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Abstract 
This paper deals with a new class of nonlinear coupled fractional 

differential equations with Caputo derivative. The existence and uniqueness of 
the solution is treated using the Banach mapping principle, also some results of 
the stability in the sens of Ulam-Hyers are introduced. 
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1. Introduction 
In the recent years, the fractional calculus has attracted the interest of many 

researchers, where nowadays we find its applications in different area of 
researches, like for instance: economy, control theory, engineering and 
thermodynamics. see [7, 11, 12, 13, 14] 

Recently, modeling many scientific phenomena (climate [5], 
thermodynamics [6],...) bring us to the theory of fractional differential equations 
and systems; for example, in [3], it has been studied a constitutive equation 
applied to a viscoelastic body showed as follows: 
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where ai,   bi, i = 1,2,3 are positive constants. The fractional generalization of  
(1)  is giving by the following 

  [            ] (   )  [            ]   (   )
            (2) 

where     (   )  
Using the Bochner-Schwarz theorem, the authors got the restrictions for 

the constitutive equations in linear viscoelasticity that follow from the weak 
form of the dissipation inequality as result. 

In [1], the authors investigated the following nonlocal boundary value 
problems of fractional order differential equation 

 {
∑        ( )   (   ( )      ( ))                          

   

 ( )     ( )     ( )   ∫  ( ) 
                                

 

where    is a Caputo fractional derivative of order  , and         
[   ]       is a continuous function, ai, i=0,1,2 are real constants. 

Then, in [2] the authors worked on the following boundary value problem 
of coupled nonlinear multi-term fractional differential equations 

  

{
  
 

  
 [                  ] ( )   (   ( )  ( ))                

[                  ] ( )   (   ( )  ( ))                
 ( )    ( )    ∫  ( ) 

    ∑   
 
   ∫  ( )     

  
                              

 ( )    ( )    ∫  ( ) 
    ∑   

 
   ∫  ( )     

  
                           

 

 

where  ( ) present the Caputo fractional derivatives of order             
[   ]       are given continuous functions, and  ai, bi, (i = 0, 1, 2) are real 
constants with            

The main results obtained in the works cited above were associated to the 
study of the existence and uniqueness of solutions and positive solutions. The 
results were obtained by means  of standard tools of fixed point theory. 

In this work, we will be concerned with the following coupled fractional 
order boundary value problem with nonlocal integral conditions: 

 {
∑        ( )    (         ( )     ( ))                           

   
  ( )      (  )         ( )    ∫   

  
 ( )                                 

(3) 
where  ( ) represent the Caputo fractional derivative,       [   ]         
       are given functions. This paper is organized as follow: In section 2, we 
introduce some definitions and lemmas that we need in our study, Section 3, we 
present our main result, Section 4, we give some illustrative examples. 

2. Basic concepts 
We begin by introducing the following definitions, lemmas and notations 

that will be need in the rest of this work. We refer the reader [8, 9, 10]. 
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Definition 1: Let       The   Riemann-Liouville fractional integral of a 
function     ([   ]   ) is given by: 

     ( )   
 ( ) ∫ (   )

    ( )           
  

Where  ( )  ∫            
   

And the Caputo fractional derivative     

     ( )   
 (   ) ∫ (   )

      ( )( )               
  

Lemma 2: Let     . We have  
       ( )   ( )  ∑         

    
Where                    [ ]     
To study the integral equation associated to (3), we are going to rely on the 

result obtained in [4]. It is important to note that in the present paper, we are 
dealing with the treatment of a coupled fractional order differential equations for 
the case of     . So, we begin by presenting the following lemma. 

Lemma 3: The following problem  

 {
∑        ( )    ( )                                          
   

  ( )      (  )         ( )    ∫   
  
 ( )                            

   

where  

  ( )    (         ( )   ( ))         ( )    (    ( )        ( ))   
Has the following representation of solutions:  

   ( )  
 
  
[∫ ∫  ( ) (   )

    

 (  )
 
 

 
   ( )       ( ) 

  ∫ ∫  (  )
(   )    

 (  )
 
 

  
   ( )     

      ( )[∫ ∫  ( )
(   )    

 (  )
 
 

 
   ( )      

    
       

∫ ∫ (         (    )      (    )
 
 

  
  

         (    )      (    ))
(   )    

 (  )
  ( )    ]]             

We have for       
where  ( )      (   )       (   )            
    

 
                                                                                           

√ 
  

   ( )  
                               

       
            ( )                 
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[                                  

    
       

(             

                        )   

                   
(                                  )]  

        [          
  

       
(                                  )]  

     ( )  
     ( )      ( )

  
    ( )  

     ( )      ( )
  

   

                           
Going throw the same process and using the same arguments as in [4], we 

achieve the proof. 

