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458 G.M. ADDISET AL.

Abstract

In this paper, we introduce and provide a comprehensive characterization of Kernel
ideals and coKernel dual ideals within the structure of MS-almost distributive lattices. These
concepts are examined through the lens of lattice theory, and their properties are explored
in relation to congruences and other fundamental operations within the class of ADLs.
By defining specific conditions and relations, we establish key properties that distinguish
Kernel ideals and coKernel dual ideals, leading to a deeper understanding of their behavior
and applications in the context of MS-almost distributive lattices.

Subject Classification (2010): 03G05, 03G25, 06D99.
Keywords: MS-ADLs, Kernel ideals, CoKernel dual ideals.

1. Introduction

In literature there are several generalizations of distributive lattices.
Among which, an almost distributive lattice (shortly an ADL) is a non-
commutative generalization of distributive lattices involving one or more
dual atoms. In simple terminology, an ADL is a nonempty set equipped
with two binary operations which satisfies almost all the properties of a
distributive lattice with least element except the commutative property od
the binary operations. The concept of ADLs was introduced by Swamy
and Rao [7, 8] in 1980 and it was observed that the class of ADLs forms a
variety (or is an equational class). That is, it is a class of algebras which is
closed under the class operators $,& and ‘. An equational sub-class of
the class of ADLs called the class of ADLs with pseudo-complementation
in general and the class of Stone ADLs in particular have been studied in a
series of papers [9, 10] respectively.

On the other hand, there are also several generalizations and
abstractions for Boolean algebras. For instance, the class of De Morgan
algebras, Kleeene algebras, MS-algebras and Stone algebras are algebraic
structures generalizing Boolean algebras in lattice theoretic approach.
Taking all these algebras together gives rise to a wider class of algebras
called Ockham algebras which are distributive lattices with a dual
endomorphism [4].

MS-algebras were studied by Blyth and Varlet [5] by abstracting the
common features of de Morgan algebras and Stone algebras. It was verified
that the variety of MS-algebras belongs to the Berman class K, of Ockham
algebras [3]. Moreover, it is a variety or in other words it is closed under
the class operators: sub-algebra, homomorphism images and subdirect
products. Blyth and Varlet described the structural properties of the
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subvarieties of MS-algebras in [6]. In recent time, G. M. Addis [1]
introduced De Morgan almost distributive aattices as a common abstraction
of De Morgan algebras and almost Boolean algebras. Continuing his study,
Addis [1] further investigate the class of MS-almost distributive lattices as
non-commutative generalization of MS-algebras by weakening the
commutative property of H and % in the underlining distributive lattice.
In this paper, we study the notion of Kernel ideals and coKernel dual
ideals in MS-almost distributive lattices.

2. Preliminaries

This section outlines some foundational concepts and facts that are
pivotal to our study.

Definition 2.1: [10] An almost distributive lattice (ADL) is an algebraic
structure comprising a nonempty set &, two binary operations % and
H, and a distinguished element 0 € & that satisfy the following identities:

(1) Oxp=0;
(2) pHO=u;
(3) pHE(gx7)~(pHq)x (pHr);
(4) px@HEN~(pxq)B(pxr)
(6) (pBy)xr=(pxr)B(g*r);
6) (pEg*q~q.
In an ADL &, a natural ordering can be defined as follows: for

p,q€6, wewrite p<q ifand only if p=pxq. Anelement me& is called
dual atom if there isno element n € & such that m <n under this ordering.

Lemma 2.2: [10] Let & be an ADL. The following three conditions are equivalent
forevery zeG:

(1) z is a dual atom with respect to <.
(2) zHBp=z forall peG.
(B) zxp=p forall pe&.

This lemma provides a useful characterization of dual atoms in an
ADL, highlighting that dual atoms in terms of the natural ordering satisfy
specific stability properties under both H and % operations with any
element in &.

