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Abstract

This study investigates the application of the variational iterative method (VIM) to
solve the nonlinear complex Ginzburg-Landau problem. This study investigates the use of
VIM to solve the complex nonlinear Ginzburg-Landau problem. Using MATLAB, a powerful
scientific computing program, the study develops a algorithm based on VIM principles to
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solve probable solutions that recur to convergence and tests this approach if in four cases it
shows high accuracy and efficiency for solving complex equations.
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1. Introduction

Mathematics is a fundamental tool across scientific disciplines, aiding
analysis and application [1-5]. Scientists use mathematical principles in physics
and chemistry for data analysis, predictions, model development [6,7].
Differential equations play a crucial role in modeling physical phenomena like
object movement, fluid flow, heat transfer, chemical reactions [8,9]. The
complex Ginzburg-Landau equations, specifically the cubic and cubic-quintic
variants, are extensively examined in physics, chemistry, and biology,
enhancing the comprehension of superconductivity, superfluidity, nonlinear
optics, and Bose-Einstein condensation. The cubic-quintic equation aims to
determine two-dimensional solitary spiral solutions in active media defined by
an excitation threshold. Research has concentrated on the development of
soliton solutions in one dimension [10]. The quintic equation consistently
represents the field dynamics of a passively mode-locked laser. The generalized
quintic complex Ginzburg-Landau equation has efficiently modeled non-
equilibrium processes, such as ultrashort pulse propagation in spectrally filtered
optical transmission lines and erbium-doped fiber amplifiers, addressing issues
overlooked by other models [11]. This work examines the generalized complex
Ginzburg-Landau equation (GCGLE), expressed as

ap(x.t : .
2D = (1+ ai)dp(x, £) + pp(r, £) — (1 + BD)lp (O (1, £)
- A +ydle O™ e ), (1)
and @(x,0) =h(y),i=v-1,y€R%d=123,t>0,u>1,
in where a,p, 8, and y are undefined real constants, ¢ (x,t) is an unknown
complex function, ¢ is a non-negative real number, y is a real number, and A is
the Laplacian operator [10,11].

Refer to [11,12] for an in-depth exploration of the (GCGLE). Researchers,
including Isah and Yokus [13], utilized a @®-model expansion for soliton
solutions with dual power-law non-linearity. Zafar, Asim, et al. [14] analyzed
optical solitons in nonlinear optics, while Arnous et al. [15] suggested a cubic-
quartic optical soliton answer extraction method. Isah and Yokus [16]
investigated the complex Ginzburg-Landau equation with Kerr laws. Our study

employed the VIM to obtain accurate solutions for Equation (1) in four
examples, showcasing its efficacy [17,18].
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2. Method Analysis

This section presents an introduction to the analysis of the VIM. The
fundamental principle of the VIM involves approximating the solution of a
differential equation by utilizing an iteration formula, which manifests as a
corrective function. Through the application of variational theory, the Lagrange
multiplier can be determined. To elucidate the fundamental principle of this
technique, Equation (1) is posited as follows:

aQD;i(,t) = 0!0(1 + al)A(pO{, t) + p(p()(’ t) — ﬁo(l + ,81)(,0()(, t)2u+1

- (1 + )/l)q’()(' t)4#+1' (2)
The corrective function for Equation (2) is invariably defined iteratively as:

t d 3
Pni1 = P+ [y A6 D Gr — ao(1 + ai)dg

—pp + Bo(1 + @+ + (1 +yDe***dr, ©)
where A(t,7) = —1 is a Lagrange multiplier [18-20], iterations are carried out
using a simple initial function ¢, until convergence is achieved at a fixed point
[21]. At this stage, @,4,(X,t) may be regarded as an approximate solution to
Equation (2). The procedure can be expressed in the form of an algorithm and
implemented as follows.

2.1 Algorithm:

Let n represent the index of iteration.

Step 1: Set an appropriate value for the tolerance (§) for numerical
purposes.

Step 2: Choose an appropriate ¢, set n=0.

Step 3: Use the calculated values of ¢,, to compute ¢, from equation (3).

Step 4: If Max |@, — ¢n4+1| < & stop, otherwise continue.

Step 5: Setn = n + 1, define ¢, = ¢4, and return to Step 3.

3. Implemenration

In this section, the VIM is utilized to solve three instances of generalized
complex Ginzburg-Landau equations. The programs have been provided by
MATLAB package. A few first approximations for ¢ (x,t) for each example
are calculated and presented as below:

Example 3.1: The first example in one-dimension (1D), we have considered the
following parameters:
ay= fo=F=1a=3,,p=3 =2,y =—6,u = 2 in equation (2), yield

% _ n2Ze _ DoS — (1= 61)0°

e (1+3i0) oz T 3p— (1 +De>— (1 —-6i)¢°,
with initial condition:(x,0) = exp(—ix), We derive the subsequent
consecutive approximations:
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@, = exp(—xi) — t(—exp(—xi)(2 — 3i) + exp(—5xi)(1 + i)
+exp(—9xi)(1 + 61))

@, = @1 — t%(exp(—xi)(5/2 + 6i) + exp(—5xi)(53/2 — 97i/2) +
exp(—9xi) (690 — 711i/2) — exp(—4xi)(—exp(—xi)(2 — 3i) +
exp(—5xi)(1 + i) + exp(—9xi)(1 + 6i))(5/2 + 5i/2) —
exp(—8xi)(—exp(—xi)(2 — 3i) + exp(—5xi)(1 + i) + exp(—9xi)(1 +
6i))(9/2 + 271)) + t®(exp(—4xi) (—exp(—xi) (2 — 3i) + exp(—5xi) (1 +
i)+... See Figure 1.

x10% x10%

15 -
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Figure 1
Imaginary and real parts of the estimation answer for Example 3.1.

