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Abstract
We present a generalized α–β–FG contraction and discuss some ideas about fixed 

points in b-metric spaces. These ideas are demonstrated via examples. 
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1.  Introduction

As a generalization of Banach’s principle of contraction, Wardowski 
[14] introduced the specific contraction known as the F contraction and 
provided a demonstration of a fixed-point result. Abbas et al. [1], 
Wardowski et al. [15], and also Piri et al. [16] generalized F Contraction 
and demonstrated some fixed, common fixed-point results. Samet et al. 
[13] generalized Banach’s principle of contraction by defining a
-contractive and a -admissible mapping. Bahtin [2] and Czerwik [3, 4] 
presented the idea of a b-metric space. Fixed-point theory in b-metric 
spaces for both single-valued and multi-valued operators was then used 
to resolve a number of publications (see [5-6], [1-16]). The principle of 

FGa b− −  contraction was presented by Vahid Parvaneh et al. [9] and 
some fixed-point results were obtained in partially ordered b-metric space 
and b-metric. In this work, we present a generalized FGa b− −  contraction 
and discuss some ideas for fixed points in b-metric spaces. Examples are 
given for illustration of the ideas. We are now representing a concepts of 
a y− − contractive and a -admissible mapping [7] and b-metric space [3].

Definition 1.1: Consider :V Vf →  be a mapping on a set V and :V Va ×
→ [0, )∞  be a function. We say f  is an a -admissible map, if 

, , ( , ) 1 implies ( , ) 1.Vz h a z h a fz fh∈ ≥ ≥

Let Y  represents all non-decreasing functions by the family : [0, )y ∞
→ [0, )∞  so that 

=1
( ) <n

n
ry

∞
∞∑  for every > 0,r  where ny  is the n-th iteration 

of .y
As demonstrated in [13], the results are as follows:

Theorem 1.2: Let ( , )V r  be a complete metric space and f  be an a − admissible 
mapping. Suppose that: 

1.	 ( , ) ( , ) ( ( , )),da z h r fz fh y z h≤  for all , ,Vz h∈  where y Y∈
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2.	 There exist 0 Vz ∈  such that 0 0( , ) 1;a z fz ≥

3.	� Either for any sequence ( )iz  in V with ( ,ia z 1)iz + ≥ 1,  so that iz z→  
as ,i →∞  We’ve got ( ,ia z ) 1z ≥  for every i +∈  or f  is continuous. 

Then there is a fixed point to .f
This result was improved by Karapinar et al.[8] and Hussain et al.[5], 

see( [10, 6]):

Definition 1.3: Let ( , )V r  be a metric space :V Va × → [0, )∞  and :Vf
→ V  be mappings. We called f  is an a -continuous on ( , )V r  if for given 

,Vz ∈  ( )iz  converges to z  and ( ,ia z 1)iz + ≥ 1  for all ,i N∈ then ifz  
converges to .fz  

Example 1.1: Let = [0, )V ∞  and ( , )D z h = | |z h−  be a metric on V. Assume 
that :Vf → V  and :V Va × → [0, )+∞  be defined by 5= ,fz z  if [0,1]z ∈  
and fz = 2,sinpz +  if (1, ),a∈ ∞

2 2( , ) = 1,a z h z h+ +  if , [0,1]z h∈  and ( , ) = 0.a z h  Obviously f  is a
-continuous and not continuous on ( , ).V r

Definition 1.4: Let :V Vf →  and :V Va × → [0, )+∞  be a functions. We 
say f  is a triangular a − admissible mapping, if 

1.	 ( , ) 1a z h ≥  implies ( , ) 1,a fz fh ≥  , ;Vz h∈
2.	 ( , ) 1, ( , ) 1a z x a x h≥ ≥  implies ( , ) 1, , , .Va z h z h x≥ ∈  

