Journal of Interdisciplinary Mathematics
ISSN: 0972-0502 (Print), ISSN: 2169-012X (Online)
Vol. 28 (2025), No. 2, pp. 637-646

DOI : 10.47974/]IM-2107

Mathematics driven methods with fractional calculus and topological
data analysis in image segmentation

Tarun Jain *
Aditya Joshi '
Arul Keswani
Ajay Kumar *
Department of Computer Science Engineering
Manipal University Jaipur

Jaipur

Rajasthan

India

§

Pankaj Dadheech ©

Department of Computer Science and Engineering

Swami Keshvanand Institute of Technology, Management and Gramothan
Jaipur

Rajasthan

India

Abstract

This research paper introduces a novel mathematical model that integrates fractional
calculus with topological data analysis (TDA) for image segmentation. Fractional calculus,
which extends the concept of derivatives and integrals to arbitrary orders, effectively
addresses the non-local and hereditary properties of images, capturing textures and patterns
across various scales and complexities. TDA, utilizing robust tools for identifying shape and
connectivity features, complements this by capturing intricate topological characteristics
often overlooked by traditional segmentation methods. Leveraging persistent homology,
a core concept in TDA, the model classifies, and segments image regions based on their
topological features, which remain invariant under deformations such as bending and
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stretching. This integrated approach aims to enhance the accuracy and reliability of image
segmentation, offering a significant advancement over existing methods.

Subject Classification: Primary 65A05, Secondary 26C10.
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1. Introduction

Image segmentation is a fundamental task in the field of image
processing with applications spanning medical imaging, autonomous
driving, and surveillance systems. Traditional segmentation techniques
often rely on intensity, color, and texture features to delineate distinct
regions within an image. While effective in many scenarios, these methods
can struggle with complex image content where features are subtle or
overlapping. Recent advancements in mathematical approaches to image
processing, particularly through the use of fractional calculus and
topological data analysis (TDA), offer new avenues for addressing these
challenges [1]. Fractional calculus, an extension of classical calculus, allows
for the differentiation and integration to arbitrary, non-integer orders,
providing a more nuanced tool for modeling real-world phenomena [2]. In
image processing, it has shown potential for capturing intricate patterns
and textures that are not easily discernible through traditional methods
due to its ability to handle non-local dependencies and capture intrinsic
geometric properties of the image content. Topological data analysis, on
the other hand, provides a robust framework for studying the shape of
data. It uses techniques such as persistent homology to extract features
that are invariant under continuous transformations, making it particularly
suitable for understanding the underlying structures of data. In the context
of image segmentation, TDA can elucidate the connectivity and topological
robustness of features across scales, offering significant resilience against
noise and image distortions [2-3].

Despite the individual strengths of fractional calculus and TDA, their
potential in conjunction has largely remained unexplored in image
segmentation. This research aims to bridge this gap by integrating these
two mathematical fields. We hypothesize that the combination of fractional
calculus’s ability to enhance textural information and TDA's capacity to
capture and quantify topological and geometric structures will lead to
superior segmentation performance, especially in complex imaging
scenarios where conventional methods falter. This paper presents a novel
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mathematical model and corresponding algorithmic framework that
harnesses the strengths of both fractional calculus and TDA for image
segmentation [4].

2. Mathematical Foundations

The core mathematical principles that underpin our approach to
integrating fractional calculus with topological data analysis (TDA) for the
purpose of image segmentation. We begin by exploring the essential
concepts of fractional calculus, particularly focusing on fractional
differential operators and their applications in image processing.
Subsequently, we delve into the fundamentals of TDA, with an emphasis
on persistent homology, which is central to our methodology [2].

2.1 Fractional Calculus

Fractional calculus extends ordinary differentiation and integration
to non-integer orders. This approach offers a powerful tool for analyzing
various physical and engineering systems. In the context of image
processing, fractional derivatives provide a means to capture both local
and global image details, which are often crucial for tasks such as edge
detection and texture recognition [5].

Fractional Derivative Definition: The fractional derivative of a
function f of order o can be defined in several ways, with the Riemann-
Liouville and Caputo definitions being the most prevalent [5]. For this
study, we utilize the Caputo definition due to its suitability for handling
initial value problems with non-integer orders:

Dtaf(t) = ['(n—ct)1J0t(t—t)n—a—1f(n)(t)dx ...(0)

Where n =[a] and I' is the gamma function. This operator effectively
blends differential orders to model processes that exhibit behaviors
between purely local and purely global characteristics [6].

2.2 Topological Data Analysis

Topological Data Analysis (TDA) utilizes algebraic topology to
examine the shape and structure of data. It aims to extract significant
topological features, such as connected components, holes, and voids,
which are resilient to noise and deformation. The key method in TDA is
persistent homology, offering a multi-scale perspective of the data’s
topological characteristics [7-8].
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(i) Simplicial Complexes: A simplicial complex is a combinatorial

structure that extends the concept of a graph. It includes vertices,
edges, triangles, and higher-dimensional counterparts. Formally, a
simplicial complex K is a collection of simplices (such as vertices,
edges, and triangles) that meets specific conditions:

e  Every face of a simplex in K is also in K.

e  The intersection of any two simplices in K is either empty or a
shared face.

