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Abstract

The paper mainly gives and discusses the definition of fuzzy strongly countable
semicontinuous lattices, and the relation between fuzzy countable semicontinuous lattices
and fuzzy strongly countable semicontinuous lattices is studied. These theorems generalize
corresponding results in relative references.
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1. Introduction

The domain theory was introduced in the early of 1970s. It attracted
the attention of related domestic and foreign scholars, and obtained a
series of far-reaching results ([1]-[12]). In [4], Qiye Zhang lay a theoretical
basis for fuzzy Domain theory. Yanwei Han, in 2011, introudced fuzzy
semicontinuous lattice and obtained some category properties in [6].
Fuzzy countable semicontinuous lattice was studied by Zhao Chongyun
and Jiang Guanghao in [10]. This paper mainly studies the fuzzy strongly
countable semicontinuous lattic and obtains an intrinsic characterization
of it.
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Please refer to [2]-[10] for the following basic concepts and elementary
notions.

Definition 1.1: Let (G,e;), (H,e,) be fuzzy posets and p:G—H,
q:H — G be fuzzy order-preserving mappings. We say that (p,q) is a
fuzzy Galois adjoin of Gand Hif VgeG, Vhe H, e, (p(g),h) = e.(g,q(h)).
And p is a left adjoin of g, g is a right adjoin of p. In a special case, G=H,
e. =e,, (p,q)is called fuzzy Galois adjoin of G.

Definition 1.2: For a poset L, D c L is a countable directed set if for all
countable subset Cof D, 3deD, s.t. ceC, c<d.

Definition 1.3: We say that I is a countable ideal if I_is both lower set
and countable directed set.

Definition 1.4: Let I c L be a countable ideal of complete lattice L. I is
called countable semiprime ideal of L if Vp, q, reL, paqel, parel
always imply pA (qvr) € I_. The set of all countable semiprime ideals is
written Rd (L).

Definition 1.5: Let L be a complete lattice, <_means p,geL, p < g <
VI € Rd (L), q<supl, implies pel. Wedenote U p = {geL | g<, p}.

Definition 1.6: Let (A, e) be a fuzzy complete lattice. Then D e L is called
fuzzy countable semiprime directed subset, if the following conditions are
satisfied:

(1) VpeAD(P) = 1/

() v, Dim)<v, _ Dn)a, (v
of A;

(3) Va,b,ceA, D(anb)n, D(anc)<D(an(bvc)).

e(m,n)), which C is a countable subset

meC

In addition, if I € L is a lower set,we call I fuzzy countable semiprime
ideal. All fuzzy countable semiprime directed subsets (semiprime ideals)
constitute a set is respectively denoted as D_(A)(CSI, (A)).

Definition 1.7: Suppose that U .mel!, neA, U .mn)= Ajecst, a)
e(m,11]) = J(n), where (A,e) is a fuzzy complete lattice, m € A. Then UC
t AxA > L(UC (m,n) = UC m(n)) is called fuzzy countable semiwaybelow
relation on A.
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Definition 1.8: A fuzzy complete lattice (A,e) is called fuzzy countable
semicontinuous if Vpe A, e(p, LIUC p)=1.

Lemma 1.9: A fuzzy complete lattice (A,e) is semicontinuous < (UC,I_I) isa
fuzzy Galois adjoint between (CSI, (A),sub) and (A,e).

Lemma 1.10: Let (A, e) be a fuzzy complete lattice. Then
(1) VpeA, e CSIL(A),/\qEA e(p,q) < J(p);

(2) VpaeA, A, epr) <Y qlp);
(B) Vp,qmmneA, e(m,p)n, UC q(p) A, e(q,n) SUC n(m).

2. Fuzzy Strongly Countable Semicontinuous Lattices

In this part, the definition of fuzzy strongly countable semicontinuous
lattices is introduced and examined. An internal Characterization of fuzzy
strongly countable semicontinuous lattices is given.

Definition 2.1: A fuzzy complete lattice (A,e) is called fuzzy strongly
countable semicontinuous if Vme A, m =|_JUC m.

Theorem 2.2: For a fuzzy complete lattice (A,e), the following equivalent
conditions are obtained:

(1) (A,e) is fuzzy strongly countable semicontinuous;

(2) U:CSI (A)— A has a left adjoint which is surjective;

(3) (A,e) is fuzzy countable semicontinuous, Vs e A, UC s<is;
)

(4) Vr,seA, UC s(r)=v UC tryn, UC s(t). If r#s, then UC r#UC s.

teA

Proof: By Lemma 1.9, we easily obtain that (1) = (2).
(2)=(3): Let g: A—CSI,(A) is a left adjoint of L: CSI, (A) — A.
Then Vse A, Ug(s)=s. VreA,
UC s(x) = /\/eCSIL(A)e(S/u J)—J(r)
e(s,Liq(s)) > g(s)(r)
q(s)(x).

IA

Uc s(x) = /\]eCSIL(A)e(SII—l )= J(r)
= /\]eCSIL(A)sub(q(S)/ J)—J(r)
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/\]eCSIL(A)(/\teA q(s)(t) = J(1)) = J(r)
/\]eCSIL(A)(q(S)(t) —>J(#)—>J(r)
q(s)(r).