Lemma 1.5: Let f  be a triangular a -admissible mapping. suppose that there is 
0 Vz ∈  such that 0( ,a z 0 )fz ≥ 1.  Define ( )iz  sequence by 0= .i

iz f z  Then 
( , ) 1, , , < .j i j i N j ia z z ≥ ∀ ∈

Definition 1.6: Let ,V ≠ ∅  and 1,s ≥  .s R∈  If the following criteria satisfy, 
a function :V Vr × → R+ is called a b-metric: 

i.	 ( , ) = 0r z h  if, and only if, = ;z h
ii.	 ( , ) = ( , );r z h r h z
iii.	 ( , ) sr z h ≤  [ ( , ) ( , )].r z x r x h+  for each , , .Vz h x∈

Definition 1.7: Let ( ) = { ,i iz z }i N∈ be a sequence in a b-metric space 
( , ) :V r  
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1.	 ( )iz  is a convergent in ( , ),V r  if 
: lim ( , ) = 0.in

Vz r z z
→∞

∃ ∈

2.	 ( )iz  is a cauchy sequence in ( , ),V r  if 

0 0> 0, : ( , ) < , , >i ji N i j ie r z z e∀ ∃ ∈ ∀  

3.	� if every cauchy sequence in V is Converges in V, then ( , )V r  is called 
a complete b-metric space. 

Lemma 1.8: Consider a b-metric space ( , )V r  for 1.s ≥  Asume that ( )iz  and 
( )ih  are converges to z  and ,h  respectively. Then we get 

2
2
1 ( , ) liminf ( , ) limsup ( , ) ( , ).i i i in ns

sr z h r z h r z h r z h
→∞ →∞

≤ ≤ ≤

And also, if = ,z h  then we obtain lim
n→∞

( , ) = 0.i ir z h  Furthermore, for 
every ,Vx∈  we get

2
1 ( , ) liminf ( , ) limsup ( , ) ( , ).i in ns

sr z x r z x r z x r z x
→∞ →∞

≤ ≤ ≤

2.  Generalized a b− FG−  Contractions

Next, we present the concepts of generalized FGa b− −  contraction 
and establish some results about fixed points in b-metric:

Let FC  represent the collection of all functions :F R R+ →  satisfying 
the following axioms: 

(C1)	 F is continuous and strictly increasing ;
(C2)	 for every ( ) ,ir R+⊆  lim ii

r
→∞

= 0  if and only if lim ( ) = .iF r −∞  
	� and set ,GC b  be the set of pair ( , ),G b  that :G R R+ →  and : [0, )b ∞

→ [0,1),  satisfying the following axioms:
(C3)	 for every ( ) ,ir R+⊆ limsup ( ) 0ii

G r
→∞

≥  if and only if limsup 1.ii
r

→∞
≥

(C4)	 for every ( ) [0, ),ir ⊆ ∞  limsup ( ) = 1ii
rb

→∞
 implies lim = 0,ii

r
→∞

(C5)	 for every ( ) ,ir R+⊆  
=1

( ( )) = .i
i

G rb
∞

−∞∑

Example 2.1. 
i.	� Let ( ) = ( ) =F r G r lnr  and ( ) = (0,1),r mb ∈  then FF C∈  and 

,( , ) .GG C bb ∈
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ii.	� Let 1( ) = ,
r

F r −  ( ) =G r lnr  and 1( ) = ,r
sr eb −  > 0r  and (0) = 0.b  Then 

FF C∈  and ,( , ) .GG C bb ∈

Definition 2.1: Assuming a b-metric space ( , )V r  for > 1,s  let :V Va ×
→ [0, )∞  be a function and :V Vf →  is a mapping. We say that f  is 
generalized FGa b− −  contractions if for each , Vz h∈  with 1 ( , )a z h≤  
and ( ,r fz )fh > 0,  We’ve obtained 

( ( , )) ( ( , )) ( ( ( , )))s sF s F H G Hr fz fh z h b z h≤ +  
where

2 2
2

2 2
( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , )

2( , ) = { ( , ), , , ( , ), , }.s s ss s
H Max r z fh r fz h r fz z r f z h r f z h r fz h r h fhz h r z h r f z fz+ + +

Now, we establish and demonstrate our basic result:

Theorem 2.2: Consider a complete b-metric space ( , )V r  for > 1s  and :V Vf →  
is a mapping that satisfies these criteria: 

1.	 f  is a triangular a − admissible mapping; 
2.	 f  is a generalized FGa b− −  contraction;
3.	 there exists 0 Vz ∈  such that 0 0( , ) 1;a z fz ≥

4.	 f  is a -continuous. 

