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Abstract

Many researchers study the approximation of continuous functions using algebraic
polynomials. But sometimes we demanded that the approximation is trigonometric function.
Here we focus on a saturation problem on Lipchitz spaces of order 4 € N and study the
trigonometric approximation on that space.
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1 Introduction

Assume f is a function of 2m-period in the quasi normed spaces
L,(X) =Ly, X = [0,27], for 0 < p < 1, denote S, (f) = %ao Y1_, (agcoskx +
by sinkx) = Yi_oAx(f),[4]. Let w,(f,8), = ||AZ(f)||p [7], where q =
1,2,3,...,6 > 0. The modulus of smoothness for function in L. If, let a >
0, wy(f,8),=0(8%), &>0. where E,(f),=infpeq IIf —pll,,[6]. Let
f € lip9(a,p), 0 < p < 1.[2]. In our work]||. [|,,, Let L, -quasi norm, defined by

1
Ifl, = (f02"|f(x)|” dx)p,[S]. Let f € L,, using trigonometrical polynomials
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in[2]. N () and Ry (), where No(f) = 5= Erzo PamSm (F) Ru(f) = =~ S0 Pm

Sn(f)y Pn=DotDP1t+P2t+ - +p,#0. n=0), let p_; =p_, =0.for

p,=1 mn=0, we have o,(f) = ﬁ

Tnev Apr(n,m) = r(n,m) —r(n,m + 1). Recently, In [1, 3, 5] Chandra,
introduced 3 direct theorems using trigonometric polynomials, with some
corollaries, these results are sharper then the results in [2, 4, 8-18]. Chandra
proved her results for a=1.

neoSm(f), we use An, =r1, —

2. Main results

Here we introduce our main theorems. Before we begin by our main results
we need the following auxiliary results:

Lemma 2.1: If f € lip?(a,p),forq > a>0,and 0 < p < 1,Then
If = on (N llp== w0y (£.7) . itmean If = 6, (F)ll,= O™,

Proof: 1f T, is a best trigonometric approximation of f, that is ||f —
Toll,=inf|lf — t,ll,, we have E,(f), is bounded by C, w, (f,%) , [1], so that
P
we get ||f — 1hll, < w,(f,n™1),.[7]. And hence ||If — 1,ll, = O (n™%), Since
1
Spis bounded operator so we get ||f —o,()ll, < 25_1( IIf = Tall, +
Iz — O-n(f)”p) Ilf = Un(f)”pzz ( IIf = TT*l”p + llon (7, — (f)”p) since gy,
is bounded  operator IIf = u(Nlly < COIwy (f7) - If = 0Pl =
O(llf = 7xllp), Since, [If —75ll, = 0(™%),
We get ”f - Un(f)”p = O(n_a)-

Lemma 2.2: If f € lip(q,p)for 0 < p < 1, Then ||o,(f) = Spu(Hll,=0m™").

1
e
iz

Proof: 1f f € lip%(a, Lp), using definition S, = Y3_qAx(f), and a,(f) =
k ,
ﬁ m=0Sm(f), we get S,(f)- Un(f):ZﬁﬂmUk (f),where f € Lp for

f'the conjugate functionf, Then S,(f) - o,(f) = ﬁ Sa (f"), Since S, is
bounded operator so |lo,(f) — S, (F)Il,=0(n~).

Lemma 2.3: If f €lip?(a,p), for q >a >0, and0<p <1, Then |f —
Su(Ollp=0m™).

Proof: If 1; is a best trigonometric approximation of f that is |[f —
Thll,= infllf = tallp, [7], we have E, (f), is bounded by C, w, (f,n™"),,, [1],s0
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that we get ||f — 1|, < wq(f, n‘l)p, And hence ||f — ‘rnllp 0(n™%). Since
Spis bounded operator so we get |If —S,(ll, < 21’ (”f—‘[n”p +
75 = Su(O)llp)- If = SaOp=20""(If = Tally + 1Sn (53 = (O, since S,
is  bounded operator ||f = S,(F)ll, < C@w,(f, n™ )y Nf =Su(Dl, =

O(llf = xllp). Since, lIf —zll, = 0(m™®), we obtain, |If —Su(Hll, =
omn™%).

Lemma 2.4: [4]. Let {P,} € almost monotone decreasing sequence or let {P,} €
almost monotone increasing sequence. And satisfy(n + 1)P, = O(B,). Then
forq >a >0 Yr_m *p,_, = O0n"%B,). Then let us turn to our main
results. Begin by:

Theorem 2.5: Let f € lip9(a,p),q EN for ¢ >a >0, and 0 <p <1, and
{B.}, is sequence such thatP, > 0. If one of the following statements satisfies,

then |1f = Nu(D)llp= O™ ).and IIf = Nu(Plly < g (7).

(i) 0<p<1lg>a>0,and{P,} € almost monotone decreasing sequence.

(i) 0<p<1,g>a>0,and {P,} € almost monotone increasing sequence,
then (n + 1)B, = 0(B,) hold,

(iii) p<1,a=q,and X3 Z5|AP;| = O(P,/n%),and (n + 1)P, = O(PR,),

(iv) p<1,q>a>0,and Y1_1,|AP,| = O(P,/n9).

