
©

Variational Bayes analysis of the normal-gamma-exponential prior

Noor Hassan Hussein *
Gorgees Shaheed Mohammad †

Department of Mathematics
College of Education
University of AL-Qadisiyah
AL-Qadisiyah 58002
Iraq

Abstract
The Variational Bayes (VB) method for the Normal-Gamma-Exponential (NGE) prior is 

derived. The relation between the VB method and the regular Gibbs sampler is shown. The 
factorized approximation tool is used to expand the VB method to the Mean Field Variational 
Bayes (MFVB) method. The predication ability and theoretical properties of this method 
with the NGE prior are demonstrated using simulated data and its result is compared with 
other methods showing that this method preforms reasonably well. 

Subject Classification:  62N01, 62E20, 62B05.

Keywords: Variational bayes, Gamma-prior prior, Scale-mixture of normal. 

*	E-mail:	noorhassn564@gmail.com (Corresponding Author)
†	 E-mail:	gorgees.alsalamy@qu.edu.iq

Journal of Interdisciplinary Mathematics
ISSN:  0972-0502 (Print), ISSN:  2169-012X (Online)
Vol. 28 (2025), No. 1,  pp. 1–8
DOI : 10.47974/JIM-1766

  

Variational Bayes analysis of the Normal-Gamma-Exponential prior  
 
Noor Hassan Hussein*  
Gorgees Shaheed Mohammad§ 
Department of Mathematics 
College of Education 
University of AL-Qadisiyah 
AL-Qadisiyah 58002 
Iraq 
*E-mail: noorhassn564@gmail.com 0009-0000-4947-2736 
†E-mail: gorgees.alsalamy@qu.edu.iq 0000-0003-3729-0112 
 
 
Abstract  
The Variational Bayes (VB) method for the Normal-Gamma-Exponential 

(NGE) prior is derived. The relation between the VB method and the regular 
Gibbs sampler is shown. The factorized approximation tool is used to expand 
the VB method to the Mean Field Variational Bayes (MFVB) method. The 
predication ability and theoretical properties of this method with the NGE prior 
are demonstrated using simulated data and its result is compared with other 
methods showing that this method preforms reasonably well.  
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1. Introduction  
The usual Monte Carlo Expectation Maximization (MCEM) method is one 

of a family of Maximum Likelihood (ML) methods. These methods have proven 
their usefulness and popularity in modern statistical analysis, especially since 
the concept behind this method is very natural and intuitive. This method uses 
iterative algorithm for ML estimation and while it has several advantages, it still 
suffers from some limitations as the complexity of the problem increases [1,2,4-
10]. In recent years, there has being increasing effort to search for some 
alternative methods reduce some of the requirements that limit the ability of this 
method. 
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Recently, a new method has being introduced, which has been gaining 
popularity rapidly, known as “variational Bayesian inference” or “variational 
Bayes”. Another name for this new method is the “Variational Approximation” 
since it can be used to approximate complex models in areas where the EM 
method doesn’t work such as one the number of observations or the number of 
covaries becomes large. Interestingly, one can show that the EM method is a 
special case of this method. 

In this paper, the following hierarchal model of the Normal-Gamma-
Exponential (NGE) prior will be considered  
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where we have written the Gamma-Exponential prior as the product of the 
Gamma and Inverse-Gamma distributions. Now, we can write the log-likelihood 
as 
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where   is some probability distribution and          is the Kullback-Leibler 
divergence [2] between                   and               which can be 
thought of as a measure of the difference between the two distributions. 

One of the properties of Kullback-Leibler divergence is that it is always 
positive and hence  
              (5) 

Thus, we have 
                  (2) 

From this, we can conclude that the term        is a lower bound of 
         . Additionally, when the Kullback-Leibler divergence vanishes, i.e. 
when there is no difference between   and   then                 .  

In order to see connection between this method and the MCEM equations, 
we will maximize the lower bound        with respect to   with fixing the 
value of  . Obviously, this happens when  
                              (7) 
which is when the Kullback-Leibler divergence is zero. If we insert the above 
equation in (Error! Reference source not found.), we have 
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By using the logarithmic properties, we have  
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By noticing that second term does not depend on   and comparing this 
equation with MCEM formulation, we can see that 
                              (10) 
where the log of the complete-data likelihood             is given by 
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with        . Therefore, it is clear to see the connection between 
            and        and thus the relationship between the variational 
Bayes and the MCEM methods. 