Then there is a fixed point for .f  Furthermore, if ( , ) 1a z h ≥  for every 
, ( ),Fix Tz h∈  then f  possesses a unique fixed point .

Proof: Let 0 Vz ∈  be such that 0( ,a z 0 )fz ≥ 1.  For 0 ,Vz ∈  we define the 
sequence ( )kz  by kz = 0

kf z = 1.kfz −  Given that f  is an a -admissible 
mapping, so

0 1 0 0( , ) = ( , ) 1.a z z a z fz ≥

We have continued this process 11 ( , )k ka z z−≤  for every k  in N. 
Additionally, let 0k  in N so that, 

0kz =
0 1kz + =

0
,kfz  then 

0kz  is a fixed 
point of .f  Assumedly kz ≠ 1kz +  so 1( ,kr fz − )kfz > 0,  for every .k +∈  
Since, f  is a generalized FGa b− −  contraction, then we obtain,

1 1 1 1( ( , )) ( ( ( , ))) ( ( , )) ( ( ( , )))s sF F s F H Hk k k k k k k kr fz fz r fz fz z z g b z z− − − −≤ ≤ +

where
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1 1 1 1 1 1
2

1
( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , )

21 12

( , ) =
max{ ( , ), , , ( , ), , }

s

s ss s

H
k k k k k k k k k k k k k k

k k
r z z r z z r z z r z z r z z r z z r z z

k k k k

z z

r z z r z z− + − + + +

−
+ + +

− +

1 1 1 1 1 1
2 2

( , ) ( , ) ( , ) ( , ) ( , ) ( , )
1 12= max{ ( , ), , , ( , ), , }, > 1ss s

sk k k k k k k k k k k kr z z r z z r z z r z z r z z r z z
k k k kr z z r z z− + − + + ++ +
− +  

then 1 1 1( , ) = max{ ( , ), ( , )},sH k k k k k kz z r z z r z z− − +  if

1 1 1max{ ( , ), ( , )} = ( , ),k k k k k kr z z r z z r z z− + +

we got

1 1 1( ( , )) ( ( , )) ( ( ( , )))F Fk k k k k kr z z r z z g b r z z+ + +≤ +

so, 1( ( ( ,G kb r z + )))kz ≥ 0, which yields that 1( ( ,kb r z + ))kz ≥ 0,  a 
contradiction. Therefore

1 1 1max{ ( , ), ( , )) = ( , ),k k k k k kr z z r z z r z z− + −

Here we have

1 1 1( ( , )) ( ( , )) ( ( ( , ))),F F Gk k k k k kr z z r z z b r z z+ − −≤ +

We are still applying f  is an generalized FGa b− −  contraction. As 
we’ve

1 2 1 2 1 2 1( ( , )) ( ( ( , ))) ( ( , )) ( ( ( , )))s sF F s F H G Hk k k k k k k kr z z r fz fz z z b z z− − − − − − −≤ ≤ +

2 1 2 1= ( ( , )) ( ( ( , )))F Gk k k kr z z b r z z− − − −+  
We are getting on in this manner

1 0 1 1
1

( ( , )) ( ( , )) ( ( ( , ))),
n

F F D Gk k k kr z z z z b r z z+ −≤ + ∑
 

Letting the Limit as ,k →∞  We’ve got

1lim ( ( , )) = ,F k kk
r z z+→∞

−∞
 

this due to

1 ,lim ( , ) = 0,( , and , ),F GF C G Ck k bk
r z z b+→∞

∈ ∈

Now, We ‘re proving it ( )kz  is a cauchy sequence in V. Assume that 
( )kz  is not a cauchy, so there exists > 0,e  subsequences ( )

