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Abstract

We present a generalized a—3-FG contraction and discuss some ideas about fixed
points in b-metric spaces. These ideas are demonstrated via examples.

Subject Classification: 37C25, 54H25.
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1. Introduction

As a generalization of Banach’s principle of contraction, Wardowski
[14] introduced the specific contraction known as the F contraction and
provided a demonstration of a fixed-point result. Abbas et al. [1],
Wardowski et al. [15], and also Piri et al. [16] generalized F Contraction
and demonstrated some fixed, common fixed-point results. Samet et al.
[13] generalized Banach’s principle of contraction by defining o
-contractive and « -admissible mapping. Bahtin [2] and Czerwik [3, 4]
presented the idea of a b-metric space. Fixed-point theory in b-metric
spaces for both single-valued and multi-valued operators was then used
to resolve a number of publications (see [5-6], [1-16]). The principle of
o.—B—-FG contraction was presented by Vahid Parvaneh et al. [9] and
some fixed-point results were obtained in partially ordered b-metric space
and b-metric. In this work, we present a generalized o — 8- FG contraction
and discuss some ideas for fixed points in b-metric spaces. Examples are
given for illustration of the ideas. We are now representing a concepts of
o —y —contractive and ¢ -admissible mapping [7] and b-metric space [3].

Definition 1.1: Consider ¢:V —V be a mappingonaset Vand o:VxV
— [0,0) be a function. We say ¢ is an ¢ -admissible map, if

¢,neV, (g, n) =1 implies a(¢g,¢n) > 1.
Let ¥ represents all non-decreasing functions by the family y : [0, )
— [0,0) sothat ¥ yw"(r) <o forevery r>0, where y" is the n-th iteration
of y. =

As demonstrated in [13], the results are as follows:

Theorem 1.2: Let (V, p) be a complete metric space and ¢ be an o — admissible
mapping. Suppose that:

L o, mp@S,om <y(d(,m), forall {,neV, where y ¥
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2. There exist {, €V such that a({,,¢¢,)>1;

3. Either for any sequence ({,) in Vwith o({, {,,) 21, sothat {, >

as i >, We've got a({,, {)=1 forevery ieZ" or ¢ is continuous.

Then there is a fixed point to ¢.
This result was improved by Karapinar et al.[8] and Hussain et al.[5],
see( [10, 6]):

Definition 1.3: Let (V,p) be a metric space o:VxV — [0,0) and ¢:V
— V be mappings. We called ¢ is an ¢ -continuous on (V, p) if for given
eV, ({,) converges to ¢ and oa(f, {,,) 21 for all ieN,then ¢{,
converges to ¢¢.

Example 1.1: Let V =[0,0) and D({,n) = |{ —n| be a metric on V. Assume
that ¢:V — V and a:VxV — [0,+x) be defined by ¢ =¢°, if {<[0,1]
and ¢f = sinng +2, if ae(1,),

a,m=+n"+1, if {,nel0,1] and «(¢,n)=0. Obviously ¢ is o
-continuous and not continuous on (V, p).

Definition 1.4: Let ¢:V >V and a:VxV — [0,+x) be a functions. We
say ¢ isa triangular o —admissible mapping, if

1. o, m)=1 implies a(¢f,9m) =1, {,neV;
2. a(gl é) 2 1/ a(gl Tl) 21 lmphes a(C; Tl) 2 1/ g/ 77/5 eV.
Lemma 1.5: Let ¢ be a triangular o -admissible mapping. suppose that there is
¢, €V such that (&, &) = 1. Define (§,) sequence by §, =¢'¢,. Then
a¢,¢)21,V jieN, j<i.

Definition 1.6: Let V #J, and s>1, se R. If the following criteria satisfy,
a function p:V xV — R'is called a b-metric:

i. p(¢,m=0if and only if, {=n;
i p(&,m=pmn.0);
iii. p(g,m<s [p(,8)+p(S,m]. foreach {,n,EeV.

Definition 1.7: Let ({)={{,, ie N}be a sequence in a b-metric space
V. p):
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1. ({,) is a convergent in (V,p), if
3¢ eV:limp({,,{)=0.

2. () is acauchy sequence in (V,p), if

V£>O,E!ioeN:p(Ci,Cj)<£,Vi,j>i0

3. if every cauchy sequence in V is Converges in V, then (V, p) is called
a complete b-metric space.