Furthermore, we define a binary relation < on & such that:
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(Vp,qeB®)p2qif qxp=piff gBp=4.

Thisrelation < isreflexive and transitive but may lack anti-symmetry.
For any p,qe &, we denote p<g to indicate that p<q and g £ p.

Definition 2.3: [10] A subset 7 = & (respectively F — &) is called an ideal
(respectively, a dual ideal) of & if, for all p,qem (respectively, p,q<F)
and any z €8, we have:

(1) pHgq,pxzer forideals.
(2) pxgq,zHBpep for dual ideals.

While Z(S) will denote the family of all ideals of &, F(&) will
denote the family of dual ideals of &. With the usual inclusion order,
these sets form complete lattices, providing a structured view of subsets of

G that preserve lattice operations in a particular direction (for ideals or
dual ideals).

Definition 2.4: [2] An MS-algebra is an algebraic system (S,H,%,%,0,1);
where is bounded distributive lattice (&,H,,0,1) is bounded distributive
lattice, and p — p® a unary operation on & satisfying:

1) p<p®™,

(2) (pxq)° =p°Bq°,

(3) 1° =0,

for all p,qe®. The unary map ¢ provides an additional structure to the
lattice, reflecting certain symmetry and duality properties.

Definition 2.5: [2] An algebra (&,H,%,®,0) of signature (2,2,1,0) is called
an MS-almost distributive lattice (MS-ADL) if:

(1) (6,8,%,0) qualifies as an ADL containing at least one dual atom.
(2) p=p®®, forall pe6.
(3) (pHBq)® =p® %4°, forall p,ged.
(4)
)

(5) n® =0 for every dual atom ne@.

(pxq)° =p°HBq°®, forall p,ged.

In addition, if the following condition holds:
(1) p® <a and p=p®® forall pe&,
then in this case & is said to be a De Morgan ADL.
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The conditions in the above definition extend the structure of an ADL
by introducing the unary operation ©, which facilitates transformations
within the lattice and defines a specific class of elements, such as dual
atoms, via interactions with this operation.

Definition 2.6: By a H-associative MS-ADL, we mean an MS-ADL
(GS,EEI,e:e,(’9 ,0) for which the B operation is associative. Throughout this
paper, unless stated otherwise, we assume & to be H-associative MS-
ADL.

3. Kernel Ideals

In this section, we focus on a characterization of Kernel ideals within
MS-ADLs. Recall that an ideal (or respectively, a dual ideal) of an MS-ADL
(6,8,x%,%,0,m) is defined as an ideal of the ADL structure (&,H,x%,0), in
accordance with Definition 2.3. For simplicity, throughout this section, we
denote by & an MS-ADL (6,8,%,°,0,m) unless otherwise noted. As
usual, we refer to a relation 6 as a congruenceon & if 6 is an equivalence
relation satisfying the substitution property for all fundamental operations
on G.

Definition 3.1: Given an MS-ADL & and an ideal 7€ Z(&), we define
the following sets:

n°={zeG:(pen),zxp®=p°} and
Moo ={2€6:(gem),¢°° xz=2z}.

These sets, 7° and m,,, capture specific interactions between

elements in 7 and their operations in &, essentially helping to identify
certain structural properties. Next, we establish that 7_ forms an ideal of
S, and 7n® forms a dual ideal, as shown in the following lemmas.

Lemma 3.2: For every ideal e Z(S), it holds that n_, € I(&), meaning m
is also an ideal of &.

Proof:Let x,y e 7, sothere existelements p,q e such that p® % x=x
and ¢®*® % y=yv. Defining c=pHy, it follows that cen, and one can
readily verify that ¢®*® % (xBy) = xBy. Thus, xBy e n_,. Additionally,
for xerm,, andany ze &, there exists an element pen such that p®® x
x = x. This leads to:

P (xx2)=(p*® xx)%z=x%z,
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implying that xxzenr_,. Consequently, 7
meet ideal operations, making it an ideal of &.

is closed under joins and

Lemma 3.3: For each ideal e Z(S), the set n° is a dual ideal of &.