Example 3.2: This example is in 2D [10], with which we have considered the
following parameters: ¢y = 0.1, a =1, 8, =25, p=-05=04,y = —-0.1,
u =1, in equation (2), yield

¢ ~ [(0%¢  0%¢ . .
2= 05(1+1) (ﬁ + ﬁ) — 050 + (2.5 + e — (1 — 0.1)¢°,

with initial condition:g(x, 0) = 1.6exp (= 22°) (x + iy)/y/x% + y2. We get
the following sequential approximations:

@, = t((exp(—x2/5 — y2/5)(x + yi)®(—32768/3125 + 16384i/15625))/
(2 + y2)7 + (exp(=(3x2)/25 — (3y?)/25)(x + yi)* (25625 +
512i/125))/(x? + yz)g + (xexp(—x2/25 — y?/25)(—16/125 —
16i/125))/(x? + y)z + (xexp(—x2/25 — y2/25)(=8/5 — 8i/5))/(x? +
Y2)A(3/2) + (vexp(—x2/25 — y2/25)(16/125 — 16i/125))/(x + y2)z +
(vexp(—x?/25 — y*/25)(8/5 — 8i/5))/(x* + yz)% + (exp(—x?/25 —
¥?/25)(x + yi)(— 2 — 16/125)) +--
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P2 = @1 + — t*((exp(—(3x?)/5 — (3y?)/5) (x + yi)®(xexp((4x?)/25 +
(4y2)/25)(3125 + 31250) + yexp((4x2)/25 + (4y2)/25)(3125 —
3125i) — x3exp((2x%)/25 + (2y?)/25)(40000 + 16000i) + x3exp(4x?/
25 + (4%)/25)(3625 + 500i) — xSexp((4x2)/25 + (4y)/25)(20 +
20i) + y3exp((2x?)/25 + (2y?)/25)(16000 — 40000i) + y3exp((4x?)/
25 + (4y?)/25)(500 — 3625i) — y exp((4x?)/25 + (4y?)/25)(20 —
201) + ---. See Figure 2.

Example 3.3: The last example is in 3D [10], here we consider ¢y = 0.5,a =
1,p=-04,68,=23,=10/23,y =—-0.1,u =1, in equation (2), yield

dg 0%p 0%¢ %@

T =0.5(1+1) (— + 37 + 6_) 0.4¢ + (23 + )@ — (1 — 0.1) %,
with initial condition:(x,0) = exp(—0.5(x? + y% + z%)), we obtain the
following successive approximations:

@1 = exp(—x?/2 —y?/2 = 2%/2) + t(—exp(— x*/2 — y? /2 — 2% /2)(19/
10 + 3i/2) + exp(—(3x%)/2 — (3y2)/2 — (32%)/2)(23/10 + i) —
exp(—(5x%)/2 — (5y%)/2 — (52%)/2)(1 — i/10) + xexp(— x*/2 — y?/2 —
z2/2)(1/2 +i/2) + y?exp(— x2/2 —y?/2 — z2/2)(1/2 + i/2) +

z2exp(— x%/2 —y? /2 — z%/2)(1/2 + i/2)).

@2 = @1 + t2(— (exp(=(5x?)/2 — (5¥*)/2 — (52°)/2) (exp(x* + y* +
z2)(23 + 10i) — exp(2(x? + y% + 2%))(19 + 15i) + x%exp(2(x* + y* +
z2))(5 + 50) + y2exp(2(x% + y? + z2))(5 + 5i) + z%exp(2(x? + y* +
22))(5 + 50) — 10 + 1)) /50 — exp(—(9x%)/2 — (9y?)/2 — (92%)/
2)(exp(x? + y? + z2)(6 + 77i/40) — exp(2(x? + y* + z%))(41/8 +
131i/40) + x2exp(2(x? + y? + z2))(11/8 + 9i/8) + y?exp(2(x* + y* +
z%)) + ---. See Figure 3.
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Figure 2
Imaginary and real parts of the estimation answer for Example 3.2 aty = 1.
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Figure 3

Imaginary and real parts of the estimation answer for Example 3.3 aty =1,z = 1.

Discussion and Conclusion

This study explores the effectiveness of the Variational Iteration Method

(VIM) in solving GCGLE. Through experiments in three dimensions and four
examples, we confirm VIM's reliability for nonlinear differential equations. The
results demonstrate the precision of VIM in providing approximate solutions.
Implemented in MATLAB, the VIM algorithm's outcomes are presented. This
research serves as a valuable reference for scholars in nonlinear differential
equations, particularly the complex Ginzburg-Landau equation, offering a
dependable method for further exploration in this domain.
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