Lemma 1.8: Consider a b-metric space (V,p) for s>1. Asume that ({,) and
(n,) are converges to § and m, respectively. Then we get

P& <liminf p(&,n,) <limsup (&, 1) <5*p(E, ).

And also, if {=n, then we obtain hm p(¢,,m,)=0. Furthermore, for
every eV, we get

s—zp(C ,8)<liminf p(¢,, &) <limsup p(§, 5) < sp(L, E)-

2. Generalized a—f —FG Contractions

Next, we present the concepts of generalized a——-FG contraction
and establish some results about fixed points in b-metric:

Let C, represent the collection of all functions F:R* — R satisfying
the following axioms:

(C,) Fis continuous and strictly increasing ;
(C,) forevery (r)cR*, limr =0 if and only if lim F(r,) = —o

and set C, be the set of pair (G, ), that G:R" > R and ,B [0,0)
- [0,1), satlsfymg the following axioms:

(C,) forevery (r)cR,, hm supG(r) =0 if and only if lim supr, >1.
(C) forevery (r)c[0,), hmsupﬁ(r) 1 implies hmr —O
(C,) forevery (r)cR_, ZG(ﬂ(r )) =—

Example 2.1.

i. Let F(r)=G(r)=Inr and pB(r)=me(0,1), then FeC, and
G.B)eCy
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ii. Let P(r)=‘Tl, G(r)=Inr and B(r)=1e”’, r>0 and P(0)=0. Then

FeC, and (G,,B)ECG/B.

Definition 2.1: Assuming a b-metric space (V,p) for s>1, let o:VxV
— [0,0) be a function and ¢:V —V is a mapping. We say that ¢ is
generalized a—f—FG contractions if for each {,neV with 1<a({,n)
and p(¢g, ¢n) > 0, We've obtained

F(sp(¢Z,¢m) < F(H (£, m)+G(B(H, (£, M)

where

2 2
H.(¢, 1) = Max{p(¢,m), P ,¢n)2+sp(¢C . PS¢ ):zp(rb (%)) ,p(0°C,00), p(¢s 24 . p(@¢,m)+p(n.¢1) 1.

S

Now, we establish and demonstrate our basic result:

Theorem 2.2: Consider a complete b-metric space (V,p) for s>1 and ¢:V >V
is a mapping that satisfies these criteria:

1. ¢ isatriangular o — admissible mapping;

2. ¢ isa generalized oo.— —FG contraction;
3. thereexists { €V such that a({,,¢¢,)>1;
4

¢ is o -continuous.

Then there is a fixed point for ¢. Furthermore, if a({,n)2>1 for every
§,neFix(T), then ¢ possesses a unique fixed point.

Proof: Let {, €V be such that a({,, ¢¢,) > 1. For { €V, we define the
sequence (§ ) by ¢ = ¢*{ = ¢ ,. Given that ¢ is an o -admissible
mapping, so

Gy, §,) =Gy, 05,) 1.

We have continued this process 1<o({_,,{ ) for every x in N.
Additionally, let x, in N so that, CKO = §K0+l = ¢§KO, then CKO is a fixed
point of ¢. Assumedly { # ¢ so p(¢S_,, ¢ ) >0, for every Kk e Z".

K+1
Since, ¢ is a generalized o — - FG contraction, then we obtain,

F(p(¢S,_.,9,.)) < F(s(p(9S,_,,96.)) < F(H, (G, E N+ Y (BH, (S, 6,))

where
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H (gx 1/§ ):
rnax Cx 1/C P(¢ 16k +p CWCK),p(CK.,,,Q.);p(ém,,{x),p(é‘HUC ) p@:‘fx)’ p(ék.,CKHS/J(Q.WCK)}
:max{p(CK 1/C )/ p(éK,lléx);p(im,!,c),p(CK,yLIK);p({m,{ CKHIC 5 { ) M} s>1

then H (C,_,,0.)=max{p(_,,.) p(C,... ) if
maX{P@H /g,( ) P(§K+1/ C,()} = p(C,ﬁu CK)r

we got

F(p(§ 1, SN <F(p(E 1 SN +7(B(P(C,,1,E))

so, G(B(p¢, ., ¢)) =0,which yields that B(p..,,¢)) =0, a
contradiction. Therefore

maX{P(CK,1 ’, gx )r P(C,M ’ g,( )) = P(CH ’ g,( )/

Here we have

F(p(C,1, 6 < F(p(G i, SN+ GBS, E)s

We are still applying ¢ is an generalized o—f—FG contraction. As
we've

F(p(C,,, 6 < F(s(p(@S,,, 06, ) < F(H,(§,,, & ) +G(B(H (S, ,,6,1))
=F(p(C, 5. S N+GB(P(E, .6, 1))