Proof: Assume x,yen®. Then there exist elements c,derm such that
xx%c¢® =¢® and yxd® = d°. Defining p=cHBd, we find that per and
thus verify that:
(xxy)xp®=p°.

Hence, xxy e n®. Moreover, for x e #° and any z€®, there exists

pen such that xx p® = p®. Consequently,
(zBx)xp® =(zxp*)B(xxp®)=p°,

which implies zHx e 7°. Therefore, 7° meets the dual ideal conditions
on G.

Lemma 3.4: For any ideal © € Z(S), the following properties hold:
(1) ncr,,.
(2) Forevery xe®, if xen®, then x° em,.

(3) Forevery xeG, if xen,,, then x° en®.

o8’

Proof:

(1) is straightforward by definition.

(2) Suppose xer®. Then, by definition, xx p® = p® for some per,
which implies xBp® = x. Thus, p*® % x® = x®, which shows
x®emy,.

(3) Assume xem,,. Then there exists pen such that p®® x x =
x. This leads to p®® B x = p®®. Thus, x® % p® = p®, implying
x®en®.

Definition 3.5: An ideal 7 € Z(6) is referred to as a Kernel ideal if there
exists a congruence relation 6 on & such that 7 =6[0]. This concept
reflects a foundational property of 7 in relation to congruence structures
within &.

Definition 3.6: Let & be an MS-ADL and m an ideal of &. Define the
binary relation Y(x) on & as follows:
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(x,y)eX(n)«<3Isen,,,Iten® such that (xBs)xt=(yHs)xt.

[Clexd

This relation Y(r) captures the equivalence of elements within & in
terms of interactions with elements of 7, and 7, helping us formalize
congruences in MS-ADLs.

Theorem 3.7: The relation Y(r) is a congruence on S.

Proof: It is evident that Y(r) is reflexive and symmetric. For transitivity,
consider (x,y) € Y(x) and (y,z) € Y(r). Then there exist s,7 € 7., and
t,ken® such that (xHs) % t = (y@s) % t and (yBr) xk= (zBr) xk.
Setting p=sHr and g=txk, we obtain pen,, and gex®, and further
calculations show that (xHp) xq= (zHp) %q. Thus, (x,z)e Y(7),
proving transitivity.

Verifications for compatibility with lattice operations conclude that
Y(r) satisfies all conditions for being a congruence on &.

For a given ideal 7 (resp. dual ideal p) of an Almost Distributive
Lattice (ADL) &, we begin by recalling the binary relations Y, (x) and
Q, ., (p) introduced in [8]. These relations are formulated as follows:

(x,y)eY(r) < iHx=iHy for someiem,
(x,y)eQ(p) < xxf=yx f for some fep.

The significance of these relations lies in their role as the minimal
congruences associated with 7 and p. Specifically, the relation Y(rr)
(resp. Q(p)) is the smallest congruence on & that includes mwxm (resp.
pxp) as a subset. Let & be an MS-ADL, and let & (resp. p) denote an
ideal (resp. dual ideal) in &. For ease of notation, we use Y, () (resp.
Y, (F)) to denote Y, (7) (resp. Q, (p)). Here, the subscript ADL
highlights that these are indeed congruences specific to the ADL structure
on G.

Theorem 3.8: For each ideal m in &, we have Y(n) =Y, (n,)HBHQ,
(7®), , where the join is computed in the lattice of ADL-congruences on &. This
theorem provides an expression for the ADL-congruence Y(rr) by relating it to the
congruences of associated ideals.

Proof: To demonstrate this result, we aim to show that Y(r) is indeed the
smallest ADL-congruence on & that satisfies the inclusion

Y, (o) vV, (7)< Y(7).

