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Abstract

We are accomplish the two new classes related to analytic function within strong
differential superordination and subordination with new generalized operator and we
deduce several results for these classes.
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1. Introduction
Let A, be aclass involved the function have the following formula :

F@®) =z+¥,a,(3)z",z € U,5€T, (L)
where a,(z) be holomorphic function in U, n > 2 and F(z,8) be analytic in
UxU.

Assume M[a,m,x] = {f € M(U X U):£(5,3) = a + a, (3)7" + apy1(X)7" +
-}, z€ U,2€ U, for n a positive integer, a € C and a; (®) be holomorphic
function in U, j=zn

Now suppose that ¢.(z,a,T) = Y-y ﬁ ,
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where ze U, ae€C\z; ={0,—1,-2,..},Re(r) >1,z€dU,re N\ {1}re
C, see more of the function Hurwitz-Lerch [1-5, 11-21].In terms of product
convolution such that

_ i 9 7"
¢(Zl lh)’ ]r) - br + Zn:O (n+b)r .
In [6, 8-10], F € A, we have the generalized operator
0 +
?UI%HT‘(Z! 9) =17 + En:Z (]i)_'_n;
From equation above we have

3%(PEFG=) = (PEYFGE) 0 +3) — (BEFG2)y

7

)m ay (2)z",2 € U,2€ U, (1.6)

Definition 1.3: Assume Fe€ A, z€U, beC\z; ={0,—1,-2,..}, T€
C,meN,=NU{0},p€ER,3=0,9p+3>0and we define new generalized
operator:

Kﬂn,n,gf(?: B): qu - Uqa, where
. 1+b\T [p+nz\™
K%_D_Sf(Z: 9) =z+ anz (m) (n‘)—_::) g,n(a) Zn- (17)
From above equation we have

2 (K, @) = (KEF@2) 0 +3) - (K%, F@>))n. (18

Definition 2.1: Suppose that the function€(z,3) in U x U be an analytic with

€(0,3) = 1,vo€ U andm € N,, 8 > 0,1 € R,3 > 0.The class I'(8,1,3 m; )

involve the function ' € A, it investigation the strong differential subordination
- 0 3

7 (70, F@2) (-0 + 2+ 1) + (KL F@2) 0 +9)7] << Sz,

The class A(9, 1,3, m; €) involve the function F' € A, it investigation the
strong differential superordination

C(z2) << 77 [(K5,,7(22) (-0 +3) 2+ 1) + (K5 F@2)) 0 +3)2),
2. Preliminaries

Definition 2.1: [7] Assume that the set of functions Q. involve analytic and
injective functions defined U x U\ £(F,5) with £(F,5) = {r € 9U: lim,_,
F(z,3) = o0}, in addition to that J(r,5) # 0 oft € U X U \E(F, ®). The Q,(a)
contain the subclass of @,and f(0,3) = a.

Definition 2.2: [7] Assume that the two analytic functions in UxU say F(z,)
and F(z,3).We say that the function F(z, ) is a strongly subordinate to F(z, )
if there exists the analytic function in Usay W suct that W(0) = 0 with



NEW OPERATOR FOR ANALYTIC FUNCTIONS 357

[W| < 1,z€ U where F(z,5) = F(W(z),3),Vo€ U.we write in this case
F(z,8) << F(z,2) with®€ Dand z € V.

Remark 2.3: [7].

(1) note that the Definition (2.2) be equivalent to (0,3) = F(0,8),Vs€ U
and (U X U) << F(UX U) where the analytic function F(35) in
U x U Vo€ U and univalent in U, Vo€ U.

(2) Let the two functions F(z,8) = f(z) and F(z,3) = F(z), the strong
subordination becomes the usual notion of subordination.

If F(z,8) is strongly subordinated to F(z,3), then F(z,3) is strongly
superordinate to £(z, 3).

As a dual notion of strong differential subordination, Oros [7] has
introduced and developed the notion of the strong differential superordinations.

