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Abstract

This article introduces a novel notion concerning a system of homogeneous difference
equations ("E): a P-Self-Semi-Homogeneous System (PSSHS) of order m, denoting a positive
integer for both p and m. The article differentiates between two states (p=1 and p=1,
respectively) and two substrates (m=1 and m>2), where m represents a value for each state.
A matrix containing coefficients of the identical dimension (2x2) was used to summarize
the work. The argument is substantiated by a compilation of definitions, findings, evidence
that constitute the body of our article. In conclusion, instances and resolutions for every
scenario are presented, each of which can be resolved through one of three distinct methods:
application of the definition, application of the result, or utilization of the theorem.
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1. Introduction

The foundation of many mathematical calculations is an equation that
enables us to determine the value of a function recursively from a set of values.
An equation of this type is referred to as a "difference equation" or "recurrence
equation.” In both mathematics itself and in its applications to domains like
statistics, dynamical systems, electrical circuit analysis, computing, economics,
biology, other disciplines, these equations can be found in a variety of contexts
and forms. For instance, the size of the nth generation is a function of the nth
generation, assuming a population has discrete generations. The difference
equation represents this relationship [3-5, 14].

x(n + 1) = f(x(n)) (1
We could take another approach to solving this issue. One could create the

sequence starting at point x4. Xo, f (xo), f(f (x0)), f(f (f (%5).... To make things
easier, we use the notation

f2(x0) = f(f(x0), f3(x0) = f(f(f(xp), etc. f(x,) is termed the initial
iterate of x, under f; f2(x,)is termed the second iterate of x, below f; more
commonly, f™(x,) is the iterate of x, below f. The set for the all (positive)
iterates  {f™(x,):n>0} where f°(x,) = x, by description, is termed the
(positive) orbit of x, and its usually denoted by O(xy). Discrete Dynamical
Systems (DDS) are exemplified by this iterative process. Letting x(n)=f"(x,)
[6, 9-13, 16-21], we have

x(n + 1) = (%) = fIf"(x0)] = f(x(n)) 2
Al-Asadi [16] analysed the characteristics of several systems in his
Russian-language work named "cBoctBa panoctHo cucreM” in 2016. Semi-
Homogenous Systems (SHS) of difference equations were first introduced in
2021 by Abed and Al-Asadi [2], p-semi-homogenous systems were introduced
in 2023 by Hussein and Al-Asadi [1]. In addition, its defined as follows:
The Homogenous System (HS) of the difference equations

F(X(n)) = X(n + 1) = BX(n) 3)

Assuming a matrix of non-zeros, A4 that holds the following formula, which
is can be to generalized as a Semi-Homogeneous (SH).

F(Ax(n)) = pkAmF(x(n)) @)

p, k, m are integer numbers. A = (ai]-), B= (bi]-), is k x k real nonsingular
matrix. The system (3) is considered autonomous, or time invariant [2].

This study tackled a new definition of HS which is consider the

generalized P-Self-Semi-Homogeneous Systems (PSSHS) of difference

equations for the (2x2) dimensions defined as the follows: A HS of difference
equations (3) is called generalized PSSH if there exists a non-zero, real matrix.
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An example that the formula (4) is held. Where the matrix A Equals B, p, k, m
are integer numbers.

Given that matrices A and B are equal, the following form can be used to
represent equation (4):

F(Ax(n)) = p*A™*(x(n)) %)

In addition to the general case, various particular cases are explored in this
work. Examples and definitional characteristics are provided, related theorems
are established.

This suggests that the homogeneous system (3) is classified as a self-semi-
homogeneous system of order m when p=1, but as a p-self-semi-homogeneous
system of order m when (k=1 and p # 1). Two additional instances that can be
categorized as special cases are included in the second case. Illustrative
instances include the values at (p # 1,k = 1)and (p # 1,k # land k = m). It
is adequately demonstrated by any case in which p equals 4. The scope of our
inquiry was restricted to a thorough examination of the initial and subsequent
fundamental cases.

2. Time-invariant autonomous homogeneous systems in the (2x2) dimension
Definition 2.1: The following system of dimension two linear equations [3,5,7].
x1(n + 1) = byix; (n)+ by xp(n)

X, (n + 1) = byyx1(n) + by x(n)

In addition, the vector form (3) can be used to represent the system, where
x(n) = (x,(n),x,(n))T € R? and B is a real nonsingular matrix denoted by
(b,-]-). The symbol T represents the transpose of a vector, while F = (f}, f5)
denotes a continuous and differential function operating on the domain D C R.

