,

(1<i<r) and z ,=1/m  +¥_.,1/m_B  --mpBm =0. By
Lemma 3, we obtain v(z,,) = —v(m,_,) > 1, which is contrary to the fact
that —v(m

From every case, we deduce that the expansion is unique, which

..1) € N and v(0) = o0. This shows that this case is impossible.
completes the proof.

By taking o, =1/n,, o, =1, and o, =n, —1 for all k>1 in Theorem
1, we obtain the non-archimedean Sylvester series, Engel series, and
Liiroth series expansions for elements of K, respectively. In the particular
case when K=F((p(x))) or F((1/x)), one can see that these expansions

yield the three series expansions in [6].

3. Characterizations of rational elements of function fields

In this section, using the SELEF expansion, characterizations of
rational elements of the function fields F((p(x))) and F((1/x)) are
established. To distinguish the meaning, the notations defined in Section 1
are reused with additional subscript p(x) or 1/x accordingly.

From (1.1) and (1.2), it follows that

Voo [%} =m and v, [%} = deg g(x) - deg f(x) (3.1)
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for all f(x) / g(x) € F(x) \ {0} because |p(x) |p(x) =2"%and |1/x = 27
We now proceed to the second main result and start with an easy estimate.

Lemma4:If n €5, \ {0}, thenn = m(x) p(x)v”""<"), where m(x) € Fx] with

mo)l,,, < 27

Proof: Let n = Sty () (x) p(x) oy s ,(x) p(x)" + s ,(x) = m(x)
p(x)e 2™ " where s X)) #0), ..., 5,(x) € F[x] are of degree less than
d and m(x) € F[x]. By the property (B1) and Voo (n) <0, we have |n|

1/x
_ . . (1) d—dv, . (n)-1
< Is,(0)],, <27, yielding |m(x)|, <|nl, [p(x)[,~" <277, as

desired.
Characterizations of rational elements of F((p(x))) using the p(x)

-adic SELEF expansion are given in the next two theorems.

Theorem 2: If 1/ €S,, for all k=1, then the SELEF expansion of
K € F((p(x))) is finite if and only if k € F(x).

Proof: Assume that x e F(x)\{0}. For k>1, since n, = (1/r1,_), 1/, €

S ., Lemma 4 implies that

p(x)”
Voo (1) ddvx(n)—l
n, =m ()p(x)"", Im (x)],, <20 "R, (3.2)
1 W) ddv ()1
OTk_ (JC)V p(x )(U‘k) |t (X) |1/x<2 o 4 (33)

where m, (x), t, (x) € F[x]. Now x,¢, € F(x) and n,, n, ESW) c F(x) for

all k>1. Using (2.3), each 7, is also rational by induction. It follows that

_ Voo () g (X)
r.o=p(x)" e (k=0), (3.4)

where u, (x), v, (x) € Flx] with v, (x)#0, ged(u,(x), v,(x))=1, and p(x) {
u,(x) v, (x). Since 1/, € Sp(x), we have Vo (0r,) = 0. Substituting the
equations in (3.2), (3.3), and (3.4) into (2.3) and using vp(x)(rkfl) = -V
(n,) 21(k>1) lead to

Ep(e) " (), (x) =0, (0)p0) " I, (o, (1) -0, (%))

p(x)

As gcd(p(x)fv”(”("k”)uk(x),vk (x))=1, we have v, (x)|t,(x)v, ,(x) so that
o, (01, <t (o ()], (k=1). (3.5)
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It follows from (2.2) and the inequality in (3.2) that

1 av, o (m)-d
1,1 € max {2l ()1, 270 o, @), |- (36)

Using (3.5) repeatedly and the inequality in (3.3), we deduce that

|‘U | (k=1)+v, o (- )
[0, (x)],,,< 0 1” ApC) (3.7)

By (2.2), we have vpm(rk /o)== vp(x)(rkfl) +1 (k>1) and so
Vi [“7*1] 2v, () +(k=-1)-v, (1)

I\ mon 1044
p(x)(n )=k- vp(x( 1)

Consequently, we have k + Vo (o, -a, )< —vp(x)(nk) and so

(x)

|UO(X)|1/Y | | -1- V,(x)("k —d— dvp(x)(nk) |7}0(x)|1/x
plx )l/x =

CACOTvA

by (3.7). It follows from (3.6) that

1, (x)1,, < max {% it () o (k2 1),

This implies that |u (x)],, <(1/2)[u,_ ()], < |u_ (2], for all k
sufficiently large. Thus, u, (x)=0 and so r, =0 from some m onwards.
Therefore, the expansion is finite.