One particular useful tool of this method is factorized approximation tool 
[2]. This works by assuming we can write   as 
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where we calculate the expectation  
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Thus, we can calculate the lower bound as 
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Substituting the joint density in the last equation, we get  
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where   
     is the modified Bessel function of the second kind of the 

Generalized inverse Gaussian distribution. Finally, we can incorporate the EM 
algorithm to the variational inference method using the Mean Field Variational 
Bayes (MFVB) with 
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We can now use this to simultaneously evaluate our variables while at the 
same time update our hyperparamters. 

2.  Experimental Studies 
In this section, we will use simulated data to test how our model preforms 

compared to other models such as the least absolute shrinkage and selection 
operator (LASSO, [3,10]), the elastic net penalty (ENet, [13]), the horseshoe 
estimator (HS, [8]), the minimax concave penalty (MCP, [12]) and smoothly 
clipped absolute deviation (SCAD, [9,11,12,14-23]). In addition, we will use 
three parameters of comparison such as the mean squared error (MSE), standard 
deviation (SD) and the false positive rate FPR with 10000 repetitions with 1400 
burnins. 

Firstly, we will analyze the performance of the MFVB method in 
comparison with different sizes of data by setting                       and 
    . The results are shown in Table 1. We notice that the MFVB algorithm 
preforms better with larger data sizes by given smaller MSE and MSEsd 
parameters.  
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Secondly, in order to give a more deeper study of the NGE prior using both 
sparse and dense models by setting                     and 
                    respectively. The results are shown in Tables 2 and 3. It is 
very obvious from these tables that none of the methods considered performs 
better than our model.  

 
Table 1 

Simulation results for the MFVB method for different sizes of data. 
Methods   MSE (sd) FPR (FPRsd) FNR (FNRsd) 

NGE (MFVB)  25 0.3375 (0.1703) 7.0000 (0.0000) 0.0000 (0.0000) 
NGE (MFVB)  50 0.2333 (0.0794) 4.0000 (0.0000) 0.0000 (0.0000) 
NGE (MFVB)  100 0.6756 (0.1952) 3.0000 (0.0000) 0.0000 (0.0000) 
NGE (MFVB)  200 0.0591 (0.0329) 0.0000 (0.0000) 0.0000 (0.0000) 
NGE (MCEM)  250 0.0350 (0.0142) 0.0000 (0.0000) 0.0000 (0.0000) 

 
Table 2 

Results for model with few active variables 
Methods MSE (sd) FPR (FPRsd) FNR (FNRsd) 

NGE (MFVB) 0.0812 (0.0771) 0.0000 (0.0000) 0.0110 (0.0210) 
LASSO  0.0820 (0.0960) 0.2000 (0.6325) 0.0000 (0.0000) 
ENet  0.1105 (0.1116) 0.6000 (1.2649) 0.0000 (0.0000) 
HS  0.2277 (0.1048) 0.7000 (1.0593) 0.0000 (0.0000) 
MCP  0.1122 (0.0855) 0.0000 (0.0000) 0.0000 (0.0000) 
SCAD  0.0967 (0.0757) 1.4000 (1.5055) 0.0000 (0.0000) 

 
Table 3 

Results for model with most variables are active. 
Methods MSE (sd) FPR (FPRsd) FNR (FNRsd) 

NGE (MFVB) 0.2599 (0.2050) 0.5000 (0.7780) 0.0000 (0.0000) 
LASSO  0.2780 (0.1658) 0.4000 (0.8433) 0.0000 (0.0000) 
ENet  0.2661 (0.1702) 0.3000 (0.6749) 0.0000 (0.0000) 
HS  0.5276 (0.2126) 0.9000 (0.7379) 0.0000 (0.0000) 
MCP  0.2956 (0.1641) 0.0000 (0.0000) 0.0000 (0.0000) 
SCAD  0.3271 (0.1707) 1.3000 (0.4830) 0.0000 (0.0000) 

3. Conclusions 
We have provided an analysis of how the NGE prior compares with others. 

To do this, we have provided and alternative algorithm from the familiar 
Expectation-Maximaztion (EM) methods. We have used the factorized 
approximation to construct the Mean Field Variational Bayes (MFVB) method 
which is easier to deal with this type of model. By comparing our model with 
other models, we have showed how in several scenarios our model has better 
predication result. 
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