Journal of Interdisciplinary Mathematics
ISSN: 0972-0502 (Print), ISSN: 2169-012X (Online)
Vol. 28 (2025), No. 2, pp. 669-676

DOI : 10.47974/JIM-2110

Approximate solution of nonlinear coupled boundary value problem
related to blood flow in artery using variational iteration method

Sultan Ahmad *
Department of Mathematics
Lingaya’s Vidyapeeth
Haryana 121002

India

Sanjay Kumar

Department of Basic Sciences and Humanities
Pranveer Singh Institute of Technology
Kanpur 209305

Uttar Pradesh

India

Naseem Ahmad $
Department of Mathematics
Jamia Millia Islamia

New Delhi 110025

India

Abstract

This research examines blood flow dynamics within arteries under transverse magnetic
field and temperature variations. A nonlinear singular coupled boundary value problem
models blood flow. Using Variational Iteration Method (VIM), velocity and temperature
profiles are analyzed. Assuming constant magnetic field, temperature-dependent fluid

viscosity is considered. Flow and wall shear stress expressions are derived.
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1. Introduction

Research on blood flow dynamics has significantly advanced our
understanding of hypertension, particularly the role of vessel narrowing [1]. The
cardiovascular system includes heart, blood, and blood arteries, which is critical
for regulating blood pressure.

Studies have investigated the impact of magnetic fields on blood flow,
oxygenation, and pressure [2,3,4,5]. Mathematical models have been developed
to analyze blood flow through arterial systems, accounting for factors such as
magnetic field effects, non-Newtonian fluid dynamics, and temperature-
dependent viscosity [6, 7, 8].

Variational iteration methods have been successfully applied to solve
complex blood flow problems [9, 10, 11]. Researchers have also explored the
effects of magnetic fields on blood flow through indented tubes and rigid vessels
[3, 4]. The author proposed the Variational Iteration Method (VIM) to solve a
complex, non-linear boundary value problem related to blood flow [11, 12, 15].

In section 2 the author presents the mathematical model. In section 3 a
solution to the problem is discussed. Shear stress and data are discussed in
section 4 and 5 respectively. Results are provided in section 6. Finally, the
conclusion is discussed in section 7.

2. Mathematical Model

This research investigates the dynamics of blood flow across a circular
conduit while being influenced by an external magnetic field and temperature
variations. Assuming blood exhibits Newtonian behavior, we examine the
combined effects of magnetic field and temperature-dependent viscosity on flow
characteristics. Consider a steady, viscous, incompressible, and laminar flow of
blood through a horizontal tube with radius R. There is an external magnetic field
acting on the flow and viscosity varies with temperature. The magnetic Reynolds
number is sufficiently small to neglect induced magnetic field effects. The
cylindrical coordinate system is being considered for the study as per (figure-1).

v

Figure 1
Schematic Diagram of blood flow through a tube
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The blood distribution moves more slowly due to the fluctuating magnetic
field. A steady magnetic field at first, B, is applied perpendicular to the axis of
the tube [13]. The middle of the tube with radius R is where the z-axis is located.
It is assumed that the fluid is moving with velocity parallel to the tube's axis
while being affected by the Lorenz force and a steady pressure gradient [14].
The components of velocity uy.,ug and u, = u,(r)are along ther,6 and z
directions respectively. The energy momentum equations of the blood flow
motion as follows:

dp 1d du 2.
—t () —oBtu=0 M

) (@) =00

dp . . . L . .
Where a_: T is the fluid temperature, u is the viscosity, ¢ is the electrical

conductivity, k£ is the coefficient of thermal conductivity, is the pressure
gradient, and rare is the radial direction [15].

Conditions on Boundary:
u=0, T=0a r=R
du dT
E=;=0' at r=0 3)
uislimited and T=T, at r =0
Making use of the following non-dimensional quantities [16,17]
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After removing the stars, equations (1) and (2) becomes
ud ( du) M2 _
. oy u=-1 4
n dn n dn 4)
1d( do )\ 2
;a(m) —HhE (a) =0 (5)

The corresponding boundary conditions for equations (4-5) are given as
below
u=0, 6=1at n=1
du deo
E—E—Oat n=20 (6)
u=10=0atn=0
To solve the equations (4-5), we consider an empirical relationship
T-T*
To
The dimension less relation has been considered as below:

T=§ and p=e® (7)

between temperature and viscosity as <<l.
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Where 3 is a dimension less parameter, which is contingent upon the
fluid's characteristics. Equation (7) can be expressed using Maclaurin's series
expansion as

du daoe

_ 1 2 = g%
p=1-B06+0(6%) and = Bdn. ®)
Substituting equations (7-8) into (4-5), we obtain
2 2
d_’z‘_ d_’2‘+ld_u_9d_u_@d_9+ed_”@_M2u=_1 )
dn dn* ' mdn  mdn dndn  dndn
d?e | 1de
WJFHE_NG_G)( ) =0 (10)

where N=08 Pr Ec=0.00125<<1, is the little parameter.

3. Solution utilizing Variational Iterative Method

To solve equations (9-10) analytically, The Variational Iteration Method
(VIM) is what we use. Nonlinear singular boundary value issues that are
common in physiological models are effectively handled by VIM.

Lu(x) + Ru(x) + Nu(x) = g(x) (11)
where g(x) represents the source in-homogeneous term and L and N represents

linear and non-linear operators, respectively. The following iteration formula can
be created using VIM as a guide:

Uppr (X)) = u, (x) + fox/l[Lun + Ril,, + Nii,, — g] dt (12)

where Rii, and Nii, are regarded as confined variations, that is, 6Rii, =
0,0Nii, =0, and X is the general Lagrange multiplier that may be ideally
identified by variational theory.

With n being the last iteration step, an approximate solution can be found

roughly in the form u(x,#)=u,(x,?). Using the technique of variational iteration for
the equations (9) and (10), the correct functional are given by

Un1 (M) = up(n) +

n d?uy, d?u, . 1du, Opdup, du,dd, dun dén 2
|- 1dun _ Ondin _ din O M2u, — 1 1
fO 1] as2 en ds? + s ds s ds ds ds + en ds ds ( Un ) ds ( 3)

d? en(s) 1 den(s)
s

dun(s)

s (1) = 0, () + [, [ 2 = N(1 = 0,) (“22) Jas (14)
where A and A, are general Lagrange’s multlphers, and can be identified as:
A=A, =sln (%)

By the above formulae, start with suitable initial approximations satisfying
the boundary conditions given as below:

2
Uy = By = 5 (15)

MZ+4

After solving (13-14), we get u;,6,. As follows:
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_ nZ 1 n4M6 114'1\’14'
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MO+12M*+48M?2+64

Similarly, with the help of Maple-2021, we obtained s, 6.

4. Shear Stress
The definition of wall shear stress in its dimension-less form is:

du
r_(1—e)(a) ) (18)
where the shear stress 7 has been calculated using the Maple-2021.

The procedure of calculation u,, 8, and shear stress T have not included in
this paper due to lengthy as well as tedious calculations.

5. Physiological data
p=1050 kgm *,0=1.4mho./m, p=.0032 m" s, C,=14.65Jkg 'K,
k=22x17jm's 'K,y =0.0012m's™", u,=0.90 ms™,
R =0.004m,  =0.021C"", Ty =310 K, B;=8T.

The Prandt 1 number, Eckert number, and magnetic parameter were
estimated using the same blood flow physiological values. When combined with
the physiological values for blood flow mentioned above, we were able to
determine the approximate values of these parameters as

2
=% +879~9 E =" ~179%10™% M =B,R |Z~ 1.1
k C. Ho

pTo

6. Result and Discussion

The solution of equations 9 and 10 are interpreted by the expressions 22 and 23
respectively. Now we study the figures from 2 to 6. Figure 2 shows the effectiveness of
magnetic parameter Monaxial velocity where we conclude that as M increases, then
of blood velocity decreases. The decrease in blood velocity due to presence of
iron components in blood. The Figure 3, depicts effectiveness of small
parameter N on the temperature 6. In figure 4, we read the effect of magnetism
M on temperature 6. Figure 5, is the graph to read the effect of small parameter
N on shear stress 7. Here, we observe that as N increases, the trend of shear
stress is increasing too. In figure 6, we observe the effect of M on shear stress z.
We conclude that as M increases, 7 is also increasing.
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7. Conclusion

SAER I .

Equation (4) has solved for velocity u.

Equation (5) is solved for temperature field 6.

Shear stress has been found out as given in expression (18)

The effect of small parameter N has been seen through the figures(3) and (5).