For instance, a 2-simplex is a triangle formed by three vertices and its
edges, and a 3-simplex is a tetrahedron formed by four vertices, its
edges, and faces.

(if) Homology: Homology is a fundamental concept in algebraic topology

that studies the topological features of a space. It assigns a sequence
of abelian groups or vector spaces, known as homology groups,
to a topological space. The k-th homology group H, captures the
k-dimensional holes in the space:

HO: represents connected components.
H1: represents loops or 1-dimensional holes.
H2: represents voids or 2-dimensional holes.

The rank of the k-th homology group, denoted as f, (the k-th Betti
number), indicates the number of k-dimensional holes.

(iii) Persistent Homology: Persistent homology extends the concept of

homology to multi-scale data analysis. It studies how topological
features evolve across different scales, providing a detailed summary
of the data’s shape. The process involves the following steps:

e  Construct a filtration of simplicial complexes KOSK1<---SKn,
where each K, is built by adding simplices based on a scale
parameter.

e Compute the homology groups H, for each complex in the
filtration.

e Track the birth and death of each k-dimensional feature as the
scale parameter changes, resulting in a persistence diagram or
barcode.
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A persistence diagram is a multiset of points plotted on a plane. Each
point (b,d) signifies a feature that emerges (birth) at scale b and vanishes
(death) at scale d.

Inimage segmentation, TDA can be applied to analyze the topological
structure of pixel intensities or other image features. By constructing a
filtration of simplicial complexes from the image data, persistent homology
identifies and classifies regions based on their topological features, such
as connected components (regions) and holes (boundaries). These features
are invariant under continuous deformations, making TDA a powerful
tool for robust image segmentation. TDA provides a robust mathematical
framework for analyzing the shape and structure of data. By utilizing
simplicial complexes, homology, and persistent homology, TDA extracts
meaningful topological features. This enhances the interpretability and
reliability of data analysis, including applications in image segmentation

[9].

3. Computational Techniques

The computational techniques underpinning our approach to image
segmentation using fractional calculus and topological data analysis
(TDA) involve meticulous algorithm design, computational complexity
analysis, and strategic implementation. The primary goal is to develop
efficient and robust algorithms that leverage the mathematical properties
of fractional calculus and TDA to produce high-quality image segmentation
results.

3.1 Algorithm Design and Description

Our algorithm integrates fractional calculus to capture the non-local
properties of images and TDA to extract topological features. The process
begins with constructing a simplicial complex from the image data. Let I
be an image, represented as a point cloud in a metric space. The Vietoris-
Rips complex VR(I,€) is constructed for a given scale parameter €:

VR(I, €) = {ocSI|diam(0) < €}

A filtration of these complexes is then created, forming a nested
sequence VR(I, €1), VR(I, €2) &---€ VR(I,em). For each complex in the
filtration, persistent homology is computed to identify significant
topological features. The algorithm monitors the birth and death of these
features. It then summarizes them in a persistence diagram or barcode.

Algorithm ImageSegmentation(l, €)



642 T.JAIN ET AL.

Input: Image I, Scale parameter e

Output: Segmented image regions

1: VR « ConstructVietorisRipsComplex(], €)

2: Filtration « CreateFiltration(VR)

3: PersistentDiagram < ComputePersistentHomology(Filtration)
4

SegmentedRegions <« ExtractTopologicalFeatures(PersistentDiagr
am)

5: return SegmentedRegions

The first image represents a complex scene with various textures and
patterns. This raw image data serves as the initial input for the segmentation
process. The scene includes multiple elements such as landscape features,
which present varying scales and complexities that need to be accurately
captured for effective segmentation. Mathematical techniques for image
segmentation shown in figure 1.

The second image showcases the application of fractional calculus,
which extends the concept of derivatives and integrals to non-integer
orders. This approach enables the handling of non-local and hereditary
properties within the image. In this context, fractional calculus helps to
capture the intricate textures and patterns present in the image, which are
essential for distinguishing different regions. The diagram with nodes and
connections represents how fractional calculus can model the complex
relationships between different parts of the image, ensuring that subtle
details are considered during segmentation.

The third image illustrates the use of Topological Data Analysis
(TDA), which applies algebraic topology to explore the shape and
connectivity within data. By transforming the image into a topological

Raw Image Fractional calculus

*
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Figure 1

Integrating Mathematical Techniques for Image Segmentation
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space, TDA identifies features like connected components, holes, and
voids, with persistent homology being a crucial concept for analyzing
these features at various scales. The image depicts the identification of
these features, which remain invariant under transformations like bending
and stretching, providing robustness against noise and deformation. This
step ensures that the segmentation captures the fundamental topological
structure of the image, leading to more accurate and reliable segmentation
results. By integrating fractional calculus and TDA, the combined approach
leverages the strengths of both methods to enhance the clarity and
reliability of image segmentation, addressing complex textures and
invariant topological features effectively.