3. Main work 
3.1 Existence and Uniqueness of Solutions 

Let   [   ]    (   )  and the norm ‖ ‖        | |  
Let us introduce the following two Banach spaces       by: 

   {              }               ‖  ‖  
    (‖  ‖  ‖       ‖ )  

   {              }               ‖  ‖  
    (‖  ‖  ‖       ‖ )  

We define also        that we equip it with 

‖(     )‖          (‖  ‖   ‖  ‖  )  
We take the nonlinear operator 

                     
By       (     )( )  (  (     )( )   (     )( ))  
Where  

   (     )( )  
 
  
[∫ ∫  ( ) (   )

    

 (  )
 
 

 
   (         ( )   ( ))      

   ( ) ∫ ∫  (  )
(   )    

 (  )
 
 

  
   (         ( )   ( ))      

   ( ) *∫ ∫  ( )
(   )    

 (  )
 
 

 
   (         ( )   ( ))     

  
       

∫ ∫ (         (    )      (    ))        (    )
 
 

  
      (   

 )) (   )
    

 (  )
  (         ( )   ( ))     +]            
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   (     )( )  
 
  
[∫ ∫  ( ) (   )

    

 (  )
 
 

 
   (    ( )        ( ))      

   ( ) ∫ ∫  (  )
(   )    

 (  )
 
 

  
   (    ( )        ( ))     

   ( ) *∫ ∫  ( )
(   )    

 (  )
 
 

 
   (    ( )        ( ))     

  
       

∫ ∫ (         (    )      (    ))        (    )
 
 

  
      (   

 )) (   )
    

 (  )
  (    ( )         ( ))     +]           

We will apply fixed point theory to study (3). 
We consider the conditions: 
(H1): The functions       are continuous on      and there exist 

                such that for          ̃  ̃    
|  (     )    (   ̃  ̃)|    |   ̃|+  |   ̃|  
|  (     )    (   ̃  ̃)|    |   ̃|+  |   ̃|  

(H.2): There exist positive real numbers       such that for all    , 
|  (     )|       |  (     )|          

And notations:  

        |
   (   )  

  
    (    )  

  
|   ̃    *        

                   
    +

   (    ) (      )
      

      |    ( )|         
    |

   (    )  
  

    (     )  
  

|      |
   (    )  

  
    (     )  

  
|      

      |   ( )|         

   ̃  
  *       

                 
    +

   (    )
    |

   (  )  
  

    (   )  
  

|    
|  |
       

|     
       
       

|   

    
 *       

                
   +

   (    )
     *       

                
   +

   (    )
    

|  |
       

|     
       
       

|  

    
 *        

                  
   +

   (    ) (      )
     *        

                  
   +

   (    ) (      )
      

      |    ( )|        

  ̃    *       
                 

    +
   (    )

   ̃  
  *        

                   
    +

   (    ) (      )
     

      |   ( )|        
 
We present the following theorem. 
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Theorem 4: Assume that (H.1), (H.2) hold. Suppose also that  
   (        ̃   ̃)           

Then, (3) has a unique coupled solution defined over   . 

Proof:  We consider the parameter    by  

       (  
    

  
    

  ̃
    ̃

  ̃
    ̃

)  

We define    {(     )         ‖(     )‖       }  and we prove  
that       . For all     (     )      we have  
 |  (     )( )|  
 
  
[∫ ∫ | ( )| (   )

    

 (  )
 
 

 
 |  (         ( )   ( ))|      

|   ( )| ∫ ∫ | (  )|
(   )    

 (  )
 
 

  
 |  (         ( )   ( ))|      

|   ( )| *∫ ∫ | ( )|
(   )    

 (  )
 
 

 
 |  (         ( )   ( ))|      

|  |
       

∫ ∫ |         (    )      (    )        (    )
 
 

  
      (   

 ))| (   )
    

 (  )
|  (         ( )   ( ))|     +]            

Using (H.1) and (H.2), we get that  

 |  (         ( )   ( ))|     |  (         ( )   ( ))    (     )  
  (     )|     |       |+  |  |      

 |  (    ( )        ( ))|     |  (    ( )        ( ))    (     )  
  (     )|     |  |    |       |      

Hence  

 ‖  (     )‖  
(  |       |   |  |   )