The converse is trivial.

For another characterization of rational elements of F((p(x))), the
condition that F = ]Fq , afinite field of g elements, is necessary. Furthermore,
the proof of this result is inspired by that of Theorem 2 in [7].

Theorem 3: If o, €S, forall k=1 and |ne, |, <1 for all k sufficiently
large, then the SELEF expansion of k €, ((p(x))) is finite or periodic if and only
if ke F (x).

Proof: Clearly, a finite SELEF expansion represents a rational function. We
now assume that this expansion is periodic. Thus, there are m,r € N such
that n, =n,_ and o, =« forall k>m. By the same proof as in Theorem
3.2in[4], wehavethat x = B+ (y/no, ---n, o )X/ AF, where B,7,
and A=1/no --n o are rational functions. One can show that

mom m+r-1 m+r—=1



SEL EGYPTIAN FRACTION EXPANSION OF RATIONAL ELEMENTS 451

V(M) 21 and so [A],, < 27" <1. This implies that ¥ A" = 1/(1-1),
yielding x is rational.

For the converse, assume that k € ]Fq(x) and we assume further that
the SELEF expansion of k €F ((p(x))) is infinite. We now show that such

expansion is periodic. For k21, since n =(1/1_),, €5,,, we can

p(x)
write uniquely

o=@, @+, @p@) " )" = (peo™ ™, (3.8)

where a, ) (x) (0), ..., afck(x) (#0) e IE‘q[x], dega,(x) < d, and
c, eNU{0}. One can easily see that Iav()(nk)(x)ll/x <o < |”75k(x)
p(x)—vp(x)(”k)*ck |1/x’ showing

dega_. (x)— dck

V(o ()¢ o) (1) %
D, =la_, (x)p(x) ™ Pl ™ =2 (3.9)

by the property (B1) and so

degairk (x)—dc, —dvp(x)(nk)

1<2%5Y = |t (x)],,=2 (3.10)

Similarly, since «, € SW) for all k>1, we write

0, = (b, D) ++b, @p() T p0) " =i, ()p) ™, (311)

where bv( )(ak)(x) =0, ..., bfdk (x) (20) € Fq[x], degb,(x) < d, and
d, e NU{0}. It can be proved in a similar fashion that

degbﬁdk(x)—dd,\ degb_ i (x)—dd, dvp( )(ak)

lor, | <5, (%)), =2 (3.12)

l/x

Now we have kK and ¢, are rational for all k>1. Using (2.3), it can
easily be proved by induction that r, is rational for all k >0. Consequently,

we obtain

7, = plax)re ) ) (3.13)

o (x)”

where u,(x), v,(x) € IE‘q[x] with ged(u, (x), v,(x)) =1 and p(x) { u, (x)
0, (x). Substituting (3.8), (3.11), and (3.13) into (2.3) and using VW)( )=

p(x)(n )>1,v (x)(oc ) <0 lead to

3 (O ()p() " =0, (), (0 () -0, (s, () (k21). (3.14)
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One can notice that vp(x)(rk) - vn(x)(ock) >1. Since p(x){ v (x) and
ged(u, (x), v,(x)) =1, we have ©v,(x)|v,,(x) and so 0 <deguv,(x) <
deguv, ,(x) for all k>1. There must then exist non-negative integers N,
and M such that degv, (x) = M forall k>N, ie., {degv,(x)} is finite and
v, (x) = C,0y, (%), c, e]Fq \ {0} for all k>N ,. We note from v, (x) € ]Fq[x]
that {v,(x)} is finite. Since v, () 2 1, p(x) f v,.(x), and p(x) { s,(x), we
also obtain from (3.14) that p(x)v’"”(rk”) [ [u (x) t,  (x) - COy, (x)] and so
dvp(x)(rkﬂ) <max{degu, (x)+degt,  (x),M} (k=N,). (3.15)

Consider the following two possible cases.