We are getting on in this manner

F(p(G, £ ) < FOE, )+ SG(BP(E, . ),

Letting the Limit as k¥ — o, We've got
}}i{! F(p(g,ﬁl ’ CK )) =—%,

this due to
limp(¢ ., )=0,(FeC,,and G,B e Cc/ﬁ),

Now, We ‘re proving it ({ ) is a cauchy sequence in V. Assume that
(§.) is not a cauchy, so there exists £€>0, subsequences ({_) and ({,) of
(£.) with k >1 >i such that ‘
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P, ¢ )z

and &, is the least number. We obtain p(¢_ ,{,)<é. By using triangular
inequality,

e<p, ¢ )<slpC, .6 )+pE, ¢

ES limsup p(CKi ,CZM )
Also limsup p(CKP1 ,6,)<g, and
PG, .6 ) <s(p(G, .6 )+pE, C))

limsup p(¢,,{ ) <e&s

Again we use the triangular inequality,

P, .S )ss(p@, ,8)+p(E ., )

Taking the upper limit as k —oco,limsupp((, ,{ )<es.

¢ is a triangular o -admissible mapping, and «({,,¢ )>1, ¢ isan
generalized a— f—FG contraction,

F(s(p(C, ,S.)=F(s(p(98, 90, )<SF(H,(&, 5. N+GBH,E, ., ),

where

P& G )+p(& G ) P& L+ )
H,(¢, /¢, )=max(p(§, ,§, )= o Dot B o

S

P&, Sk P&, L,

)+p(Ck, , /Cx,)
P, 6 )5  E—

S

}

Letting the upper limit as k¥ — o,

%{imsupHs(Cl ,é‘m):e,

then
F(s) < Fslimsupp(¢, &, ) <limsupF(H,(¢, ¢, )+limsupG(B(H, (., ),

F(e) < F(e)+limsup G(B(H. (¢, £, ),
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then limsupG(B(H({,,{,. )))=0, and since B(r)<1 for all r>0, we
have T

limsupG(B(H,(,,.¢, =1,

therefore limsupG(B(H (¢, ,C,L1 ))) =0, which is impossible.

Hence ({ ) is sequence of cauchy in V. Since (V,p) is complete, so
(§.) converges to {eV, ie, limp({ ,{)=0. Suppose that {=¢{. By
Lemma (1.8), we obtain

SP(&,00) <liminf p(§,,98,) <limsup p(¢,,¢¢,) = limsup p(¢,.,&,.,) =0

Hence, we have p({,98)=0 and so ¢{ =¢, this { is a fixed point of
¢. Let {,neFixg, {#n and ¢ is an generalized o—fB-FG contraction,
we get,

F(p(eC,¢m)) < F(s(p(¢S, ¢m)) < F(H (S, m) + G(B(H (S, M),

where,

H (é’ n)=max{p(C n) P& m+p(Em) p&.m) P(Cﬂ])} :p(é' n)

2s 27 s
we get

E(p(¢,m) = F(p(oS,om) < F(p(Z,m)+G(B(p(E,m)),

so G(B(p(¢,m))) =0, which produces that B(p({,n))>1, a contradiction.
Hence { =n. Consequently, ¢ has a unique fixed point.

Corollary 2.3: Consider a complete b-metric space (V, p) for s>1 and ¢:V -V
is a mapping that satisfies these criteria:

¢ is a triangular o -admissible mapping;

2. T+F(sp(¢S,9m)) < F(H.(C,m)), for some ©>0 and for every {,neV
with 1<a(§,m) and p(¢g,¢m)> 0.
Thereis , €V such that o(C,,08,)>1;

¢ is o -continuous.

Then ¢ has a fixed point. Furthermore, if a({,n)21 for every {,n €
Fix(¢), then ¢ possesses a unique fixed point.
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Proof: Letting G(r)=Inr, B(r)=me[0,1), and putting r=—Inm in the
theorem (2.1).

Corollary 2.4: Consider a complete b-metric space (V, p) for s>1and ¢:V -V
is a mapping that satisfies these criteria:

. ¢ isatriangular o — admissible mapping;
2. sp(¢¢,em) < B(H(E,MH (G, m), for all §neV with 1<a(f,mn),
BeCg, and p(¢g,¢n)>0.
3. Thereis {, €V such that a({,,¢5,)=1;

¢ is o -continuous.