ADL(
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Claim1. Y, (7., ) < Y(r).

Let (x,y)eY,,, (n,,)- This implies the existence of some der_,
such that dBx = dBy. By part (3) of Lemmp 3.4, we also know that
d® e #°. Considering this, we proceed as follows:

(xBd)xd® =(dBx)xd° =(dBy)xd° =(yBd)xd°.

Therefore, we conclude that (x,y)eY(x), establishing that Y,
(o) < Y(7).

Claim 2. Q, (7%)c Y(r).

ADL

Assume (x,y)eQ,, (7°). This assumption implies that there exists
some gen® such that xxq = yxg. Referring to part (2) of Lemmp 3.4,
we deduce that 4° e . Now we consider:

(xBg%)xq=(xxqB@°%q)=(yxqB@° xq)=(yBq")xq.

Thus, (x,y) e Y(x), which shows that Q, (7%)c Y(n).
Consequently, we establish the inclusion Y, (7,.) v Q ADL(7r@) c Y(m)..
Therefore, Y, (m,,) v Q,,, (%) = Y(7).

To prove the reverse inclusion, assume (x,y) € Y(r). Then, we can
find some elements sen,, and te 7® such that

(xHs)xt=(yHBs)xt. (3.1

Rearranging the expression above, we obtain (s t) H (xxt) = (sxt)
B (yxt). Since sen,, and &, is an ideal, we also have sxt e x,.
Thus, the above equation implies that (xxt, y xt) € Y, (7., ). Defining
z, =x%t and z,=yxt, we arrive at the following sequence: (x,z,) €
Q,, (%), (z,z,)eY,, (t,), and (z,,y) € Q,, (x°). Thus, (x,y)e
QADL(T[@) ® YADL (nea@) ® QADL (n-@) S TADL (n@ea) v QADL (ﬂ®)'
Hence, Y(7) = Y, (m.5) vV Q1 (7®), and we conclude that

Y(m) =T 1 () v QADL(”®)'

Theorem 3.9: An ideal m in & is a Kernel ideal if and only if the following
conditions hold:

(1) m=r,,, meaning that m is closed under the operation defining the
associated ADL congruence structure.

2) Forany xe& and ten®, if xxtemn, then xer.
( y
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Proof: Assume 7 is a Kernel ideal. Then 7 =kerf for some congruente
relation 6 on &.

(1) Clearly # cx_,. To prove the other inclusion it is enough to show
that xem = x®° e n. Let xenm = kerf. Then (x,0)e6. By the
congruence property of 8 we find (x*®, 0°?) € 6. Since 0°° =0, it
follows that x®® e ker@ = .

(2) Suppose that 7 is Kernel ideal and (Vx € &) (Vten®) x %t e z. This
implies tx x € 7. Then we prove that x e 7.

Vten® implies i®%t=i® for some ien. Since 7 is Kernel ideal,
(i® xt,m) e 6 for some congruece 0 of MS-ADL &. We know that Vte G,
(t,t) € 0 and by compatibility of B, implies (t,m) = ((i® xt) B t, mHBt) e
6.

Also, Vxe 6, (x,x)e6 and by compatibility of % implies (t x,x)
= (txx, mxx) € 0. Since xxtemw = ker® implies txxem = ker@ and
so (txx, 0)e0. Thus by transitivity (x,0)€6. Thus x € kerf =m. Hence
condition (ii) holds.

Conversely, suppose (i) and (ii) hold. To prove & is Kernel ideal, it is
enough to show & = kerY(m). Let x € kerY(x). Then (x,0) Y(r). This
implies (xHs) % t = sxt for some sem,, and ter®. By (i) T=Tg,
implies sem. Since 7 is an ideal, implies sxtem and also (xHs) x
tem. By (ii) xBsex. Thisimplies x = (xHs) % xer. Thus KerY(r)c 7.

