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Abstract

This paper deals with a new class of nonlinear coupled fractional differential equations
with Caputo derivative. The existence and uniqueness of the solution is treated using the
Banach mapping principle, also some results of the stability in the sens of Ulam-Hyers are
introduced.
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1. Introduction

In the recent years, the fractional calculus has attracted the interest of many
researchers, where nowadays we find its applications in different area of
researches, like for instance: economy, control theory, engineering and
thermodynamics. see [7, 11, 12, 13, 14]

Recently, modeling many scientific phenomena (climate [5],
thermodynamics [6],...) bring us to the theory of fractional differential equations
and systems; for example, in [3], it has been studied a constitutive equation
applied to a viscoelastic body showed as follows:
a:(tx)

dt

d d? d d?
[1+ala+a2ﬁ]a(t,x)=[1+b1§+bzﬁ] t>0x€R, (N
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where a;, by, i = 1,2,3 are positive constants. The fractional generalization of
(1) is giving by the following

[1+ a,D* + a,D?%]o(t,x) = [1+ b,DP + b DZB]

where a, 8 € (0,1).

Using the Bochner-Schwarz theorem, the authors got the restrictions for
the constitutive equations in linear viscoelasticity that follow from the weak
form of the dissipation inequality as result.

In [1], the authors investigated the following nonlocal boundary value
problems of fractional order differential equation

Y2 o apDPtRx(t) = f (t,x(t),Dﬁ‘“x(t)), 0<a<pf<1,0<t<]1,
x(O)=0,x(r))=0,x(1)=lf0lx(s)ds, 1<i<n<1,1€R,

0'8('-' X)

t>0,x€R, (2

where DP is a Caputo fractional derivative of orderf, and f —a > 0,f :
[0,1] x R? - R is a continuous function, a;, i=0,1,2 are real constants.

Then, in [2] the authors worked on the following boundary value problem
of coupled nonlinear multi-term fractional differential equations

([a D2 + @, DI + a,Dx(t) = f(t, x(t), ¥(1)), 0<qg<1,
4 [b,DP*2 + b, DP* + a,DP]x(t) = g(t, x(£), y (1)), 0<p<1,

x(0) = x'(0) = 0, [} x(s) ds = S A, [ y(s)ds,
'ky(o> = ¥'(0) = 0, y(s) ds = Sieop 7 x(s)ds,

where D® present the Caputo fractional derivatives of order 0 < p,q < 1,f, g :
[0,1] x R? - R are given continuous functions, and a;, b;, (i =0, 1, 2) are real
constants with a, # 0 # b,.

The main results obtained in the works cited above were associated to the
study of the existence and uniqueness of solutions and positive solutions. The
results were obtained by means of standard tools of fixed point theory.

In this work, we will be concerned with the following coupled fractional
order boundary value problem with nonlocal integral conditions:

Y2_ DBitkx(t) = fi(t, Dt %x;(t), x3_;(t)), 0<a<pB;<10<t<1,i=12
x(0) =0,x;(n) =0, x;(1) =4 folixi (s)ds, O0<y<m<1,LE€ERi=12

3)
where D© represent the Caputo fractional derivative, f; : [0,1] X R? - R,i =
1,2, are given functions. This paper is organized as follow: In section 2, we
introduce some definitions and lemmas that we need in our study, Section 3, we
present our main result, Section 4, we give some illustrative examples.

2. Basic concepts

We begin by introducing the following definitions, lemmas and notations
that will be need in the rest of this work. We refer the reader [8, 9, 10].



COUPLED FRACTIONAL DIFFERENTIAL SYSTEM 475

Definition 1: Let o > 0. The o Riemann-Liouville fractional integral of a
function S € L*([0,T], R,) is given by:

JoS() = 55 Jy (= )7 s(6)d6, o >0,
Where I'(0) = fo e *x% dx,
And the Caputo fractional derivative D°

o — 1 t _ n—-o-1¢c(n) _
DS(t) = o) INGR)) SM(@)dh, n—-1<o<n.