ikz  and ( )
il

z  of 
( )kz  with > >i ik l i  such that
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( , )

i ilkr z z e≥

and ik  is the least number. We obtain 
1

( , ) < .
i ilkr z z e
−

 By using triangular 
inequality,

1 1
( , ) [ ( , ) ( , )]

i i i i i il l l lsk ke r z z r z z r z z
+ +

≤ ≤ +

1
limsup ( , )

i ils k
e r z z

+
≤

Also 
1

limsup ( , ) ,
i likr z z e
−

≤  and

1 1
( , ) ( ( , ) ( , ))

i i i i i il lsk k k kr z z r z z r z z
− −

≤ +

limsup ( , )
i il skk

r z z e
→∞

≤
 

Again we use the triangular inequality,

1 1 1 1
( , ) ( ( , ) ( , )

i i i i i il l l lsk kr z z r z z r z z
+ − + −

≤ +
 

Taking the upper limit as 
1 1

, limsup ( , ) .
i il skk

k r z z e
+ −→∞

→∞ ≤

f  is a triangular a -admissible mapping, and ( , ) 1,
i il ka z z ≥  f  is an 

generalized FGa b− −  contraction,

1 1 1 1
( ( ( , ) = ( ( ( , ) ( ( , )) ( ( ( , ))),

i i i i i i i il l s l s lF s F s F H G Hk k k kr z z r fz fz z z b z z
+ − − −

≤ +

where

1 1 2

1 1 2

( , ) ( , ) ( , ) ( , )
2( , ) = max( ( , ), , ,i i i i i i i i

i i i i

l l l l l
s l l s s

H k k k
k k

r z z r z z r z z r z z
z z r z z − + +

− −

+ +

2 2 1 1

2 1 2

( , ) ( , ) ( , )
( , ), , }i i i i i i

i i

l l
l l ss

k k k kr z z r z z r z z
r z z + + − −

+ +

+

 
Letting the upper limit as ,k →∞

1
limsup ( , ) = ,

i is lk
H kz z e

−→∞  
then

1 1 1
( ) ( limsup ( , ) limsup ( ( , )) limsup ( ( ( , ))),

i i i i i il s l s ls k k
F s F s F H G He

k k kk
r z z z z b z z

+ − −→∞ →∞ →∞
≤ ≤ +

1
( ) ( ) limsup ( ( ( , ))),

i is lF F G H kk
e e b z z

−→∞
≤ +
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then 
1

limsup ( ( ( , ))) 0,
i is lG H kk

b z z
−→∞

≥  and since ( ) < 1rb  for all 0,r ≥  we 
have

1
limsup ( ( ( , ))) = 1,

i is lG H kk
b z z

−→∞  
therefore 

1
limsup ( ( ( , ))) = 0,

i is lG H kk
b z z

−→∞
 which is impossible.

Hence ( )kz  is sequence of cauchy in V. Since ( , )V r  is complete, so 
( )kz  converges to ,Vz ∈  i.e., lim ( , ) = 0.kk

r z z
→∞

 Suppose that .z fz≠  By 
Lemma (1.8), we obtain

12
1 ( , ) liminf ( , ) limsup ( , ) = limsup ( , ) = 0
s k k k k k kk k k

r z fz r z fz r z fz r z z +→∞ →∞ →∞
≤ ≤

Hence, we have ( , ) = 0r z fz  and so = ,fz z  this z  is a fixed point of 
.f  Let , ,Fixz h f∈  z h≠  and f  is an generalized FGa b− −  contraction, 

we get,
( ( , )) ( ( ( , )) ( ( , )) ( ( ( , ))),s sF F s F H G Hr fz fh r fz fh z h b z h≤ ≤ +  

where,

2
( , ) ( , ) ( , ) ( , )

2( , ) = max{ ( , ), , , } = ( , ),s s ss
H r z h r z h r z h r z hz h r z h r z h+

we get

( ( , )) = ( ( , )) ( ( , )) ( ( ( , ))),F F F Gr z h r fz fh r z h b r z h≤ +  
so ( ( ( , ))) 0,G b r z h ≥  which produces that ( ( , )) 1,b r z h ≥  a contradiction. 
Hence = .z h  Consequently, f  has a unique fixed point.

