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1. Introduction  
Let    be aclass involved the function have the following formula : 

   (   )    ∑   ( )   
           ̅   (1,1)  

where   ( ) be holomorphic function in  ,     and  (   ) be analytic in 
   . 

Assume  ,     -  *   (   )  (   )       ( )       ( )     
 +,        ̅, for   a positive integer,   ₵ and    ( ) be holomorphic 
function in  ,    . 

Now suppose that   (     )  ∑   

(   )  
 
   ,  
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where             *         +   ( )             * +  
₵  see more of the function Hurwitz-Lerch [1-5, 11-21].In terms of product 
convolution such that 

   (     )   
   ∑   

(   )  
 
   .  

In [6, 8-10]      we have the generalized operator  

        (   )    ∑ .       /
  

      ( )           ̅.  (1.6)  

From equation above we have  

  .      (   )/
 

 
 .        (   )/ (   )  .      (   )/   

Definition 1.3: Assume                  *         +   
₵         * +               and we define new generalized 
operator:  

        
  (   )      , where  

          
  (   )    ∑ .      /

 
.       /

  
     ( )      (1.7)  

From above equation we have 

    .        
  (   )/

 
 .        

    (   )/ (   )  .        
  (   )/  .  (1.8)  

Definition 2.1: Suppose that the function (   ) in     be an analytic with 
 (   )   ,     and                 .The class  (         ) 
involve the function      it investigation the strong differential subordination  

   0.        
   (   )/ . (   )     /   .         

    (   )/ (   )   1     (   ). 
The class  (         ) involve the function      it investigation the 

strong differential superordination 

 (   )       0.        
   (   )/ . (   )     /   .         

    (   )/ (   )   1   

2. Preliminaries  

Definition 2.1: [7] Assume that the set of functions    involve analytic and 
injective functions defined       (   ) with   (   )  *            
 (   )   +, in addition to that    (   )    of          (   ). The   ( ) 
contain the subclass of   and  (   )   .  

Definition 2.2: [7] Assume that the two analytic functions in     say  (   ) 
and  (   ).We say that the function  (   ) is a strongly subordinate to  (   ) 
if there exists the                   in  say   suct that  ( )    with 
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| |        where  (   )   ( ( )  )     .we write in this case 
 (   )    (   ) with     and    .  

Remark 2.3: [7].  
(1)  note that the Definition (   ) be equivalent to  (   )   (   )      

and  (   )    (   ) where the analytic function  (   ) in 
         and univalent in       . 

(2)  Let the two functions  (   )   ( ) and  (   )   ( ), the strong 
subordination becomes the usual notion of subordination.  
 
If  (   ) is strongly subordinated to  (   ), then  (   ) is strongly 

superordinate to  (   ). 
As a dual notion of strong differential subordination, Oros [7] has 

introduced and developed the notion of the strong differential superordinations. 

Lemma 2.4: [7] Assume the univalent function  (   ) with  (   )         
and assume     ₵  * +,   ( )   . Let    ,     - and  

  ( (   )) 
 .   /   (   )     (   )        ,  (2.1)  

then  (   )    (   )     (   ),        ,  
Such that  (   )      ∫  (   )      

   ,it will be best dominant and 
 (   ) be convex function. 

Lemma 2.5: [7]. Assume the convex function  (   ) with  (   )         
and assume     ₵  * +,   ( )   . Let    ,     -    and ( (   )) 

    
.  /   (   ) be           in     with 

    (   )   ( (   )) 
 .  /   (   )        ,  (2.2)  

then  (   )    (   )        ,  
Such that  (   )      ∫  (   )      

   ,it will be best dominant and 
 (   ) be convex function. 

3. Main Results 
Theorem 3.1: Suppose that the function  (   ) in     be a convex with 
 (   )         and    .Let     (         ) then there exists the 
function  (   ),where  (   )     (   ) with     (         )   

Proof: Put 

    (   )          
  (   )

    ∑ .      /
 
.       /

  
     ( )        (3.1)  

Implies    ,     -.because     (         ), we get  
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   0.        
   (   )/ . (   )     /  .         

    (   )/ (   )   1     (   ).  
(3.2)  

By two above equations (3.1) and (3.2),we obtain  

     0.        
   (   )/ . (   )     /   .         

    (   )/ (   )   1  

   ( (   )) 
 (  )   (   )     (   )   

Applying Lemma (4) and put    
 
 implied  (   )    (   )   

  (   ).  
From equation (3.1), we get 

        
  (   )

 
   (   )     (   ),  

Such that  (   )   
  
 

 ∫  (   )  
 
    

   ,it will be best dominant and 
 (   ) be convex function. 