   (    )
[       

                
   ]  

We define the quantity      (     )  so we get  
  ‖  (     )‖          (4) 

On the other hand 
         (     )( )  
 
  
[∫ (   )    

 (      )
∫  ( ) (   )

    

 (  )
 
 

 
   (         ( )   ( ))      

 (   )
    

 (      )
    ( ) ∫ ∫  (  )

(   )    

 (  )
 
 

  
   (         ( )   ( ))      

(   )    
 (      )

    ( ) *∫ ∫  ( )
(   )    

 (  )
 
 

 
   (         ( )   ( ))     
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∫ ∫ (         (    )      (    ))        (    )
 
 

  
      (   

 )) (   )
    

 (  )
  (         ( )   ( ))     +]            

therefore  

 ‖         (     )‖  
(  |       |   |  |   )
   (    ) (      )

[       
           

     
   ]  

  ‖         (     )‖            (5) 

Similarly with     (     ). We have  

 ‖  (     )‖  
(  |  |   |       |   )

   (    )
[       

                 
    ]  

 
We define       (     )  so we obtain  

  ‖  (     )‖   ̃     ̃     (6) 
  ‖         (     )‖   ̃     ̃   (7) 

Thanks to (4), (5), (6) and (7) we get  
‖ (     )‖        

Morevoer, for all     (     ) ( ̃   ̃ )         we have 
|  (     )( )    ( ̃   ̃ )( )|  
|    [∫ ∫  ( )

(   )    

 (  )
 
 

 
 (  (         ( )   ( ))  

  (        ̃ ( )  ̃ ( )))      

   ( ) ∫ ∫  (  )
(   )    

 (  )
 
 

  
 (  (         ( )   ( ))  

  (        ̃ ( )  ̃ ( )))      

   ( ) *∫ ∫  ( )
(   )    

 (  )
 
 

 
 (  (         ( )   ( ))  

  (        ̃ ( )  ̃ ( )))      
  

       
∫ ∫ (         (    )      (   

 
 

  
 

 ))        (    )      (    ))
(   )    

 (  )
(  (         ( )   ( ))  

  (        ̃ ( )  ̃ ( )))     +]| , 

Thank to (H.1) 

 |  (     )( )    ( ̃   ̃ )( )|  
 
  
[∫ ∫  ( ) (   )

    

 (  )
 
 

 
 (  |        

      ̃ |    |    ̃ |)     
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   ( ) ∫ ∫  (  )
(   )    

 (  )
 
 

  
 (  |              ̃ |    |   

 ̃ |)        ( ) *∫ ∫  ( )
(   )    

 (  )
 
 

 
 (  |              ̃ |  

  |    ̃ |)     
  

       
∫ ∫ (         (    )      (    ))  

 
 

  
 

      (    )      (    ))
(   )    

 (  )
(  |              ̃ |    |   

 ̃ |)    +] 

So  
‖  (     )( )    ( ̃   ̃ )( )‖    (|              ̃ |  |    ̃ |)  

Also,  we have  
‖     (  (     )( )    ( ̃   ̃ )( ))‖ 

   (|              ̃ |  |    ̃ |)  

‖  (     )( )    ( ̃   ̃ )( )‖   ̃ (|    ̃ |  |              ̃ |)  
‖     (  (     )( )    ( ̃   ̃ )( ))‖ 

  ̃ (|    ̃ |  |              ̃ |)  
Hence  
‖  (     )( )    ( ̃   ̃ )( )‖     

     (       ̃   ̃ )‖(     )  ( ̃   ̃ )‖       

Finally, the operator    is contraction. This implies that (3) has a unique 
solution on    

3.2 Ulam-Hyers stability 
In this part of the work we will study the stability of (3) in the sense of 

Ulam-Hyers. 
First, we consider the following auxiliary system 

 {
|∑        ( )    (         ( )     ( )) 
   |                                 
  ( )      (  )       ( )    ∫   ( )                                                  

  
 

  

 (8) 

Definition 5: The coupled system (3) is stable in the sense of  Ulam-Hyers if 
there exist      such that for all       and every coupled solution (     )  
      of  (8) there exist a coupled solution  (     )        of  (3) where 

‖(     )  (     )‖          

Definition 6: The coupled system (3) is generalized Ulam-Hyers stable if the 
exist     (     )  such that  ( )    and for all       and every 
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coupled solution (     )        of  (8) there exist a coupled solution  
(     )        of  (3) where 

‖(     )  (     )‖       ( )  

Remark 7: We say that couple (     )        is a solution of (8) if there 
exist a function  ( )  (  ( )   ( ))   (     ) such that |  ( )|       
    and  

 {
∑        ( )    (         ( )     ( ))    ( )                        
   

  ( )      (  )       ( )    ∫   ( )                                                  
  
 

 

(9) 

Theorem 8: Assume that the conditions of Theorem 4 are achieved. Then, the 
problem (3)  is generalized Ulam-Hyers stable. 