3.2 Computational Complexity and Optimization

The computational complexity of constructing the Vietoris-Rips
complex and computing persistent homology is a critical consideration.
The construction of the Vietoris-Rips complex for n points has a worst-
case complexity of O(nk), where k is the dimension of the simplices
considered. Computing persistent homology involves matrix reductions,
typically performed using algorithms with a complexity of 0(n3).

To enhance efficiency, several optimization techniques are employed:

e Sparse Matrix Representations: Utilizing sparse matrix operations
reduces the computational burden in matrix reductions for persistent
homology.

o Parallel Computing: Distributing the computation across multiple
processors can significantly decrease runtime.

o Early Termination: Implementing heuristics to terminate computations
early when certain conditions are met, thus saving unnecessary
calculations.

By integrating these computational techniques, the proposed
algorithm efficiently segments images, capturing both non-local properties
through fractional calculus and topological features through TDA. This
approach ensures robust and high-quality segmentation results, leveraging
the full potential of advanced mathematical methods.
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4. Relevance of the Approach

The integration of fractional calculus and TDA opens new avenues
for research in image segmentation and other areas of data analysis.
Further optimization techniques to enhance computational efficiency.
Automated parameter selection methods to streamline the segmentation
process. Application of the integrated approach to other data-intensive
fields, such as genomics and finance, where capturing complex
relationships and structures is crucial. Table 1 shows the image
segmentation details.

Table 1
Integrated approach in various aspects of image segmentation
. Integrated Approach (Fractional
Aspect Traditional Methods Calculus + TDA)
Detail Capture Limited to local Captures non-local and hereditary
properties properties
Structural Sensitive to noise Invariant to transformations
Robustness (bending, stretching)
Scalability Specific to certain Adaptable to various types of
tasks image data
Computational | Generally efficient Requires optimization techniques
Efficiency

The combination of fractional calculus and TDA provides a powerful,
mathematically grounded framework for image segmentation. This
approach not only enhances the accuracy and reliability of segmentation
results but also offers a scalable and flexible solution applicable to a wide
range of practical scenarios. The discussion highlights the significant
potential of this methodology while acknowledging the challenges that
need to be addressed to fully realize its benefits.

5. Discussion

The integration of fractional calculus and topological data analysis
(TDA) in image segmentation presents a robust and innovative approach
to addressing the complexities of modern image data. By combining the
nuanced detail capture of fractional calculus, which extends the concept of
derivatives and integrals to arbitrary orders, with the robust structural
analysis capabilities of TDA, this methodology effectively handles non-
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local and hereditary properties, capturing intricate textures and patterns
essential for accurate segmentation. The use of persistent homology in
TDA ensures that the segmentation process remains invariant to
transformations such as bending and stretching, enhancing reliability and
robustness against noise. Despite the benefits, including enhanced detail
capture and structural robustness, the approach faces challenges related to
computational complexity and parameter selection. The construction of
Vietoris-Rips complexes and the computation of persistent homology can
be computationally intensive, requiring optimization techniques such as
sparse matrix representations and parallel computing. Moreover, selecting
appropriate scale parameters for both fractional calculus and TDA is
crucial and may involve a trial-and-error approach. Nevertheless, the
integrated approach offers significant potential for various applications,
including medical imaging and remote sensing, highlighting its scalability
and flexibility in adapting to different types of image data and segmentation
tasks. This methodology not only advances the field of image segmentation
but also lays the groundwork for future research to explore further
optimizations and broader applications.

6. Conclusion

The integration of fractional calculus and topological data analysis
(TDA) for image segmentation presents a powerful and mathematically
rigorous approach that enhances the accuracy, reliability, and scalability
of segmentation methods. By leveraging fractional calculus, this method
effectively captures non-local and hereditary properties of images, while
TDA ensures robust analysis of structural features, invariant to
transformations such as bending and stretching. This approach proves
highly usable in applications requiring detailed and reliable image
segmentation, including medical imaging, remote sensing, and industrial
inspection. However, the research identified gaps in the computational
complexity and parameter selection processes. The construction of
Vietoris-Rips complexes and persistent homology computations demand
significant computational resources, highlighting the need for further
optimization techniques. Additionally, the trial-and-error nature of
selecting appropriate scale parameters indicates an area for developing
automated parameter selection methods. Despite these challenges, the
combined use of fractional calculus and TDA offers a comprehensive
solution to modern image segmentation challenges, providing a flexible
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and adaptable framework for a wide range of practical applications and
setting the stage for future research to address these identified gaps.
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