Conversely, let xem. Then (x,0)e mxm < Y(r). This implies
x e kerY(rr). Thus 7w < kerY(rm)

Hence 7 =kerY(r). Consequently, £ must be a Kernel ideal of &.

Corollary 3.10: Ifan ideal 7t is a Kernel ideal of &, then m and n® are disjoint.

4. CoKernel Dual Ideals

In this section, we delve into the concept of coKernel dual ideals
within the framework of MS-almost distributive lattices (MS-ADLs).
CoKernel dual ideals play a significant role in understanding the
relationships between dual ideals and congruence relations, and they
allow us to explore key structural aspects of these lattices. We aim to
define, characterize, and establish properties of coKernel dual ideals,
which are essential for identifying specific congruence structures in MS-
ADLs.
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Let & be an MS-ADL, and let p be a dual ideal of &. To facilitate our
exploration, we define two subsets related to p as follows:

po=xe&:(Ff ep)f®xx=x] and p*°={xe&:(F ep)rx [ =)

These subsets capture elements in relation to p through specific
conditions on conjunction with elements of p. Now, we present the
following results, which establish foundational properties of p, and p®°
within &.

Lemma 4.1: For any p e F(S), it is true that p, € Z(S) and p®® e F(S).

Proof: The proof follows directly from the definitions of p, and p®®,
using standard properties of dual ideals and ideals within MS-ADLs.

Let x,yep,. Then f®xx=x and f’xy=y for some f,, f, F.
Now it can be shown that: (f, % f,)® % (xBy) = xHy. Whence xHy
p,- Let xep,. Then f®x x=x for some fep.. For any re&,
f®sxxr = xxr. Whence xxrep,. Therefore it holds that p, € Z(&).
Similarly, one can check that p®*® € F(8)..

Lemma 4.2: For any G,p € F(S) in an MS-ADL &, the following properties
hold:

1 pcp,

(2) If pcé, then p®® c&°°,

() (Pr&* =p™ AE™,

@ (pvE™=p™vE™.
Proof:

(1) Let xe p®. Then xx f®° = f*® forsome f e p. Thisimplies x * f
=xxf% % f= f*x f = f. This implies x € p. Hence p®° c p.
(2) is clear.

(3) By (2) (pA&)®® < p® A E%. Converselylet xep® A E°°. Then
xep® and xe&®. This implies f® % x = f© and ¢®xx=g¢°
forsome fep and geé&. Since p and & are dualideals, g B fep
and fHge & and (fBg)® = (¢Bh)®®. This implies (fHB)*® e
pA& Now consider, (fHE)®®® % x = (fB™ % x = (f**%xx)
B (¢°°xx) = xBx = x. This implies x € (pA&)®®. Thus p®® A
£ < (pA)™. Hence p™° & 5% = (p &)™,
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(4) Clearly p®® v &°° < (pvE)®®. Conversely, let xe(pvE)®®. This
implies xx f® = f® for some fepv& such that f=afg
for pep and ge& Now, xx f*=x % (pHg)®™ = (xxp*°) B
(x%g°%) p®® v £E°°. This implies (pv&)®® < (pA&)®. Hence
(PvE™ = (prE™.

Corollary 4.3: If {p_ : € A} is a subfamily of F (&), then

(D) (AdPe) ™ = An (P
(2) (\/ apeAPa)% = \/aeA(Pa)%-

These statements follow from the closure properties of p®® under
intersections and joins within the family F(&) of dual ideals.

Lemma 4.4: Let & be an MS-ADL and p € F(S). Then:
(1) xep, =>x%ep®,

(2) xep®® =x%ep,.

Proof: The results stem from the definitions of p_ and p®®, utilizing the
involution properties of elements in MS-ADLs.

Definition 4.5: A dual ideal p of & is called a coKernel dual ideal if and
only if there exists a congruence relation ¢ on & for which p = ¢[m].