Proof:  The coupled solution of (8)  (     ) satisfied the inequality  

 |  ( )  
 
  
[∫ ∫  ( ) (   )

    

 (  )
 
 

 
   (         ( )   ( ))      

    ( ) ∫ ∫  (  )
(   )    

 (  )
 
 

  
   (         ( )   ( ))      

   ( ) *∫ ∫  ( )
(   )    

 (  )
 
 

 
   (         ( )   ( ))     

  
       

∫ ∫ (         (    )      (    ))        (    )
 
 

  
      (   

 )) (   )
    

 (  )
  (         ( )   ( ))     +]|  

 
 (    )

      

 |  ( )  
 
  
[∫ ∫  ( ) (   )

    

 (  )
 
 

 
   (    ( )        ( ))      

    ( ) ∫ ∫  (  )
(   )    

 (  )
 
 

  
   (    ( )        ( ))      

   ( ) *∫ ∫  ( )
(   )    

 (  )
 
 

 
   (    ( )        ( ))     

  
       

∫ ∫ (         (    )      (    ))        (    )
 
 

  
      (   

 )) (   )
    

 (  )
  (    ( )        ( ))     +]|  

 
 (    )

    

Let (     ) (     ) the solution of (8), (3), respectively. We have  
|  ( )    ( )|  |  ( )    (     )( )    (     )( )    (     )( )|  

  ‖  ( )    ( )‖  
 

 (    )
     (‖     ‖  ‖     ‖)  

And  

 ‖     (  ( )    ( ))‖  
 

 (    ) (      )
     (‖     ‖  ‖     ‖)  

With the same manner  
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  ‖  ( )    ( )‖  
 

 (    )
    ̃ (‖     ‖  ‖     ‖)  

 ‖     (  ( )    ( ))‖  
 

 (    ) (      )
    ̃ (‖     ‖  ‖     ‖)  

We get et the end  

  ‖(     )  (     )‖      
  

      (       ̃   ̃ )
  

      (  
 (    )

  
 (    ) (      )

  
 (    )

  
 (    ) (      )

 )       (     )   

There exist     
      (       ̃   ̃ )

    then the problem (3) is Ulam-
Hyers stable. We take  ( )      (     ) , then the problem (3)  is 
generalized Ulam-Hyers stable. 

4. Applications 
Example 9: In this example we take the following quantities:       ⁄      
                                        ⁄            
                                and       are given by  

  {
  (         ( )   ( ))  √               ( )         ( ) 
  (    ( )       ( ))  

 
           ( )         

     ( )    
 

Where    . Then,  

  

{
 
 

 
 ∑         ( )  √               ( )         ( )  

   
∑          ( )  

 
           ( )         

     ( )  
   

  ( )      (    )      ( )  
 
  ∫   ( )   

   
                 

  ( )      (    )      ( )  
 
  ∫   ( )   

    
             

  (10) 

Using the given data, we get:                      √      
 
                                   ̃            ̃           it is 
clear that the assumptions (H.1), (H.2) holds and    (       ̃   ̃ )  
          hence by theorem 4 the problem (10) has a unique solution on    

As the assumptions (H.1) and (H.2) hold, then the solution is Ulam-Hyers 
stable. 

Example 10: In the following example we are going to change only        
    which are fractional derivative order, as follow                      

Then the problem is written as follows: 

  

{
 
 

 
 ∑         ( )    (        ( )   ( ))  

    
∑         ( )    (    ( )       ( ))  
   

  ( )      (    )      ( )  
 
  ∫   ( )   

   
   

  ( )      (    )      ( )  
 
  ∫   ( )   

    
   

     (11) 
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Where      and        are given by 

{
  (        ( )   ( ))  √              ( )          ( ) 

  (    ( )       ( ))  
 
           ( )         

     ( )    
 

Using the given data, we get:                      √      
 
                                   ̃            ̃           it is 
clear that the assumptions (H.1), (H.2) holds and    (       ̃   ̃ )  
          hence by theorem 4 the problem (11) has a unique solution on    
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