Lemma 2: Let o > 0. We have
J°DS(t) = S(t) + X5 ¢t/
Where ¢; ER,j =0,1,..,n—1,n=[o] + 1.
To study the integral equation associated to (3), we are going to rely on the
result obtained in [4]. It is important to note that in the present paper, we are

dealing with the treatment of a coupled fractional order differential equations for
the case of A< 0. So, we begin by presenting the following lemma.

Lemma 3: The following problem
Y2_oDBitkx; (1) = u; (b), 0<p<10<t<1,
{xi(O) =0,x,(n) =0, x;(1) =4 [,'x; (s)ds, 0<y; <m; <1, ERI=12,
where
w (8) = £ (& DP1*x, (0, %,(0)), and uy(6) = £, (£,2%,(8), DP2+ e, (1)),

Has the following representation of solutions:

0 (0 = L[ 1o 2w (wydwd + 3, 0)

r(By
fmf ‘D(fh S FV:;) u(W)deS
+w21(t)[f f @(1) s M(/l);)l u;(w)dwds —

cf +52 fllf (CZ + Ce —e1(ti=s) cos Cz(lz - S)

(s-w)fi~1

6 u;(w)dwds]], i=1,2.

—ce” 1 sin ¢, (1; — )

We have fori = 1,2
where @(j) = e=1U~9) —sinc,(j —s),j =t 1,1,

&

¢ == c, =
17 27

ca+cpe €1t cos cyt—cie €1l sin eyt _ .
v, () = 2= z 1 = v,(t) = c,e 1 sin e, t,

c?+c?
cyt+cpe " 1Micos cyni—cie " 1Misin ¢y

L= — -1 o ]
q1i = c%+c% ’ q2i = Cz€ i sin 2Ny
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1 _ _ . oA —Cq,.
Ui = 7,2 [c; —c,e 1 cosc, — e “tsine, — ¢ A + —C22+C‘2 (c; — cre”
1 2 1 2

X COS Cyl; — Cpe~Cllisincyt;) +

€14 —C1y; —Cali ot
242 (Cz — e ticoscyl; — e “tisin Cztl-)],

ey A —¢q,. it s
Qsi = C;[e Ctsinc, — ﬁ(c2 — 8" M cos ¢yt — ¢ e~ sin cyty)],

@y (t) = M @,; (t) = M
3 3
where N3; = q1;q4; — 42:93: # 0.

Going throw the same process and using the same arguments as in [4], we
achieve the proof.

3. Main work

3.1 Existence and Uniqueness of Solutions
Let /] =[0,1],C = C(J,R), and the norm ||. || = sup,el. |-
Let us introduce the following two Banach spaces X;, X, by:

X, = {x; € C,DF1~%x, € C}, with the norm ||x I,
= max (”x1”00' ||D31_“x1||00),

X, = {x, € C,DP2=%x, € C}, with the norm ||x; I,
= maX(”leloor IIDBZ‘”‘xz”w)'

We define also X; X X, that we equip it with

”(xpxz)nxlx X, — max(llxlllxl, IIlelxz)-
We take the nonlinear operator
T: X, X X;->X; X X,

By  T(xy,x)(t) = (T1 (21, x0) (), Ty (x4, x1)(t)),
Where

(s—w)B1-1

Ty (xq, x)(8) = = [f f d(t) ——— = fi (W,Dﬁl—“xl(w),xz(w))dwds+

@31 [ I3 @01) S22 £y (w, DF =y (W), 1, (W) ) dwids +
(0 [} I3 @) 0= £y (w, D, (), 3, w) ) dwels —

A L _ )
C1+1c2 f 1f (C2 + c,e c1(t1-5) COS Cy (Ll — s)) —ce c1(t1-5) - Cz(ll
G-w)f1t B1-a
Ny h (W'D ! xl(W).xz(W)) deS]],
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(s—w)P2—1

T, (21, %) (1) = — [f Js 2O 55— r62)