Case 1: If there is an infinite subsequence {m,}c N with all m >N,
_— (x) <M, then 0< degumk (x) <M for
all k>1. Using (3.15), we consequently have 0 <v, (1, .,)<M/d for
all k=1. Thus the two sequences of non-negative integers {degu, (x)}
and {vp(x)(rmk)} are bounded. This implies that {umk(x)} and {vp(x)(rmk)}
) (rmk) e N for all k>1. From

the unique representation of 7, , we get that {rmk} is finite. Consequently,

such that degu, (x) + degt

m

are finite because u k(x) € ]Fq[x] and v

there are positive integers i and j such that r, =r . It follows that n =
i i i
A1y = A1 Dy = 1
o .. Using (2.3), weobtain r =7,
I )

m+1

a . (n

+1 = m+1

and so o,

m/+1 m‘.+l) = am,+1 (nm}.+1) =

so that the expansion is periodic.

+1

Case 2: If there is a positive integer N, > N, with degu, (x) + degt,, (x)
> M forall k> N,. It follows from (3.14) that

Voo Bes) Vo) (%) Oy (x)
)" T = Z’iktx) [, (), (X) =0, ()]s, (%) (3.16)

uk+1 (x)p(x

By taking the infinite valuation on both sides of (3.16) and using (3.12), we

Zdeg uk+1(x)+dvp(x)(rk+1) < 2deguk (x)+degt, , (x)+deg bﬁdk” (x)-dd,.,,

have This means that
degu, ,(x) + av, (1) < degu, (x) + v, (1) + degpzfck+1 (x) = dc,, +
deghb_ q, (X) —dd,,, using (3.10). By the assumption, we may assume that
Ino, |, <1 forall k=N,. Using (3.9) and (3.12), we consequently have
degafck (x) —dc, + degbﬁdk (x) —dd, <0 for all k>N, and so degu,_ (x)
+dv, () < degu, (x) + v, (1) (k=N,). Thus {degu,(x) + av,.,
(r sy, is @ non-increasing sequence of positive integers. It follows that
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both { (r )} and {degu, (x)} are finite. This implies that {u, (x)} and
{vp(x)(rk) are finite because u,(x) € IFq[x] and Voo (r)eN for all k>1.
We deduce from (3.13) that {r, } is finite. By the same proof as in Case 1, we

can conclude that the expansion is periodic.

From (3.9) and (3.12), one can see that the condition [n,¢, |, <1 in

1/x—
Theorem 3 can be removed by taking p(x)=x and we get the following.

Corollary 1: If o, €S, forall k=1, then the SELEF expansion of k € F, ((x)) is
finite or periodic if and only if k € F, (x).
Next, we give characterizations of rational elements of the function

field F((1/x)) in the following two theorems.

Theorem 4: If 1/a, €S, for all k=1, then the SELEF expansion of
kK € F((1/ x)) is finite if and only if k € F(x).

Proof: For all k=1, since 1/ ¢, € S,., we can write 1/, = cmkx’"k et
c,x + ¢, € F[x], where Cpp #0), ..., ¢, c,eF, m eN U {0}, and degl/ e,
=m, =-v, (1/e) =v, (a,). Onecannotice that deg f(x) = -v, . (f(x))
for all f(x) € F[x] and S, = F[x]. Let k¥ = p(x) / g(x) € F(x) \ {0}

the division algorithm, we have

By

p(x) = 1, (X)4(x) + 1, (), 0<degr,(x) <degq(x),
400 = 1, ()7, () +1,(x), 0<degr,(x) <degr,(x),
a(l_l)m qx)=n, (), ,(x)+r,,(x),  0<degr, (x)<degr, ,(x),

;T g(x) =mn (x)r,_ (x)+r (x), r (x)=0,

where meNuU{0}, n (x), ..., n (x), r(x), ..., 7, ,(x) € F[x]. The last step
of the process occurs when a remainder of 0 is obtained. It is always true
because the sequence of remainders satisfies 0 <---< degr,(x) < degr,(x)
< degg(x). Since degr (x) < degg(x) < deg cy ‘7(" (0<i <m-1), we have

degn, (x) > 1(1<i<m). Rewrite the equat1ons in the following manner:
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1p(x)
fi(x =1y () + q(x)
L _n@, 7@
n(x)  gqx)  q(x)ng(x)