Theorem 3.2: Suppose that the function  (   ) in     be a convex with 
 (   )   ,     and    .Let     (         )     [.        

   (   )/ 

. (   )     /   .         
    (   )/ (   )   ] in     be univalent and 

        
  (   )

   ,     -    then there exists  (   ) be a convex function 
where     (         )   

Proof: Put  

   (   )          
  (   )

    ∑ .      /
 
.       /

  
     ( )       (3.3)  

Implies    ,     -   .By some camputation with     (         ), 
to obtain  (   )     (   )  ( (   ))

 
 (  ).  

Applying Lemma (5) and put    
 
 implied  (   )     (   ).  

From equation (3.3),we get  (   )            
  (   )

 
, 

Such that  (   )   
  
 

 ∫  (   )  
 
    

   ,it will be best dominant and 
 (   ) be convex function.  

Now from the two Theorems (3.1)and (3.2) we have the sandwich theorem 
below. 

Theorem 3.3: Suppose that the two functions   (   ) and   (   ) in     
are convex with   (   )     (   )   ,     and    .Let   
  (          )  (          ),    0.        

   (   )/ . (   )     /  

 .         
    (   )/ (   )   1 in     be univalent and

        
  (   )

   ,     -    
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then  (          )  (          ) such that          are convex functions 
where  

  (   )  
 
  
 

 ∫   (   )  
 
    

    and   (   )  
 
  
 

 ∫   (   )  
 
    

   .  

Theorem 3.4: Suppose that the function  (   ) in     be a convex with 
 (   )   ,    .  

   (   )     
    ∫    (   )   

            ( )    .  (3.4)  

 Let     (         ) then there exists the function  (   ) where 
  (   )     (   ) with     (         )   

Proof: Put  

   (   )  .        
  (   )/

 

 
        .  (3.5)  

Implies    ,     -. 
By using equation (3.5) to get 

       (   )  (   ) ∫      (   )   
 .  (3.6)  

Now,differentiating two sided with respect to   for equation (3.6) to get 
 (   ) (   )   (   )  (   )     

 (   ) and 

 .        
  (   )/ (   )   .        

   (   )/ (   )   .        
  (   )/

 

 
. 

differentiating two sided with respect to   for equation,to get 

  .        
  (   )/

 

 
 .        

  (   )/
 

 
 .        

  (   )/
  
  
.  
   /.  (3.7) 

 Now,     (         ) to obtain  

   
  0.        

    (   )/ (   )   .        
    (   )/  1     (   ).  (3.8)  

We have equivalent to equation belwo,from two equations (1.8)and (3.8) 

  .        
  (   )/

 

 
     (   ).  (3.9)  

Some calculation for equations (3.7) and (3.9), to obtain  

  .        
  (   )/

 

 
  
(   ) .        

  (   )/
  
  
    (   ).  (3.10)  

Substitute (3.5) in (3.10),to get ( (   ))
 
 .  

(   )/   (   )     (   ). 
Applying Lemma (4) and let       implies  (   )    (   )   

  (   ).  
From equation (3.5), to get .        

  (   )/
 

 
   (   )     (   ),  

Such that  (   )  (   )  (   ) ∫    (   )   
 . 

Will be the best dominant and convex.  
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Theorem 3.5: Suppose that the function  (   ) in     be a convex with 
 (   )   ,    .  (   ) defiend by (3.4). Let     (         )   
.        

  (   )/
 

 
  ,     -    with    0.        

  (   )/ (   )   .        
    (   )/  1  

in     be univalent then there exists  (   ) be a convex function where 
    (         )   

Proof: Put  

   (   )   .        
  (   )/

 

 
        .  (3.11)  

Implies    ,     -   . 
By some computation and     (         )  to obtain 
Substitute (3.5) in (3.10), to get  (   )   ( (   ))

 
 .  

(   )/   (   ). 
By Lemma (5) and let       implies  (   )     (   ).  
From equation (3.11), to get  (   )    .        

  (   )/
 

 
  

Such that  (   )  (   )  (   ) ∫      (   )   
 . 

Will be the best dominant and convex.  
Now from the two Theorems (3.4)and (3.5) we have the sandwich theorem 

belwo. 

Theorem 3.6: Suppose that the two functions   (   ) and   (   ) in     
are convex with   (   )     (   )   ,     and  (   ) defiend by (3.4). 
Let 
      (          )  (          )   
                                                0.        

    (   )/ (   )   .        
    (   )/  1 

in     be univalent and .        
  (   )/

 

 
  ,     -    then   

 (          )  (          ) such that          are convex functions 
where   (   )  (   )  (   ) ∫   (   )  (   )

 
    and   (   )  (   )  (   ) 

∫   (   )  (   )
 
   . 
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