@, (t) fnzf @ (12) S FM(/; ) fa (W x; (W), DF2~y, (W)) dwds +

(s—w)P2—1

@, (1) [f f (1) ——— D f> (W, xl(w),DBZ‘“xz(w)) dwds —

A2 [l ACES —c1(12—5) o}
cgfo fo (c2+c2e 12=9) cos ¢, (1, — 5) ) — c;e ™12 sinc, (1, —

fz (w, x; (W), DP2~y, (w)) dwds +

(s—w)P2—1

r(Bz)

We will apply fixed point theory to study (3).
We consider the conditions:
(H1): The functions fi,f, are continuous on J X R? and there exist
Ki,K,, K3, K, € R} suchthat fort € J,x,y,%, ¥ € R

|f1(t:x,Y) - f1(t:f:}7)| < Kllx - f|+K2|y - }7|:

If2(t,%,y) = fo(t, %, )| < Kslx — X[+K, |y — F.
(H.2): There exist positive real numbers N;, N,such that forall t € ],

|f1(tl 0,0)' S Nl < 0, |f2(t' 0,0)' S NZ < 0o,

And notations:

s)) f (W, x; (W), Dﬁz‘“xz(w)) dwds]].

cos(cpt)—1 exp(—clt)—ll g = Nz[““‘wlzﬂg K1+wzznz+wzzlz (] o
’ 2l (Ba+ DI (1+a—B2) S

U =su
Ptej P o

SuptE]lm],_i(t) |’ i= 1:2:
cos(camz)—1  exp(—c17m2)—1
¢y c1

M= |,w2i=

cos(can)—-1  exp(—cina)-1] . _
_ M =
C2 C1

Supteﬂwzi(t)“ =12,

— K*[u+wlzn§2n;+w22n2+w221f2Z*]

_|cos(c)-1 _ exp(—cl)—1| < _

1 c2I' (B2+1) C c2 €1
A1l sin cptq
2,2 |2l ’
c?+c? exp cqly
¢ _ K[u+wunflu1+w21n2+w21lfli] ¢ _ Nl[n+w11nflu1+w21u2+w21lfli] {* _
t c2I'(B1+1) e c2T(B1+1) A
1A2] sin ¢ty
2.2 |C2l2 ,
c2+c2 exp cqly
_ K[u+ar11nflu1+w§1n2+w;11f’1{] _ Nl[u+w’1‘1nflu1+w§1u2+w;1Lfl(] .
te l (Br+Dr(+a—p) ' cal (B1+ DI (1+a—f7) i

Supt€]|w£i(t)| i=12,

- Nz[n+m12nf u1+m22u2+11722L22( ] ,é, _ K*[u+w{2nfzu’i+mézu2+w;2ngl*]
2l (B2+1) 1 2 (B2 +1)I (1+a—B2)
SuptE]lwli(t)lvl =12,

y W =

We present the following theorem.
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Theorem 4: Assume that (H.1), (H.2) hold. Suppose also that
max(¢y, 0;,$1,01) < 1,i = 1,2,
Then, (3) has a unique coupled solution defined over J.

Proof: We consider the parameter r by

¢ 0 ¢ G )
1-¢1 10" 1-¢1 " 1-6,/°
We define B, = {(x1,x,) € X; X X;: 1Cer, 2 x, xx, < r}, and we prove
that TB, € B,. Forall t € ], (xy,x,) € B,, we have

[Ty (xq, x2) ()| =

—[f Flom$2 r“:;) | (w, DF1=ax, (W), x, () )| dwdds +

r>max(

@ (O1 )" [ 101 So— ;z;) | (w, DB, (W), 2,() )| dwds +
21 (O1 [ 1} [510 (D1 S22 |y (w, D=2, (w), 2, (w) )| dwels —

I/11I

2 fllf s + cae™1a™) cos ¢, (1 — 5) — cre ™1™ sinc, (y —

(- Fv&ﬁ; | fi (W, DA%y (), x, (w))| dwds]]