(-n"? T2 (%) e (%)
nl(x)al'"nm—Z(x)am—an—l(x) q(x)”1(3f) M Z(X) q(x)nl(x)"'nm—l(x)
( 1)m B Tin— 1( )
1y ()0t Ty (110 (1) Q) (X101 ()

Combining these equations, we find that

1 1
et + .
1’11(.7() nl(x)al'"nm—z(x)am—znm—l(x) nl(x)al'"nm—l(x)am—lnm(x)

(3.17)

Pk
q(

9 = no(x)+

We next show that (3.17) is the SELEF expansion of p(x) / g(x). Now we
have n,(x) € F[x] = S, for all 0<i<m and v, (n,(x)) = —degn, (x) <
-1. For all 1<i<m-1, we have v, (1 (x)r_ (x)) = —degn,(x)—

degr, ,(x) < ~degr,,(¥) < ~degn(¥) = v,,,(1(x), showing v,,, |1 q(x)|

o

= Vs (1,0 1) + 1, () = v, (1,(X) + v, (@) by the property
(B2). On the other hand, v,,, [ £ ()| = v,,, [ )| + v,,, (-1/ @) =

[C2RRN

vl/x (ni(x)) + vl/x (ri—l(x)) - vl/x (az‘)’ 1mplylng vl/x (nz+1(x)) = vl/x (7’[ (x))
- Vl/x(OCl.) - deg”;;l(x) + degr;(x) < vl/x (ni(x)) 1/x(a) -1 (1<1 <
m—1). This shows that the SELEF expansion of x is finite, completing the
proof.

The converse is trivial.

For the last characterization of rational elements of F((1/x)), the

condition that F = ]Fq , a finite field of g elements, is also necessary.

Theorem 5:If o, €S, forall k>1, then the SELEF expansion of k e IE‘q((l /X))
is finite or periodic if and only if k € F, (x).

Proof: It is easy to see that a finite SELEF expansion yields a rational
function, while that periodic expansions also give rational functions can
be readily checked as in Theorem 3.
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Conversely, assume that k €, (x) has the infinite SELEF expansion.
We show now that this expansion is periodic. From (2.3), one can easily
prove by induction that 7, €F (x) and so

_ fitv)
T = e (k=0), (3.18)

where f (x), g,(x) (#0) € ]Fq[x] and ged(f, (x), g,(x)) = 1. Substituting
(3.18) into (2.3), leads to g, ,(x)f,(x) = (f,_,()n, — g, , (%)) &, g, (x) (k=1).
Since ged(f,(x), &, (x))=1, wehave ¢, (x) | g, ,(x)andso 0 < degg, (x)
< degg, ,(x) (k>1). There must then exist non-negative integers N and
M such that degg,(x) = M(k>N,), thatis {degg, (x)} is finite. We note
from g, (x) € F [x] (k>0) that {g,(x)} is finite. Using (3.18) and (3.1), we
obtain

M_degfk(x)zdeggk(x)_degfk(x)=v1/x(rk)=_v1/x(nk+1)21 (k=N,),

yielding deg f,(x) < M—1 (k> N,). This implies that {f, (x)} is finite.
From (3.18) again, we deduce that {r} is finite. By the same proof as in
Theorem 3, we can conclude that the expansion is periodic.

Finally, we can conclude that characterizations of rational elements of
Fq((p(x))) []Fq((l/ x))] using the Sylvester series expansion (Theorem A)
and the Engel series expansion (Theorem B) follow from Theorem 2
[Theorem 4] by letting o, =1/n, and o, =1 for all k>1, respectively. By
taking o, =n, —1 for all k>1 in Theorem 3, Corollary 1 [Theorem 5] and
using the fact that |n, |, <1 if and only if |n,(n, -1)[,,<1, we obtain
characterizations of rational elements of F ((p(x))) and of F ((x))
[Fq((l / x))] using the Liiroth series expansion (Theorem C). In particular,
the results from [5] follow immediately from Theorem 1 and Theorem 2
[Theorem 4].
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