A coKernel dual ideal, therefore, is linked to congruence classes
within & and serves as an indicator of specific equivalence relations on
the elements of & that yield congruent behavior with respect to the lattice
operations.

Definition 4.6: Let & be an MS-ADL, and let p € 7(6). Define a binary
relation ¢(p) on & as follows:
(x,y)ed(p) =3f epand t e p satisfying tH(f xx)=tH(f xy).
This binary relation ¢(p) is a tool for establishing congruence

conditionsin & based on the elementsin p and P, Creating a connection
between dual ideals and structural symmetries in MS-ADLs.

Theorem 4.7: For any p e F(S), ¢(p) is a congruence relation on S.

Proof: Itis direct that ¢(p) admits reflexivity and symmetric property. We
fist check whether ¢(p) admits transitivity.
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Let (x,y)ed(p) and (y,z) e ¢(p). Then we can choose s,7€p and
t,k € p, such that

tH(sxx)=tH(sxy) (4.1)

kB(rxy)=kHB(rxz) (4.2)
From equation 4.1, we get the following;:
(ref)B(sxrxx))=(rxHB(sxrxy)) (4.3)

Also from equation 4.2
(sxk)B(rxsxy)=(sxk)B(rxsxz) (4.4)

If we put a=(rxk)H(sxk) and g=sxr, then pep, and gep.
It can be deduced from equation 4.3 that

aBbxx)=pHB(@0xy) (4.5)
Similarly by equation 4.4,
pEBUxy)=pB(@0xz). (4.6)

This gives the equality aH(bxx) = pH(bxz). Hence (x,z) € ¢(p)
and so ¢(p) is transitive. So that it is an equivalente relation. Next, we
prove that the compatibility property for B and . Let (x,y), (w,z) €
¢(p). Then we can pick two element s,rep and t,k e p_ satisfying that
tH(sxx) = tH(sxy) and kH(rxy) = kHB(r % z). Withsimilar procedure
of 4.5 and 4.6, we get pH(bxx) = pH(bxy) and aBH(bxw) = aB(bxz),
where a= (rxk)HB (sxk) and g=sxr. Now computing all these
together we get: p B (bx (xBw)) = p B (% (yBz)). This implies (xBw,
yHz) € ¢(p). Similarity, we get (wHx, zBy) € ¢(p), (xxw, yxz)e
9(p) and (wxx, 2% ) e §(p).

It remains to show that ¢(p) satisfy the compatibility property for the
unary operation ©. Let (x,y) € ¢(p). Then tB(sx x) = tH(s % y) for some
sep and te p,. Thisimplies (tB (s x))® = (tB(s* y))® for some s° € p,
and t® e p®®. This implies (t°%s%) B (t°%x%) = (¢t %s%) B (t° % y°)
for some t° % s® € p, and t® € p® < p. Hence (x®,y°) € ¢(p). Hence
@(p) is congruence relation on &.

Theorem 4.8: For each dual ideal p of &, ¢(p) = ¢,,,(p) v ¢,,,(p,), where
the supremum is computed in the lattice of ADL-congruences on &.
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Proof: This theorem is established by showing that ¢(p) canbe decomposed
into the join of congruences defined on p and p_, within the lattice of
congruence relations in &. We show that ¢, (p.) v 9,,, (p°°) < ¢(p).

Claim. ¢, (p,) < ¢(p). Let (x,y) € ¢, (p,)- Then alHx =aHBy for
some pep,. From Lemma 4.2(1) and Lemma 4.4(1), we get p® ep and
also p® % p e p,. Now look at the followng:

(P° % p)B(p® % x)=p° % (pBx)=p° % (pBy) = (p° xp)B(p® * y)

Thus (x,y) € ¢(p) and hence ¢, (p,) < ¢(p). It is also clear that
9.5 (P) < ¢(p). Hence

00 (P)EBO 1 (P) = 0(p) and s0 ¢, (P, )EHP,,, () = (p)