Lemma 2.4: [7] Assume the univalent function €(z, 8) with €(0,3) = a V3 U
and assume 0 € C / {0}, Re(g) = 0. Letp € M[a, 1,5] and

(P@ =), (£) + Pz 2) << C(z5),2€ T,7€ U, .1

then p(z,5) << 4(z,3) << €(z,5),€ U,z € U,

Such that 9(z,3) = 077° fg@({’, ) £~ 1 de it will be best dominant and
d(z, ) be convex function.

Lemma 2.5: [7]. Assume the convex function €(z,x) with €(0,8) = a Vo€ U
and assume o € €/ {0}, Re(0) 2 0. Let p € M[a,1,5]10, and (p(z ),

(3) + p(z, ®) be univalent in U x U with

0z 3) << (p(z2)), (%) + P 2),5€ U,z € U, 22)
then 4(z,2) << p(z,3),2€ U,z € U,
Such that 9(z,8) = 077 ° foz(i({’, 8) ¢° 1 d¢,it will be best dominant and
4(z,3) be convex function.

3. Main Results

Theorem 3.1: Suppose that the function €(z,3) in UX U be a convex with
€(0,8) =1,vo€ U and 8 > 0.Let f € I'(8,9,3,m; C),then there exists the
function 9(z, 8),where 4(z,8) << €(z,8) with f € T'(0,,3,m;4).

Proof: Put
K b,y,sF (72) oo 1+b\" /p+nz\™ _
- =1 n=2 (n+b) (nt)::) an(®) 2" E G.D

Implies o € M[1,1,2].because F € T'(d,,3, m; €), we get

p(z,2) =
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7 (5 F@2) (-0 + 2+ 1) + (KL (22) 0 +3) 5] << €(z2).
(3.2)
By two above equations (3.1) and (3.2),we obtain

77 [(%65,, 72 2) (-0 + 2+ 1) + (XELFG2) 0+
= (p(z 2)),(02) + p(z3) << 6(z,3).

Applying Lemma (4) and put o =% implied p(z,2) << 9(3,3) <<

€(z ).
r,ﬂn,g,sf(z:a)
7

%,
From equation (3.1), we get <<4(353) << €(3,3),

-1

5 1
Such that 9(z,3) =%ﬁ Jy€(t,®) 7 de,it will be best dominant and
4(z, ®) be convex function.

Theorem 3.2: Suppose that the function €(z,) in UX U be a convex with
€(0,3) =1,v2€ U and 8 > 0.Let F € I'(8,1,3,m;C), 7! [(76[31%,,0,3 F(, 9))

(—(I) + 5)? + 1) + (K}m“ F(z, 9)) (m+3) g] in UXU be univalent and

by3
Kb,y,sF %2) . .
%EM[LLB]DQB then there exists 4(z,9) be a convex function

whereJ € I'(0,1,3,m;4).

Proof: Put
K by,sF (22) o (1+D\T [p+nz\™ _
p(z2) = == = 143, () (B2) aue) (33)

Implies @ € M[1,1,83]NQ;.By some camputation with F'€ I'(d, v, 3, m; €),
to obtain €(z,3) << p(z3) + (pG, 9))2(63).

Applying Lemma (5) and put o = %implied d(z,3) << p( ).

. Kb ,2)
From equation (3.3),we get 9(z,3) << %ﬂza,

-1
5 1
Such that 9(z,3) = %foz(i(f, 8) £ ' dtit will be best dominant and
d(z,®) be convex function.
Now from the two Theorems (3.1)and (3.2) we have the sandwich theorem
below.

Theorem 3.3: Suppose that the two functions €,(z,®) and €,(z,8) in Ux U
are convex with ©,(0,8) = €,(z,) =1,v2€ U and 8>0.Let FE€

r@,0,3mEINIG,0,3m 6, 27 [(Xh,,F22) (-0 +3)°+1) +

(Km“ F(z, B)) (m+3) g] in U X U be univalent andw € M[1,1,3]NQ,

r,b,y,3
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then A(0,9,3,m; 9,)NI(0,y,3,m; 4,) such that 4,and 4, are convex functions
where
-1 -1

3 1 e 1
%G) = 1[5 61(63) 67 dland %,9) = - [76,(6,9) 67 de.