Lemma 5: [5]. Let {p,} be positive sequence and, Ary, =1, — Tyyq Dty =
_ Pn—Pn—m n+1
Tam — Tnm+1- Then 1- m(m a(Pn - Pn—m)):{T}mzl Z
nm:llAm(m_a(Pn n m))| = | (n+1)“

- (n+1)“ = 0(Ry).
Proof of i and ii Using definition Nn(f):P— =0 PaemSm (f).and using
Lemma s 1 and 4 we prove (i) and (ii) since ||f Sp(Dll,=0(n™%).

and Y5 M P = O(n ap) we get Ny, (f) f__ m=0Pr—m m(f)
Mo B Na () = f = = B0 Paon (S (f) = £}, where By = £icg P,

P_1 =P_,=0. In the case P,=1,n>=0. Then
”f_Nn(f)”p < C(P)(P Y OPn m”f Smu:)”p)' ”f_Nn(f)”p:

C®) (P Thcs Poc mO(m‘“)+P"I|f So()lp). using Lemma 4 and
Lemma 1, we obtain [If = Na(Dllp = 5-00 ™R + 0 (). IIf = Na(Pll,
0™ R +0 () = 0™, Alo we have [If = Na(ll, <
@ (£.3)  Then IIf = Na()lly= 00™).
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Proof of (iii): Using definitions N, (f)=Pin 0 PoemAm (f), and S, (f) =
o Zmo Am(f)- We get that Sn(f) = Na(f) =
%2&ﬁﬂﬂ—éﬁﬁﬂmhﬂl&U%WAﬂ=éﬁmmﬁ
Br_m)Am (f) where P_;=0, By Abel’s operator we get [7],S,(f)—
Na(F)= 5 T B (P2 B e A (f) + (n+ D7 B, K A (f),
Thus by triangle inequality 1S, (F) = Np (Dl < C(p)(é

LY T C%’%mﬁhmﬁlkAufmﬁ+(n+1>um Lk AOR). ).
Since ou(f) = — Ym0 Sm(f), and S,(f) = Tioo Ak(f). we get 0, (f) -
Su(f) = Z%ﬁﬁ)zohmmﬁ)Sm—m hea A (F).

n+1

By Lemma 2, [|65,(f) — Sn(Nllp= 0(wq (f, ).
This mean [lo,(f) — Sy (f)I[,=0 (™), we get [|XR=; k A (f)ll,=(n +

Dllon(f) = SnDllp- 1 Xk=1k Ac(fOIl, = 0(n + 1)0( ) (2). Combining (
1) and (2) we obtain that 1S, (f) = Ny (D)l,=

CP) G Zines [ (P IRy K A(Dlly + 0. 1ISn () = N (Pl =
0 (i) m=1 |Am ((Pn_m#)ﬂ + 0(n™1). (3). Using Lemma 5 and (n + 1)P, =

Pn
0B in () ISk = NalPllp = 0 () Zhos [Am ((2522))| + 007D,
15205 = Na(Pllp = 0 (5-)- 0B+ 0™ S0 (F) = Nu(Pllp = 0™
(4). By using 4 and Lemma 1, [|If =S 2O, =01~ @), we get |If —
Na(Pllp < wwxf)ﬂmw Na(Pllp = 0.

Proof of (iv) : By definitions N (f)— Z% 0BremAm (). f =
BB and poywe  get  Ny(f) = f = Pyt Slho Pac S(f)
”p”fNU)fP”mm&M%mfﬂmdm=0m

Pn
Abel’s operator we get N,(f) — f = B, 2 h—o(AmPrm) 2o S (f) — ).
No(f) = f = B Zhzo(m + D(Ap P m){Um(f) f}. by Lemma I,
If = Na(Dllp < C0) (B Zhmo(m + DIAm Pl f = 0 (HI)- If -
N (Dllp= 0(?51)Z%=o(m+1)1 NAmPr-ml- If = Na(Hlp = 0~ “pa*)
Y= 1lApm]. Then [|f = Ny (F)ll,= 0(n™%).

1
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Theorem 2.6: Let f € lip9(a,p),q €N for >a >0, and 0 <p <1, If the
positive  sequence {p,}, satisfies(n + 1)B, = O(B,) and the condition

Tib1AP = 0 (22), then If = Ru(H)ll, = 0=,

Proof: Using definition R, (f) = pi o PmSm(f), we get R, (f)—f=
1 n-m n—-m

S0 PmSm(F)-Eizo P . Ru(f) = f = = S P (S () = Ziuco 2 £,
thus from the (iv) of theoreml and Lemma 3,we  get

IRn(F) = Flly=C®) (= 1Em0 P U = Sy )s 1R = £l < COIPT
R0 + DIARIIf = 0 (Ollp + (1 + DPy - If = 0a(HIlp). By Lemma
3 and Lemma 1, we get ||R,(f)—fll, = C(p)(O(n'“) + O(n'“)), then

1

IRa() = Fllp = O (n17 ) Zhb 8pm| + 0. IRA(F) = 1l = O™,

P,

Conclusion

The saturation problem for the trigonometric approximation on quasi
Lipchitz spaces of order €N, is satisfied. Many researchers study the
approximation of continuous functions using algebraic polynomials. But
sometimes we demanded that the approximation is trigonometric function.
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