Homogenous systems (3) are time-invariant or autonomous if all values of B
remain constant. The aforementioned can be stated as follows:

fi()\ _ (x(m+ 1)\ _ (byy by (x(n)
(60 = Gt ) = (s o2) Gem) ©
3. Case 1: Self-Semi-Homogenous (SSH) of order m

In this part, SSH of order m were examined when m = 1 and when m > 1.
In (4) when m = 1.

Theorem 3.1: If and only if the matrix A is a resolution of the following
algebraic system, the homogeneous system of “E formulas (3) is said to be SSH
of order one.
A12021 =0
Q2 = Q12033 (7)
Q1 = Az10491
a1 a12)

where the matrix A = B = (
a1 Az
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Proof:
= To demonstrate that equation (7) holds, let's assume that the
homogeneous system of "E (3) is SSH of order one.
F(Ax(n)) = AF(x(n))
<f1) (a11 alZ) (x) _ (a11 a12) <f1(x))
fa/ \az1 A2/ \y A1 G227 \f,(y)
(fl(allx + alZ)’)) — (a11f1(x) + a12f2()’))
f2(az1x + azy) az1f1(x) + axf2(y)
By using equation (7)
(all(allx +agy) + a12y> _ (an(anx + a2y) + agz(azx + azzJ’))
Az1X + Az2(A21X + A32Y) az1(a1x + apy) + az(azx + azy)
a?, = a?, + a;,a,, then,a;,a,; =0
A11Q12 T Q13 = Q11047 + A1205; then, a,; = a1,05;
Az1 F A22Q31 = Ap1041 F G320, then, ayy = az104,
az, = a3, + ay,a,, then,a;,a,; =0
<Assume that equation (7) is valid in demonstrating the self-semi-
homogeneity of order one of the system of the difference equations (3).

Therefore, its required to demonstrate that:
F (Ax(n)) = AF(x(n))

() e)0)=C a6
<f1(a11x + alz}’)) _ (a11f1(x) + alzfz(}’))

fo(@21x + az9))  \ay fi(x) + azfo(v)

By using equation (6)
(all(allx +agy) + a12y> _ (an(anx + a;,y) + agp(ax + azz}’))
az1X + a7(az1X + a35y) az1(a1x + ay) + az(azx + azy)
Therefore
af; = afy + a1,a;1 >+ a1,0,, = 0 then af; = af;

Also,

A11Q12 + Qqp = Q11043 + 1205, % Gy = A1205; then a1, = Aq144;
Also,
Qg1 + Ap2051 = Ap1011 + G051 >V Ay1 = dp1aqq then dyydy = 205
Also,

a3, = a3, + a1a5; >+ a15a,; = 0 then a3, = a3,
Therefore, the both sides are equal each other’s as showing in the system
(3) is self-semi-homogeneous of order one.

Corollary 3.2: The situations must require for all to be met intended for a
homogeneous system of "E (3) to be considered SSH of order one.

a12031 =0
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A1z = 1207,

az1 = A10441

An Example 3.3: Since the F(X(n)) = AX(n) to be a system for the "E

equation such that A = (1 _01), then is SSH of order one.

1

Remark 3.3: Using formula (5), it is possible to resolve the self-semi-
homogeneous system in the example above.

SSH is greater than number one (m > 1)

First, PSSHS of order more than one in this section was inspected. The
general formula for a matrix's power has to be stated.

a
Theorem 3.4 [2,8,15]: If a matrix A = (a;

possible results that depend on the eigenvalues, namely.
Case one if A; # A, then

a
a12) There's therefore two
22

pLa (AT-23)(a11-21) a;(A1-23)
| (A1-42) A1-22)
az1(A1-23) o+ (AT-2%)(azz2-11)
A1-12) 1 (A1-12)
Case two if ; = 4, = A then
A = (An + (@ — HYnat na;, A"t )
Tla21ln_1 An + (azz - A)nln_l

Theorem 3.5: If and only if the matrix B is a solution of the following algebraic
system (8), the homogeneous system of "E (3) will be SSH of order which
greater than one.
aia1q = Agibyy +Appay
ayyaiz + aip = Agibyp +Appay,
Ap1 + azpap; = Ap1Q11 + Agbay (®)
282 = Az1a1y + Apba
(M1 A _ (b11 b12) m_ (Au A12)
where the matrix A = (a21 a22),B = (b21 by and A™ = Ay Ay
= Assume that the SSH is a homogeneous system of difference formula
(3) has an order greater than one. To be demonstrated the equation (8) is hold:

F(Ax(n)) = A"F(x(n))
(B a0=( 4G
(f1(a11x + a123’)) _ (A11f1(x) + A12f2(}’))

f2(a21% + a229)) ~ \Ay f1(x) + Ay fo(¥)

By using equation (6)
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bijai; = Ayybyg + Agpbyy

byiaiz + b1z = A11b15 + Agzby;

by + bgzaz; = Az1byy + Agzbyy )
bzzaz2 = Az1byz + Agzby,

Since the matrices A and B are equal, their components are also equal and
take the following form.

@11 = by, a2 = by
The following can now be used to rewrite clause (9)
a11311 = A11byg + Agpay
ap1d1; + @y = Ay1by; + Appay,
Az1 + 82871 = Az1aq1 + Agabyy
2877 = Ap1a1; + Agybyy
<Assume that the equation (8), which establishes the self-semi-

homogeneity of the homogeneous system of difference equations (3), holds true.
We define the following matrix B as:

af1-A12az1 A11012+a12—A12022
B = A11 A11
Az1+022021—A21011 a%z—A21a12
Azz Azz

F(Ax(n)) = A"F(x(n))
(2 e)0)=(r 2GS
(fl(allx + alz}’)) _ (Allfl(x) + A12f2(}’)>

f2(az1x + az;y) A1 fi(x) + Az ()
By using equation (6)

(bll(allx +a;y) + b123’) — (An(anx + a;,y) + Ajp(azx + azz}’))
by1x + byz(az1x + az3y) Azi(a1x + a15y) + Ayp(azix + az,y)

Therefore:
biia11 = Aq1byq + Agpbyyg
2 _
ag; = Aqibyg + Agzay
2
2 _ ai1—-A12021 2 _ 2
ay = Ay ————— + Apay, = ag; = agg

A11

Also,
ag1a1p + A2 = Aq1bip + Agay,
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a11Q12+0a12—A12022
All

+ A, =
A11

aiqdip T A =

a11812 + Qg2 = A17a12 T Ag2

Also,
Az1 + 822821 = Az1Q45 + Agabyy
a1 + a8y = Az1a11 + Ay —aZIMZZZ:_AZlau
Q1+ A32821 = Apq + az232;
Also,

2 _
as; = Aziag; + Ayby,
2
2 _ a3,—Az21012
az; = Azap + Ay, = A,

2 _ 2
az; = az;

Corollary 3.6: If and only if the next situations are satisfied, a system of the
homogeneous difference equations (3) is SH of order greater than one.

ag1a11 = Aq1byq + Agzay,
a11d1p + Aq2 = Aq1bip + Agzay,
Ap1 + az28p1 = Az1a41 + Agpbyy

Az287; = Apragy + Agrby

Example 3.7: Since the F(X (n) ) = AX (n) it consider as a system of the

10 ), then is SSH of order three.

difference equation such that A = ( 5 _1

4. Case 2: P-Self-Semi-Homogenous System (PSSHS) of order m

Additionally, in this section, a two m cases was considered: the first, when
m = 1, the second, where m is greater than 1.

Theorem 4.1: If and only if the matrix B equals (211 le) with (A = B), then
21 D22

the homogeneous system of "E of (3) is PSSHS of order one.
N

2
__bajitpajzaz;
ai
__Q11012t+012—Ppa120a22
b12 -
paii >
__ Q2110422031 -PA21011
by = (10)
pazz

2
boy = paziaiz+az;
22 —

as; J

Proof: = Given that F is homogeneous to order 1, there exists a nonzero matrix
(let's call it A) for which the equation (4) holds when m=1; that is,
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F(Ax(n)) = PAF(x(n))
()@ Gy =p( @) (h9)

(fl(anx + ‘1123’)) _ <Pa11f1(x) + Pa12f2(y)>
f2(a21% + a32¥)) — \Pay, fi (x) + Pay, f,(y)
By using equation (6)