Theorem 3.4: Suppose that the function €(z,3) in UX U be a convex with
€(0,3) = 1,vee U.

o+2

S(32) = o Jy£°F(¢,2)d¢,5€ U,z € U,Re(0) > —2. (3.4)

Let £'€ A(1,9,3 m; €),then there exists the function 9(z, ) where
d(z,3) << C(z,3) with G € A(1,9,3 m;9).

Proof: Put
P(z,2) = (K%,,f 23)) ,2€ U,z € U. (35

z
Implies o € M[1,1, B].
By using equation (3.5) to get
72°716(z,8) = (0 +2) [ €71 €(2, 2)d¥. (3.6)
Now,differentiating two sided with respect to 7 for equation (3.6) to get
(o +2f(¢,3) = (¢ +1) &(33) +28.(3,9) and

(55, F@9)) (0 +2) = (%,,,6(z2)) (0 + 1) +2(%5%,6(z 2))
differentiating two sided with respect to z for equation,to get

(5005 @2), = (15,,8G0) +(X8,862), (). 6

o+2

!
7

Now, £ € A(1,1,3 m; C) to obtain

L[(maF @) 0 +9) — (KBLF@®)s] << €@2). G
We have equivalent to equation belwo,from two equations (1.8)and (3.8)
(50F @ B))Z << (3 2). (3.9)
Some calculation for equations (3.7) and (3.9), to obtain
m ! 7 m n
( 93 S (% B))z @) (xr,un,%@(Z. 9))22 << CG(z,3). (3.10)

Substitute (3.5) in (3.10).to get (p(, 9));( : )+ p(,) << €(,9).

(o+2)
Applying Lemma (4) and let 0 = o + 2 implies p(z,2) << 9(z,3) <<
€@, 2). ,
From equation (3.5), to get (Kl%.n.af(z' 9)) << 49(z,5) << C(z,9),
Z
Such that 9(z,8) = (o + 2)77C*2) [7£7G(¢, 2)dC.
Will be the best dominant and convex.
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Theorem 3.5: Suppose that the function €(z,3) in UX U be a convex with
€(0,8) = 1,ve€ U. &(z,8) defiend by (3.4). Let Fe I'(1,y3m;GC),

(K2P @ 2)), € MIL1,2100, with 2 [(32,,F 2 2)) (0 +9) + (B ) o]

in Ux U be univalent then there exists 4(z,%) be a convex function where
G e Ir'(l,y,3m;4).

Proof: Put
p(z3) = (K3,,6(3)) ,5€ U,z € U. (3.11)

Z
Implies p € M[1,1,3]NQ,.
By some computation and ' € TI'(1, 1,3, m; 9), to obtain

Substitute (3.5) in (3.10), to get €(z,8) << (Ia(;, 9)); ( z ) +(z 3).

(0+2)

By Lemma (5) and let ¢ = o + 2 implies 9(z,8) << €(z,3).

From equation (3.11), to get 9(z,8) << (K%,U,Sf(z, 9))
Z

Such that 9(z,3) = (o + 2)77*2) [7 71 E(¢, )dL.

Will be the best dominant and convex.

Now from the two Theorems (3.4)and (3.5) we have the sandwich theorem
belwo.

Theorem 3.6: Suppose that the two functions €,(z,®) and €,(z,8) in Ux U
are convex with €,(0,8) = €,(z,8) = 1,va€ U and S(z,) defiend by (3.4).
Let

f € I'(1,9,3m; € )NAL y, 3, m; C,),
i[(?{%}ﬁ (23) 0 +3) + (KBLF(z,9)) 1]

in UXU be univalent and (K%,n,j(z, 9)) e M[1,1,3]NQ, then T €
z

A(0,9,3,m; 9,)NI(0,v,3,m; 4,) such that 4yand 9, are convex functions

where 4,(z,8) = (8 + 2)z- 0+ foz C,(2,) 20D 4 and 4,(z,8) = (8 + 2)z~ @+

Jo &, (£,3) 2@V de.
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