Hence, UC (5)=4q(s). (A,e) is fuzzy countable semicontinuous by
Lemma 1.9.

It follows (2) that for all se A there is a JeCSI, (A) satisfied with
s=L1]. foreach re A,

It is easily obtain that

Uc s(r) = /\[eCSI,_(A)e(s/u )= J(r)

< e(s,ul)—>I(r)

1> 1(r)

I(7).

Thus, UC s(r)<I(r)<e(r,UI)=e(r,s) =4 s(r).

(B)=(1):By (3), Vse A, e(s,ul_ s)=1.

Since U_s<ls, eUl_s,5)=1, then s=Ul_s.

(1)= (4) : Suppose that KeL", Vie A, K(i)= Vi UC J@A, UC s(7).

By Lemma 1.10, U_ s<K. To prove that {_s>K.
K@) = vjerUe j0) A, Ue s())

viea b i A e s()

\/jEXe(i/j)/\L UC S(])

< U, s(i).

[\

[\

A

A

A

VreA,r=s. If UC r =UC t, then by (1), r=s, and we have a
contradiction!

So we have that UC r ;‘UC S.

4)=1): VieA. Let z"=I_IUC i. Then Vje A,

Uc i'(j) = /\/'eCSIL(A)e(i'II—l =)

e(i',u i) - U_i(j)
1- U i())
U i(j).

IA

Conversely,

Uc l(]) = VkeA UC k(]) /\L UC l(k)
< Vyia Y k() A, ek, i)
< i)

A
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For all above, UC i =UC i, and thus i=1".
Theorem 2.3: For a fuzzy complete lattice (Ase), Vre A, Ur<l_r.

Proof: Vse A, KeCSI, (A),

U r(s) AL e(r,1IK) = (/\IeCSIL(X)e(r/HI) —1(s)) AL e(r,11K))
(e(r, LIK) > K(s)) A, e(r, 1IK)
P(s).

IAN A

Therefore, U r(s) <e(r, [IK) — K(s).
Thus, Y r(s) < /\KEmL(A)e(r,HK) — K(s) =UC 7(s).

Theorem 2.4: Let (A,e) be a fuzzy strongly countable semicontinuous lattice,
J €I, (A). Suppose that |'e " and Vpe A, J'(p)= Vipen J@) A, UC q(p). Then
J' is a fuzzy countable semiprime ideal, and U |'=U |.

Proof:
@ VpeA]'(p) = VpEAquA](q) v UC q(p)
= quA(VpeA Uc q(p)) AL J@),
= v @)
=1

(2) For all countable subset C of A,

A (8) = Ascclvieal (B) A £(5))

Vieavied 0) AL et D) Ay (o U 15))
Ve (D) Ay AseD(S)

Vieavred 0) AL (U BS) A, (acece(s, 7))
Viealvied 0 A U B A, (accce(s, 7))

vredl (1) A (Asec UC e(s, 7))

IN N IN

(3) Vp,reA, we obtain that

J(p) AL e(r, )= ngedl @ A, Ui g(p) A, e(r,p) < T'(r).
4) Vp,q,s,teA,

J'(snt)yn, J'(s Ap)
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=vared @, Yo as by, JO) A, U n, U bs ap)
<Vaseav g @ A, p@, )~ pl,g)n, U as nt)a, U bls ap)
<vged @ Ve gsatyn, U gisap)
<vied @A, Yo qs Aty p))

=J'(sA(tvp)).
forall re A
eW]'r) = apedl (p) > e(p,7)

= nuealvicd () A, U H(s)) > e(s, )
= noeancalJ®) A, U H(s) > e(s,7)
= neeal®) > aea U H(s) > es,7)
= neealJ(t) > eV t,7))
= nealJ(H) —>e(t, 7))
= e(U],r).

Theorem 2.5: For a fuzzy strongly countable semicontinuous lattice (A,e), we
have V'r e A,UC r=Ur.

Proof: Vre A, by Theorem 2.3, Ur SUC r.
VPel, (A),teA, by Theorem 2.4,

UC r(t) A, e(r,UP) = (,\KEmL(A)e(r,I_I K) = K(t)) A, e(r,LUP)
e(r,uP")—>P'(t)) A, e(r,U P)
P'(t)
veiP© n, U s(t)
Ve A, Ls(t)
P(t).

I IA A

IAN N

Then UC r(t)<e(r,u P)— P(t).
Since arbitrary of P, UC r<l r, and thus conclusion confirmation.

Corollary 2.6:

(1) Any fuzzy strongly countable semicontinuous lattice must be fuzzy
countable semicontinuous. Conversely, not necessarily.
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(2) Any fuzzy countable continuous lattice must be fuzzy countable

semicontinuous. Conversely, not necessarily.

Example 2.7: Suppose that (A,<) is a poset in graph 1, and a fuzzy poset
(A,e) is seemed, where L=2. Since the fuzzy poset (A,e) only has one
fuzzy countable semiprime ideal X itself, we easily obtain that (A,e)
is fuzzy countable semicontinuous, but not fuzzy strongly countable
semicontinuous.

Graph 1
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