Using (H.1) and (H.2), we get that
| (6 0P, (0, %®)| < |fi (605720, (0), %.(0)) — A(£,0,0) +
fi(t, 0,0)| < K1|D‘81_ax1|+K2|x2| + N;.

|2 (£, P, 0)| < |2 (6200, DP2~92,(®)) = £2(£,0,0) +
£(t,00)], < Kl | + K, [DP2~%, | + N

s))|

Hence
(K1|DB1_'ZX1|+K2|X2|+N1)
<

7, Gy 3l < S22l

We define the quantity K = max (K, K), so we get
1Ty Gey, x2) Moo < P17 + . (4)
On the other hand
D= Ty (xp x,)(t) =

t (t-5)%~ (s—w)f1—1 Bi-a
Cz[ o Trars, )f @(t) A fi (W,D 1 xl(w),xz(w)) dwds +

[K + wunflul + @y n, + ZD'21L1 (]

(t-s)*P1 N1 (s-w)P1- B1—a
F(+a+By) 11(t)f f (M) — 6y ) f1 (W’D 1% (w), xz(W)) dwds +
(t-5)%hB1 (s—w)B1-1

s O [y @) 5= fi (w, DPx, (W), x,(w) ) dwdds —
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A e (=) ot
L 2 f‘l Jy (cz + c,e™11=9) cos ¢, (1 — s)) —ce 19 sinc, (1, —

(s— W)ﬁl 1 Bi-a
) 1 (o, D, (w), 2, w) ) |,
therefore
Bi-a (K1|D31_“x1|+1(2|x2|+1v1) B
” DP1 T1(x1,x2)”oo = (B +Dr(1+a+py) [K + WM, Uy + Wy My +
mzﬂllq
| DA~ Ty (xy, %) || < 617 + 6. )

Similarly with T, (x;, x,). We have

1T, Gy, )l < alalKlDE2 Cra )
2\ A0 A2 0 =

c2I(B2+1)

[K + w1zT11 W+ wyu, + wzztlli ]

We define K* = max (K3, K,), so we obtain
1T Ceq, x2) Moo < (l;lr + ¢~) (6)
| DA~ Ty (21, %) || < 617 + 6. 7
Thanks to (4), (5), (6) and (7) we get
”T(xpxz)”xlxxl =r
Morevoer, for all t € ], (x1, x3), (X1, X,) € X; X X; we have
Ty Cey, 22)(8) — Ty (Fy, %) (D] <

Hf fi 20 2222 (1, (w, DA, (w), 2, W) —

fi (W, DFr=e% (W), %, (W))) dwds +

@3 () 7[5 @1 S22 (1, (w, DP o, ), 2, () ) —

fi (W, DA% (w), %, (W))) dwds +
(s—w)P1-1

() [y f; @) S22 (w, D ), 2, ) )
fi (W, DA% (w), %, (w))) dwds — 2/11 B foll fos (cz + e 1) cos ¢, (14 —

(s—w)P1-

202 (w DB, (), 2o )
fi (W, DBl'“fl(W),fz(w))) dwds]] ,
Thank to (H.1)

Ty (xeq, x2) () — Ty (Fy, ) (O] < — [f f D(t) —
DF1~ x1|+K2|x2 le)dwds+

s)) — et ginc,(iy — §))

(s— W)B1

rgy (Kl DA x -
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N1 S (s—w)P1-1 _ —a~
wll(t) f() 1f0 q)(nl)Tﬁl)(Kl|Dﬁ1 axl - Dﬁl (Xx1| + Kzlxz -
- 1 (s—w)f1-1 _ s
x2|)de5 + @51 (£) [fo fos‘p(l)sr‘/:T(Kl'Dﬁl “x, — DFx ax1| +
~ A 2NN - -
K;|x, — %,1)dwds — c§+1c22 SN (Cz + e~ 1) cos e, (1 — s)) -
—w)B1-1
cre” 19 sin ¢, (1 — s))(sr%(l(dDﬁl‘”‘x1 —DF R | + Ky |x, —
1
le)dwds]]
So