Corollary 2.3: Consider a complete b-metric space ( , )V r  for > 1s  and :V Vf →  
is a mapping that satisfies these criteria: 

1.	 f  is a triangular a -admissible mapping;
2.	�  ( ( , )) < ( ( , )),sF s F Ht r fz fh z h+  for some > 0t  and for every , Vz h∈  

with 1 ( , )a z h≤  and ( , ) > 0.r fz fh

3.	 There is 0 Vz ∈  such that 0 0( , ) 1;a z fz ≥

4.	 f  is a -continuous. 

Then f  has a fixed point. Furthermore, if ( , ) 1a z h ≥  for every ,z h ∈
( ),Fix f then f  possesses a unique fixed point .
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Proof: Letting ( ) = ln ,G r r  ( ) = [0,1),r mb ∈  and putting = lnr m−  in the 
theorem (2.1). 

Corollary 2.4: Consider a complete b-metric space ( , )V r  for > 1s  and :V Vf →  
is a mapping that satisfies these criteria: 

1.	 f  is a triangular a − admissible mapping;
2.	 � ( , ) < ( ( , )) ( , ),s ss H Hr fz fh b z h z h  for all , Vz h∈  with 1 ( , ),a z h≤  

,GC bb∈  and ( , ) > 0.r fz fh
3.	 There is 0 Vz ∈  such that 0 0( , ) 1;a z fz ≥

4.	 f  is a -continuous. 

Then f  has a fixed point. Furthermore, if ( , ) 1a z h ≥  for every 
, ( ),Fixz h f∈ then f  possesses a unique fixed point .

Proof: Letting ( ) = ( ) = lnF r G r r  in the theorem (2.1), we obtain the result. 
We ‘re giving an example of the Theorem (2.1).

Example 2.2: Let = { 1,0,1},V −  be a b-metric with ( , )r z h = 2( ) .z h−  Define 
: ,V Vf → : 0,1)Vb →  and , :F G R R+→  by

(0) = 0, (1) = 1, ( 1) = 1,f f f− −  2 2( ) = 0,1), ( , ) = 1r mb a z h z h∈ + +  and 
( ) = ( ) = ln .F r G r r

Theorem 2.5: Consider a complete b-metric space ( , )V r  for > 1s  and :V Vf →  
is a mapping that satisfies these criteria: 

1.	 f  is a a -admissible mapping;
2.	 � ( , ) ( ( , )) ( ( , )),sF s F Ht a z h r fz fh z h+ ≤  for some > 0t  and for every 

, Vz h∈  with 1 ( , )a z h≤  and ( , ) > 0.r fz fh
3.	 There is 0 Vz ∈  such that 0 0( , ) 1;a z fz ≥

4.	 f  is a -continuous. 

Then f  has a fixed point. Furthermore, if ( , ) 1a z h ≥  for every 
, ( ),Fixz h f∈ then f  possesses a unique fixed point .

Proof: By the hypothesis, there exists 0 Vz ∈  such that 0( ,a z 0 )fz ≥
1.  Now we define a sequence ( )kz  by 1kz + = ,kfz  for all .k  If for some 

,Nk ∈  = ,k kz fz  then kz  is a fixed point of .f  Now 0( ,a z 0 ) 1fz ≥  ⇒  
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0( ,a z 1) 1.z ≥  Since f  is an a − admissible mapping, for all ,k  we get 
( ,ka z 1) 1.kz + ≥  As 1( ,ka fz − ) > 0ifz  and by the hypothesis, for some > 0,t  

we have

1 1 1( ( , )) ( ( , )) = ( ( , ))F F s F sk k k k k kr z z r z z r fz fz+ + −≤ ≤

1 1 1( , ) ( ( , )) ( ( , )),sF s F Hk k k k k kt a z z r fz fz z z− − −+ ≤  
where