<b11(a11x +apy) + b12Y> — <Pa11(b11x + b1,y) + Pajy(byx + bzz}’))
by1x + byy(azx + az;y) Pay;(by1x + by3y) + Payy(byx + byyy)
bya;1 = Payybyy + pagybyy
byia1; + by; = Payby; + Pagyby,
by1 +byza51 = Pag;byy + Pagybyy
byya5, = Payyby, + Paysb,,
SinceA=B © a1, =bqq,...,055 = by,
We get,
bya;; = Paf; + pajay
a11312 + @12 = Pag by + Pagzay,
Az1 +az28z1 = Paz1a11 + Pagsbyy
byzaz2 = Pazias, + Paj,
Then, equations (10) are true
&The homogeneous system of "E (3) is PSSH of order one, if the
equation (10) holds. We assert that this matrix B is defined as

pai1+paizaz; a11a12+a12-pPa12az22
B = aii paii
a21+022021-PA21411 pa21a12+pa§2
pazz azz

F(Ax(n)) = PAF(x(n))
(G C)=r( ()
<f1(a11x + a123’)) _ (Pallfl(x) + Palzfz(}’))

f2(az1x + az;y) Pay f1(x) + Pay,fo(y)
By using equation (6)
(bll(allx +apy) + b12)’) _ (Pan(bnx + b12y) + Pajy(byyx + bzz}’))
ba1x + byz(az1x + az,y) Payy(by1X + by3y) + Pagy(bayx + bysy)
bi1a1; = Paf; + pajzay;
pad;+paizaz;
a1

. 2 — D42
~ Pai; + pajpaz, = Pajyy +pagay

— p,2
ay; = Paj; + pajpas,

Also,
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aj1a1; + a1, = Pay1by; + Pagyay,
a11012+a12—Pa120d22
paii

S agqdgp +a;p = ajgdg T agp

ajyay + a4, = Payy + Pajyay;

Also,
Az1 + az2851 = Paziay; + Pag;by,
Az +aza;; = Paz a1 + Pay; a21+a222212;pa21a11
S Op1 tazaz = A1+ aza3
Also,

— 2

bypa5, = Pagas, + Pag,

Paz1a12+pas,
azz

Payja;, + Pa3, = Payja;, + Pa?,

_ 2
ay, = Pajqa;; + Paj,

Therefore, the conclusion was that the right side is equal to the left side.

Corollary 4.2: P-self-semi homogenous of order one consider as a ("E) (3) if its
meet the following requirements:
bijay; = Paf; + pajzay;
byia1; + a;, = Pajiaqy; + Pagyay,
Ay1 + a23z1 = Pay1a11 + Pagby

_ 2
bysa,, = Pajja;, + Paj,

Example 4.3: Consider a system of difference equations F(X(n)) = AX(n)
1 -1

3 118 through P=2, then is PSSH of order one.
1 st

3

such that 4 =

Theorem 4.3:The homogeneous system of "E (3) tackled to be PSSH of order
greater than one if and only if the matrix B is a solution of the following
algebraic system,

afy = PAy;byy + PAjzay
a11812 + @1z = PAy1b1p + PAjpay,
Ay1 + a23z1 = PAyiaq; + PAyyby,y (11)
a3, = PAjjas, + PAyyby,
where the matrix

_ (A1 Q12 _(bix b12) m _ (A1 A12> _
A_(aZI aZZ)'B_<b21 bzz and 4 _(A21 Az, A=

Proof: Similar to previous theorems, this one can be easily demonstrated.
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Corollary 4.4: The homogeneous system of "E (3) is PSH if and only if the
following circumstances hold:
af; = PA;1byy + pAjsay,
a11d1p + a1y = PAy1byy + PAgay,
Ay1 + A2821 = PAja45 + PAyybyy
a3, = PAjias; + pAgby,

Example 4.5: Since the F(X(n)) = AX(n) be a system of "E such that A =

1
-0
3 , | with P=3, then is PSSH of order two. Such that Theorem 4.3 and

3
corollary are satisfy

Remark 4.6: hence P # 1, k # 1, then the system of (3) is termed p *- SSH of
the order m.
For example: Since F(X(n)) = AX(n) be a system of "E such that

0
with P=22, then is p*-SSH of order two

S R
E

1. If k=m, then Equation (4) becomes like the following:
F(Ax(n)) = (PA)“F (x(n))

For example: Since the F(X(n)) = AX(n) consider as a system of "E such
1

0
that A= | | with P=32, then is p*-SSH of order two and F(Ax(n)) =

0 -
9

(BA)?F (x(n)).
5. Conclusion

This study intendent to proposing a new concepts, that are generalized to
the (2x2)-PSSHS of difference equations of order m, where m is positive
integers, analyze all special cases of there.

6. Future work

Presenting the same study as previously, this time on a system of
homogeneous difference equations that are not autonomous (or time-variant).
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