1Ty (g, x2) () — Ty (X, ) (Ol oo < ¢1(|Dﬁ1_ax1 - Dﬁl_a551| + |x; — J?2|)
Also, we have
||Dﬁl_a(T1(x1'x2)(t) - Ty (%, J72)(15))”00
< 0,(|DPr=%x, — DP ez, | + |x, — %,]),
T3 Gey, 2x2) () — Ty (%, X2) (D) lloo < &1(|x1 — %+ |Dﬁ2_ax2 - Dﬁz_asz;
1DF=4(T, Gy, ) (©) — T2 (G, £ )
< 0,(lx, — %,| + |DP2~%x, — DP2a%,|).
Hence
1Ty Gy, x2) (8) — Ty (%y, %) (O x,xx,
< max(¢y, 01, §1, )11 (x1, x;) — (%1, %2l xy x5

Finally, the operator T is contraction. This implies that (3) has a unique
solution on J.

3.2 Ulam-Hyers stability

In this part of the work we will study the stability of (3) in the sense of
Ulam-Hyers.
First, we consider the following auxiliary system
|X2_ DFitky,(6) — fi(t, DPi%y(6), y3i(D)| < €16, > 0,0 <a<f; <10<t<1i=12,
{ ¥i(0) =0,y;(n) =0,y,(D =4 foli)’i(s)d& 0<yu<m <1, eRi=12

®)
Definition 5: The coupled system (3) is stable in the sense of Ulam-Hyers if

there exist M > 0 such that for all € > 0, and every coupled solution (y;,y,) €
X; X X, of (8) there exist a coupled solution (x;,x;) € X; X X, of (3) where

1(yi, y2) — (x1;x2)||xlxxz < M..

Definition 6: The coupled system (3) is generalized Ulam-Hyers stable if the
exist M € C(R,,R,), such that M'(0) =0 and for all € >0, and every
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coupled solution (yq,y,) € X; X X, of (8) there exist a coupled solution
(xq,x5) € X; X X, of (3) where

11 y2) = Cea, X2 My xx, < M(E).

Remark 7: We say that couple (x;,x,) € X; X X, is a solution of (8) if there
exist a function h(t) = (h1 (), h, (t)) € C(J,R X R) such that |h;(t)| < ¢;,i =
1,2 and
Y2_ DPitkx,(t) = f; (t, Df"i‘“xi(t),x3_i(t)) +h(),0<a<p; <1,0<t<1i=1,2,
x(0) =0,x;(n) =0,x,(1) = 4 f(:ixi(s)ds, 0<y<m <1, LERi=12.

€))

Theorem 8: Assume that the conditions of Theorem 4 are achieved. Then, the
problem (3) is generalized Ulam-Hyers stable.

Proof: The coupled solution of (8) (y;,y-) satisfied the inequality

%ﬁo-—f[ﬁjj¢(w(sﬁf§ fu (w, DF1=x, (w), % (w) ) dwdds +
ENOTIN ¢(na(sﬁﬁf§ fi (1, DP=ax, (), 1, w) ) dwds +

(s-w)P1-1

@5 (1) [f f (1) ——— D fi (W DAy (w), xz(w)) dwds —

C):lcz S I (cz + ce™119) cosc, (14 — s)) — et sinc, (1, —
smw)f17t Br-a _t
) T fi (W, D, W), 3, (w) ) dws ||| < 7= e,

(s-w)P2~1

y2(t) — _[f f O(t) —— T8y f (W: xl(W):Dﬁz_axz(W)) dwds +

@12(0) [ [y 21 & ;g,) £z (w,x, (W), DP =%, (w) ) dwds +

(s—w)B2—1

@5, (1) [f f (1) —F— D) fa (w,xl(w),DﬁZ‘“xz(w))dwds—

A1 L2 c1(ip—s —c1(t2—-5) o
cgfo fo(cz+ce 12=9) cos ¢, (1, — 5) ) — c;e 12" sin ¢, (1, —

(s—w)B2-1
TS

f2 (W x, (W), Dﬁz'“xz(w) dwds]]

r(ﬁ +3)
Let (x4, x3), (¥1, ¥2) the solution of (8), (3), respectively. We have
ly1(6) =, (O] < |y, (&) — T1()’1’)72)(t) + Ty (¥1, ¥2) () + Ty (g, x5) ()1,
ly: (t) — . (O < m 1+ P1(lys — x1ll + llyz — x21D.
And
B2-a _ I — _
”D 27y, (1) xl(t))” < F B3 a—frtD) €1+ 01 (lly; — x11l + lly2 — x21D.