Then ¢ has a fixed point. Furthermore, if a({,n)21 for every
§,n € Fix(¢), then ¢ possesses a unique fixed point.

Proof: Letting F(r)=G(r)=Inr in the theorem (2.1), we obtain the result.
We ‘re giving an example of the Theorem (2.1).

Example 2.2: Let V ={-1,0,1}, be ab-metric with p({,n) = ({ -n)*. Define
$: V-V, B:V—->0,1) and F,G:R+—>R by

¢(O) =0, ¢(1) =-1, ¢(_1) =1, ﬁ(?’) =me0,1), O‘(gl n)= CZ + 712 +1 and
F(r)=G(r)=Inr.

Theorem 2.5: Consider a complete b-metric space (V,p) for s>1 and ¢:V >V
is a mapping that satisfies these criteria:

. ¢ isa o -admissible mapping;
2. t+o(C,ME(sp(@f,on) <F(H.(C,m), for some ©>0 and for every

E,neV with 1<a(,n) and p(¢f,¢n)>0.
3. Thereis {, €V such that a({,,¢5,)=1;

¢ is o -continuous.

Then ¢ has a fixed point. Furthermore, if a({,n)=>1 for every
§,n e Fix(¢), then ¢ possesses a unique fixed point.

Proof: By the hypothesis, there exists { €V such that a({,, ¢{,) =
1. Now we define a sequence ({, ) by {_, = ¢ _, for all k. If for some
keN, { =¢f , then {_is a fixed point of ¢. Now a({,, ¢{,)=1 =
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a(f,, £,)=1. Since ¢ is an o —admissible mapping, for all k¥, we get
o, ¢ )21 As a(¢l _,, ¢{)>0 and by the hypothesis, for some 7 >0,
we have

F(p(C1 6N < F(sp(C,.,1,6,0) = F(sp(9S,,9S, ) <
T+a(C,,C )F(sp9c, o8 ) <FH(E ,E)),

where

Hs (C;c—l 4 g;g ) = maX{P(CK,l 4 ék )/

P18 )+P(C L) PGk C+P(E L r) PG Be) PG eir)
: 2 = 2 : ’p(CK’CKH)’ : ’%}

s>1
SZ ’

then Hs (g,(,] 4 Z:x ) = max{p(Zij] ’ gx )' P(Z:K ’ C,m )}/ if
maX{P(C,C,l ’ CK )/ p(g,( s €K+1 )} = p(C,( s C,ﬁl )/

then F(p(C,.,, €.)) s t+a(l, C ) F(sp(C, .., §)) < F(p(C,.,, €,)), which

is impossible, we have max{p(C_, ¢ ), p(C.,, ) = p(C s C).
Therefore

F(sp(C,.,.,.¢ )<, ¢ F(spC,.., )< F(p(, ,¢))~7,VK,5>1,7>0
F(p(C,.,1,6.)) <F(sp(C,...E.))

hence F(p({,,,, €)) < F(p(C, .y, €.)) = p(Cp/ €) < p(C. ., &), this show

that ({ ) is a decreasing sequence. Now, We prove limp({ ., { )=0,
assume,

limp({ ., )=w>0

for every x, we have p({

,{ )2 w, and since F increasing function, we
K+17 9k
got

Fm) < F(p(,..,, 6 ) < F(s"p(C,.,,, € )) s alC, & (" p(C,...C,))

<FE'pC 1 6T
we proceed by induction to prove that

F(s*p(C,.1,E)) < F(p(&,,¢,) —KT, VK
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lim F(p({,,{,)) — KT =—w, so we can find je N such that

F(p(g,,6,)) -kt < F(@), VK > ],

which is contradicts, we must have lim p(§

K+17

¢ ) = 0. By using the same
method in the pervious theorem, we show that ({) is a cauchy sequence.
Since (V,p) is complete, the sequence (§ ) converges to { V. Suppose
that = ¢{. By Lemma (1.8), we obtain

L p(C,68) <liminf p(G, ,9,) <limsup p(G, ,9¢,) = limsupp(E, ¢, ) =0.
Hence, we have p({,98)=0 and so ¢{ =¢, this { is a fixed point of
¢. Let {,neFixp, {#n and,

F(p(g,om) < F(sp(¢S, ¢m)) < (&, mE(s(p(¢S, ¢m)) < F(H (a,b)) -7,
(t>0,1<a(&,m))

where,

H,(§,m)=max{p(¢,m), PEWLPEM PEM PED) = p(¢ 1,

4
S

we get

F(p(&,m)=F(p(T¢,Tn))<F(p(¢,m)—-1 < F(p(¢, M),

this is a contradiction, then {=1n. Consequently ¢ has a unique fixed
point.