1 1 1 1 1

1 1
( , ) ( , ) ( , ) ( , ) ( , ) ( , )

2 212

( , ) = max{ ( , ),
, , ( , ), , }, > 1

s

ss s

H
sk k k k k k k k k k k

k k k k
r z z r z z r zk z r z z r z z r z z

k k

z z r z z

r z z− + + + +

− −
+ +

+

then 1 1 1( , ) = max{ ( , ), ( , )},sH k k k k k kz z r z z r z z− − +  if

1 1 1max{ ( , ), ( , )} = ( , ),k k k k k kr z z r z z r z z− + +  

then 1( ( ,F kr z + ))kz ≤ ( ,kt a z+ 1)kz − 1( ( ,F s kr z + ))kz ≤ 1( ( ,F kr z + )),kz  which 
is impossible, we have max{ ( ,kr z 1),kz − 1( ,kr z + )}kz = 1( ,kr z − ).kz  
Therefore

1 1 1 1( ( , )) ( , ) ( ( , )) ( ( , )) , , > 1, > 0F s F s F sk k k k k k k kr z z a z z r z z r z z t k t+ − + −≤ ≤ − ∀

1 1( ( , )) < ( ( , ))F F sk k k kr z z r z z+ +  
hence 1( ( ,F kr z + ))kz < 1( ( ,F kr z − ))kz ⇒ 1( ,kr z + )kz < 1( ,kr z − ),kz  this show 

that ( )kz  is a decreasing sequence. Now, We prove 1lim ( ,kk
r z +→∞

) = 0,kz  
assume,

1lim ( , ) = > 0k kk
r z z w+→∞  

for every ,k  we have 1( , ) ,k kr z z w+ ≥  and since F increasing function, we 
got

1 1 1 1( ) ( ( , )) < ( ( , )) ( , ) ( ( , ))F F F s F sk k
k k k k k k k kh r z z r z z a z z r z z+ + − +≤ ≤

1
1( ( , ))F sk

k kr z z t−
−≤ −  

we proceed by induction to prove that

1 0 1( ( , )) < ( ( , )) ,F s Fk
k kr z z r z z kt k+ − ∀  
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0 1lim ( ( , )) = ,F
k

r z z kt
→∞

− −∞  so we can find j N∈  such that

0 1( ( , )) < ( ), > ,F F jr z z kt w k− ∀  

which is contradicts, we must have lim
k→∞ 1( ,kr z + )kz = 0.  By using the same 

method in the pervious theorem, we show that ( )kz  is a cauchy sequence. 
Since ( , )V r  is complete, the sequence ( )kz  converges to .Vz ∈  Suppose 
that .z fz≠  By Lemma (1.8), we obtain

12
1 ( , ) liminf ( , ) limsup ( , ) = limsup ( , ) = 0.
s k k k k k kk k k

r z fz r z fz r z fz r z z +→∞ →∞ →∞
≤ ≤

Hence, we have ( , ) = 0r z fz  and so = ,fz z  this z  is a fixed point of 
.f  Let , ,Fixz h f∈  z h≠  and ,

( ( , )) ( ( , )) ( , ) ( ( ( , )) ( ( , )) ,
( > 0,1 ( , ))

sF F s F s F H a br fz fh r fz fh a z h r fz fh t
t a z h

≤ ≤ ≤ −

≤

where,

2
( , )) ( , ) ( , ) ( , )

2( , ) = max{ ( , ), , , } = ( , ),s s ss
H r z h r z h r z h r z hz h r z h r z h+

we get

( ( , )) = ( ( , )) ( ( , )) < ( ( , )),F F T T F Fr z h r z h r z h t r z h≤ −  

this is a contradiction, then = .z h  Consequently f  has a unique fixed 
point.

Conclusion

We presented a generalized a b− -FG contraction in b-metric spaces 
in this work. We proved the existence and uniqueness of fixed points for 
such mappings. To illustrate the superiority of our results, we have given 
an example. Conclusion considering the results’ application, more research 
is necessary, particularly to determine whether some integral and 
differential equations have solutions.
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