Conversely, let (x,y) € ¢(p). So that there has to be an element se p,
and tep such that s B (txx) = s H (txy). It follows then: (sHx) %
(sEt) = (sBy) % (sHBt). Since tep and p is a dual ideal, it follows that
st e p. So from the above equation we get (sBx, sBy) € ¢,,, (p). If we
put z =sHx, z, = sBy. Then we have (x,z)e€¢,,(p,) (z,2,)¢€
TP and (z,,9) € 0,5, (p,). That is (x,1) € 9, (P5) @ 6,0, (p)
Do (Pe) S Pupr(Pe) v 9,5, (p)- This implies @(p) = ¢, (P) Vv 9,5, (P)-
Hence (p) = @, (Pa) v G, (P).

Theorem 4.9: Let pe F(8), and let ¢ be a congruence relation of &. If
coker ¢ = p, then ker ¢ = p,. Furthermore, if coker ¢ is prime, then ker ¢ is also
a prime ideal.

Proof: Let xep,. Then x<p® for some fep,. Since p=cokerg,
(f®,0)€¢. This implies (f®H@x, 0)e¢. This implies (x,0) = ((f© Hx) %
x, 0% x) € ¢. Thus xeker¢ and so p, c kerd. Let x € ker¢. Then it must
be true that (x®, m)e¢ and (x*°, 0)e¢. Thus x®°ep and x*° e p,.
Thus x=x°® % xep,. Hence ker¢p = p,. Now take that p is prime. If
pxq=iep,, then p°Bq® = i® e p. Since p is prime dual ideal, p® e p
or g° e p. This indicates p® e p, or ¢°® e p,. This implies a=p®® %
pep, or b=q"® % qep,. Hence p, would be prime.

Theorem 4.10: For a dual ideal p of an MS-ADL &, it is necessary and
sufficient for p to be a coKernel dual ideal that

(VxeB)(Vtep,) tHxep=xep.



470 G. M. ADDIS ET AL.

Proof: This condition is verified by examining the implications of the
elements in p. and their role in ensuring p acts as a coKernel dual
ideal. Suppose that F is coKernel dual ideal, then p=cokery for some
congruence y of &. Since tep,, t<f® for some fep.Then (f,m) e
v for some t< f®. Then it is necessary to have (f®,0) € y and hence
(t,0) = (f®xt, 0%t) e y. Therefore (tHx,x) = (tHx, 0Hx) € y. Again,
since tHxep, (tHx, m)ey. By transitivity of y, we have get (x,m)
v. Hence xep. Conversely, suppose that (Vxe®&) (Vtep,) tHx € p
= xep. We prove that p is a coKernel dual ideal. It is enough to show
that coker ¢(p)=p. Let x ecoker ¢(p). Then (x,m) € ¢(p)). This implies
tH(sxx) = tH(sx%m) for some tep, and sep. It follows then (t3xs)
B (xx%s) = (txs) B s. Since tep, and sep. We have (txs) B (xxs) =
(txs) B sep. By the hypothesis xxsep. Thus for all xe&, x=x B
(x%s) € p. Hence coker ¢(p) < p. Clearly p < coker ¢(p). Hence p =

coker ¢(p).

Theorem 4.11: A prime dual ideal p of an MS-ADL & is a coKernel dual ideal
if and only if pNp, =<.

Proof: Suppose that a prime dual ideal p is a coKernel dual ideal. Assume
that pnp, # &, and choose an element tepnp,. This implies 0H¢
= tep. By Theorem 4.10, we have 0ep, which is a contraindication
p is prime. Hence pnp, = &. Conversely, suppose that pnp, = &.
Let xe& and tep, such that tHxep. Since p is prime, either tep
or xep. By our hypothesis pnp, =&, tep. Then xep and that p
satisfies the condition of Theorem 4.10. Thus p is a coKernel dual ideal.
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