Conclusion

We presented a generalized o — 8 -FG contraction in b-metric spaces
in this work. We proved the existence and uniqueness of fixed points for
such mappings. To illustrate the superiority of our results, we have given
an example. Conclusion considering the results” application, more research
is necessary, particularly to determine whether some integral and

differential equations have solutions.

Conflict of interest

The authors declare no conflict of interest.



688

G. M. ABD-ELHAMED AND A. A. AZZAM

Availability of data and material

All the data of the study are included.

Funding

This research received no external funding.

Acknowledgment

This study is supported via funding from Prince Sattam bin Abdulaziz

University project number (PSAU/2025/R/1446).

References

(1]

(2]

(3]

[4]

[5]

[6]

(7]

(8]

9]

M. Abbas, B. Ali, and S. Romaguera, “Fixed and periodic points of
generalized contractions in metric spaces,” Fixed Point Theory Appl.,
vol. 2013, p. 243 (2013).

I. A. Bakhtin, “The contraction principle in quasimetric spaces [in
Russian],” Funk An Ulianowsk Gos Ped Inst., vol. 30, pp. 26-37 (1989).

S. Czerwik, “Contraction mappings in b-metric spaces,” Acta Math.
Inf. Univ. Ostrav., vol. 1, pp. 5-11 (1993).

S. Czerwik, “Nonlinear set-valued contraction mappings in b-metric
spaces,” Atti Sem. Mat. Fis. Univ. Modena, vol. 46, pp. 263-276 (1998).

V. Gupta and R. Saini, “Some new coupled fixed point results in com-
plex value b-metric spaces,” Int. |. Syst. Assur. Eng. Manag., vol. 14,
pp- 2579-2585 (2023).

N. Hala, K. Habita, and S. Beloul, “Fixed point results for generalized
contractions via simulation functions in dislocated quasi b-metric
space,” J. Anal. (2024).

N. Hussain, M. A. Kutbi, and P. Salimi, “Fixed point theory in com-
plete metric spaces with applications,” p. 280817 (204).

H. Hussain, P. Salimi, and A. Latif, “Fixed point results for single and
set-valued a—n-¥ contractive mappings,” Fixed Point Theory Appl.,
vol. 2013, p. 212 (2013).

N. Hussain, D. -Doric, Z. Kadelburg, and S. Radenovic, “Generalized
Wardowski type fixed point theorems via a-admissible FG contrac-
tions in b-metric spaces,” Acta Mathematica Scientia, vol. 36B, no. 5,
pp- 1445-1456 (2016).



FIXED POINTS IN GENERALIZED ALFA-BETA-FG CONTRACTIONS 689

[10] K.Karapnar, P. Kumam, and P. Salimi, “On a—¥-Meir-Keeler contrac-
tive mappings,” Fixed Point Theory Appl., vol. 2013, p. 94 (2013).

[11] M. A. Khamsi and N. Hussain, “KKM mappings in metric type spac-
es,” Nonlinear Anal., vol. 73, no. 9, pp. 3123-3129 (2010).

[12] P.Salimi, A. Latif, and H. Hussain, “Modified a—¥—contractive map-
pings with applications,” Fixed Point Theory Appl., vol. 2013, p. 151
(2013).

[13] B. Samet, C. Vetro, and P. Vetro, “Fixed point theorem for o—¥-
contractive type mappings,” Nonlinear Anal., vol. 75, pp. 2154-2165
(2012).

[14] D. Wardowski, “Fixed points of a new type of contractive mappings
in complete metric spaces,” Fixed Point Theory Appl., vol. 2012, p. 94
(2012).

[15] D. Wardowski and N. Van Dung, “Fixed points of F-weak contrac-

tions on complete metric spaces,” Demonstratio Math., vol. 47, no. 1,
pp- 146-155 (2014).

[16] H. Piri and P. Kumam, “Some fixed point theorems concerning F-
contraction in complete metric spaces,” Fixed Point Theory Appl., vol.
2014, p. 210 (2014).

Received May, 2024