The influence of M, the magnetic parameter has been seen in figures (2),
(4) and (6) respectively.

References

(1]

(2]

(3]

[4]

[5]

[6]

[7]

(8]

[9]

K. Deshikachar and A. R. Rao, “Effect of a magnetic field on the flow
and blood oxygenation in channels of variable cross-section,” Int. J.
Eng. Sci., vol. 23, no. 10, pp. 1121-1133 (1985).

V. Sud and G. Sekhon, “Blood flow through the human arterial sys-
tem in the presence of a steady magnetic field,” Phys. Med. Biol., vol.
34, no. 7, p. 795 (1989).

K. Haldar and S. Ghosh, “Effect of a magnetic field on blood flow
through an indented tube in the presence of erythrocytes,” Indian J.
Pure Appl. Math., vol. 25, no. 3, pp. 345-352 (1994).

Z. Fang and W. Wangyi, “Effect of the magnetic field on the pulsatile
flow through a rigid tube,” Appl. Math. Mech., vol. 16, no. 6, pp. 521-
532 (1995).

J. Mazumdar, U. Ganguly, and S. Venkatesan, “Some effects of a mag-
netic field on the flow of a Newtonian fluid through a circular tube,”
Indian |. Pure Appl. Math., vol. 27, no. 5, pp. 519-524 (1996).

J.-H. He, “Approximate analytical solution for seepage flow with
fractional derivatives in porous media,” Comput. Methods Appl. Mech.
Eng., vol. 167, no. 1-2, pp. 57-68 (1998).

K. Hooman and A. Ranjbar-Kani, “A perturbation-based analysis to
investigate forced convection in a porous saturated tube,” J. Comput.
Appl. Math., vol. 162, no. 2, pp. 411-419 (2004).

E. E. Tzirtzilakis, “A mathematical model for blood flow in magnetic
field,” Phys. Fluids, vol. 17, no. 7, pp. 077103 (2005).

A. R. S. Kanth and K. Aruna, “He’s variational iteration method
for treating nonlinear singular boundary value problems,” Comput.
Math. Appl., vol. 60, no. 3, pp. 821-829 (2010).



676 S. AHMAD, S. KUMAR AND N. AHMAD

[10] A. M. Wazwaz, “The variational iteration method for solving non-
linear singular boundary value problems arising in various physical
models,” Commun. Nonlinear Sci. Numer. Simul., vol. 16, no. 10, pp.
3881-3886 (2011).

[11] A. Kumar, “Performance model and analysis of blood flow in small
vessels with magnetic effects,” Int. J. Eng., vol. 25, no. 2, pp. 189-196
(2012).

[12] C.Biswas, T. Biswas, and R. Biswas, “Relative (p, q)-¢ order and rela-
tive (p, q)-¢ type oriented some growth investigations of composite
p-adic entire functions,” J. Interdiscip. Math., vol. 25, no. 2, pp. 233-246
(2022).

[13] P.]J. Blanco, S. M. Watanabe, E. A. Dari, M. A. R. F. Passos, and R. A.
Feij6o, “Blood flow distribution in an anatomically detailed arterial
network model: Criteria and algorithms,” Biomech. Model. Mechano-
biol., vol. 13, no. 6, pp. 1303-1330 (2014).

[14] S. Sharma, U. Singh, and V. Katiyar, “Magnetic field effect on flow
parameters of blood along with magnetic particles in a cylindrical
tube,” J. Magn. Magn. Mater., vol. 377, pp. 395-401 (2015).

[15] Morteza Moosavi, Morsal Momeni, T. Tavangar, R. Mohammadyari,
M. Rahimi-Esbo, “Variational iteration method for flow of non-New-
tonian fluid on a moving belt and in a collector,” Alexandria Eng. .,
vol. 55, no. 2, pp. 1775-1783 (2016).

[16] I Slimane and Z. Dahmani, “Normalized fractional inequalities for
continuous random variables,” |. Interdiscip. Math., vol. 25, no. 2, pp.
335-349 (2022).

[17] J. Tsetimi and M. Ebimene, “Numerical study of two-dimensional
steady incompressible Newtonian laminar flow of blood through
constricted artery,” Eur. . Pure Appl. Math., vol. 15, no. 1, pp. 314-327
(2022).

Received February, 2024