With the same manner
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ly.(t) — x, (Ol < F(ﬁ +3) € + (D1(||J’1 = x|l + lly2 — x21D).

|DPz=%(y, (£) — x, ()| < mfz +0,(lly, — x. 1l + Ny, — x21D.

We get et the end
Ac

— P —

1(y1, v2) (351;x2)”x1><x2 = I max(1,01,31,0,)
1 1 1

r(B1+3)" M(B1+3)(a=P1+1) " I'(B2+3) " (B +3)I (a=P2+1)

There exist M= ——2 > 0, then the problem (3) is Ulam-
1—max(¢v1,61,¢>1,81)
Hyers stable. We take M (e) = M, € C(R,,R,), then the problem (3) is

generalized Ulam-Hyers stable.

A= max( ),e = max(€;, €;).

4. Applications
Example 9: In this example we take the following quantities: 4; = 1/ 625 1=
0.1, = 0.05,K = 0.145,; = 0.5,n; = 0.15,4, = 1/99,12 =0.15¢a =
0.19,K* = 0.203, 8, = 0.99,n, = 0.26, and f3, f, are given by
f1(t,D%31x, (6), x,(t)) = V3t + 0.145D%31x; (£) + 0.067x, (1),
[fz(t, %, (£), D%%x, (£)) = =t + 0.0833x, (£) + 0.203 %8y,
Where t € J. Then,
[2§=0D°-5+kxl(t) = /3t + 0.145D°%31x, (t) + 0.067x,(t),
{ %2o DOy (£) = 7t + 00833, (£) + 0.203 D%%xyqy),

| x1(0) = 0,x,(0.15) = 0,2, (1) = = [ xy(s)ds,

| x,(0) = 0,,(0.26) = 0,x,(1) = o f; " xx(s)dls,
Using the given data, we get: K = 0.145, K* =0.203,N, =3; N,
%,% = 0.3936; ¢, = 0.7902; 6; = 0.3990; ¢, = 0.9201; 8, = 0.7347; it is
clear that the assumptions (H.1), (H.2) holds and max(cbl, 61, P4, 51)
0.9201 < 1, hence by theorem 4 the problem (10) has a unique solution on J.
As the assumptions (H.1) and (H.2) hold, then the solution is Ulam-Hyers
stable.

(10)

Example 10: In the following example we are going to change only a, 8;,i =
1,2 which are fractional derivative order, as follow @ = 0.1, 8; = 0.2, 8, = 0.9.

Then the problem is written as follows:
(k=0 D% x () = fi(t, D', (1), x2(1)),
Tioo DO7x, () = fo(6, 21 (8), DO®x, (1),
| 21(0) = 0:10.15) = 0,2 (1) = L (s)ds, an

lx2(0) = 0,x,(0.26) = 0,%,(1) = 5 f; * x,(5)ds,
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Where t € ], and f;, f, are given by
f1(t, D%V, (£), x5, (t)) = V3t + 0.145D%1x, (£) + 0.0067x, (),

1
fo(t, %, (£), D%8x, (1)) = 26+ 00833x, () + 0.203 D8,y

Using the given data, we get: K = 0.145, K* = 0.203,N; = V3; N,

i,x = 0.3936; ¢, = 0.9809; 6, = 0.6282; ¢, = 0.9886; 6, = 0.7751; it is

clear that the assumptions (H.1), (H.2) holds and max(cbl,el,@l,él)

0.9886 < 1, hence by theorem 4 the problem (11) has a unique solution on J.
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