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Abstract

We have closed this article, for deriving new superordination and subordination
results for analytic functions in open unit disk U by using an integral operator L. f(z).
Many conclusions will be obtained for differential superordination and subordination to the
new formula linked by integral operator and conclude several sandwich-type results are also
acquired.
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1. Introduction
Suppose that G (D) to be class of functions intailing the following function:
f(z)=Z+Z‘J’-°=2ajzj,(ZEU;jEN={1,2,...}), (1, 1)
where f(z) be analytic to open unit disk U = {z € C:|z| < 1}, assume that B
be a subclass of G (V) of function f. Assume the linear space G consists of every
analytic functions in U. For a complex number a € C and j to be positive integer
number, suppose G (U) involve the subclass G[a, j] with the following form:

f(@)=z+aqz +a;,127" +--,a€CjeEN={12}
If f € B defined by (1.1) and g € B which is taken the following form:
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9@)=z+ ¥, biz/,(j € N ={1,2,..};z € U). By using convolution
of fand g to get(f x g)(2) =z + X}, ajbjz’ = (g = f)(z). If the functions
f and g be analytic functions in, so f be subordinate to g in U, for that we can
say f (z) < g (2), if existing a Schwarz function w(z) to be analytic within U
to satisfy the conditions that |w(z)|<1(z € U)and w(0) =0 and
where f (z) = g (w(2)), (z € U). As additional, to that if g be univalent
function in U, so we satisfy the equivalence relation link (see [16, 17] and [19]),
f0) € g(U),(z € U)and f(2) < g(z) & [ (0) = g(0).

Definition 1.1: [16] Assume that k(z) to be univalent in U and ¢: C3 X U -» C.
If S(z) be analytic in U to satisfy the following differential subordination of
second-order:

Y(S(2),2S'(2),22S" (2); z) < k(2), (1.2)
therefore the equation (1.2) of differential subordination have the solution
S(z).The solutions of equation (1.2) of differential subordination have dominant
say ((z), or more, additional to that to be simply dominant, if S(z) < q(z) to
all S(z) for that will satisfy (1.2). If (2) is univalent dominant which satisfys
(4(z) < q(z) every dominant q(z) for (1.2), so the best dominant will be
satisfied in (1.2).

Definition 1.2: [16, 17]. Assume that 1: C® X U -» C and assume the function
k(z) which is analytic in U. If Y(S(2),2S'(2),2z%5"(2); z) and the univalent
function S(z) within U where S(z) satisfy the following differential
Superordination of second-order:

k(z) < Y(5(2),2S'(2),2%S" (2); 2), (1.3)
then the equation (1.3) have the differential superordination solution of (1.3)
say S(z).solutions of equation (1.3) of the differential superordination
have subordinant say the analytic function ((z) or we can say that subordinant
will be more simple when (z) < S(z) every S(z) halds (1.3). The {(z) be
univalent subordinant which satisfy q(z) < (z) to all subordinants ((z) of
(1.3), will be best subordinant. In [17], Miller and Macanu have obtained
sufficient conditions to functions k,q and ¥ for where the implicationts given
by:

q(z) <S52) = k(z) < Y(S5(2),25'(2),22S8"(2); z), 1.4)
by taking the results (see [1-7, 20]) for obtaining sufficient conditions to
normalized analytic functions for satisfying ,(z) < fo(—g) < (3(2), such that
the two tbe univalent function in U sayq, (z)and q,(z) where q,(0) = ¢,(0) =
1. Addition to that, El-Ashwah and Aouf [23], Ali et al. [3], Atshan and Hadi
[6], Atshan and Ali [4] derived some superordination and subordination results
to analytic functions in U. Recently, Al-Ameedee et al. [1], Atshan et al. [4, 5]
obtained sandwich results for many analytic functions classes, (see more [10-15,
18, 21, 22, 25-32]). The Hurwitz — Lerch Zeta function [8] is
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1 o n
9(247) = 5+ Tt gy (1.5)

(t € C\Z; where {0,—1,-2,..} =Z;,z € d0,{ € C,such that |z| <
1 and Re(¢) > 1). To use the normalization of the following function below we
obtain:

QZI(Z) - (1+T)€[UZ(T_T i] _Z+Zn 2(
Integral operator for ¢ > —1,& > 0 lad been defined by Raina and Poonam
Sharma [24] where { will generalize the following operator:
v _ °) o+1
Meof (2) =z + Xnzy (g+1+§(n—1)

If f,g € D,where f given by (3.25) and g be known by g(z) =z +
Yn=2bpz™,z€ 0, thus  (f*g)(2) =z + Xy-; anbpz" = (g * f)(2).The
present idea based on using the convolution which is defined above to introduce
a new operator.

¢
1”) a,z",z €.

n+t

v
) a,z",z=0.

Definition 1.3: Letf € D,z€e U,71€ C\ Z; ={0,—-1,-2,..},{ € C,Re(]) >
l,0>-1,§{>0v=>0vezZ={.,-2,-101,2,..} and we define new
integral operator:

Lt or0f (2): G(U) > G(U), where Ly o f (2) = 6z 12y * g o f (2)
1415 +1 v
ol (2) =z + X5, (n;) (m) apz". (1.7)
We have from (1.7) that:

( gzlrzf(z)) (QH) torcf (2) — ((Q+1) ) Lgguif (@) (1.8)

The majar subject to present paper be finding sufficient conditions to
normalize analytic functions f (z) to obtain:

w) < ) < 4y(2) and 4, () < (

such that the two functions (;(z) and (,(z) be known univalent within U where
q1(0) = q,(0) = 1.Now, in this work has been dedicated to derive several
superordination, subordination and sandwich results of differential containing
new operator Ly , . - f(2).

v+1

Yng 7S @ -VLgp 1S (2)

z

< (qz(2),

L gl (@) ‘
zZ

2. Preliminaries

Constructing our major results, some following lemmas will be needed
with its references, (see also [23]).

Definition 2.1: [16] called by Q set to all functions f such that to all are analytic
and injective on U\ E(f), where E(f) ={{ €0U:f(z) =} andU =0 U
{z € 0V}, in addition to that f'({) # 0 of { € AU\E(f). More that, we consider
a subclass of Q to a = f(0) is called Q(a) where Q(1) = Q,and Q(0) = Q,.
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Lemma 2.2: [16] Assume the function ((z) be univalent and convex in U let
p€ C/{0}yecC,, p=+0,and suppose that
zq" (2) _ Y
Re {1 + S } > max{0, —Re (p)}.
If S(z) is analytic function in U, and
¥S (2) + pzS'(2) < vq (2) + pzd'(2), (2.1)
then S(z) < ((z) and ((z) will be best dominant.

Lemma 2.3: [19] Let S(z) is univalent function in U and let @ and 0 be
analytic in the domain D containing 4(0) together with @ (w) # 0, where w
€ 9(V).Set Q(z) = zq' (2) ¢ (q(2)) and k(z) = 0(q(2)) + Q(2). Assume

1.  Q(2) is univalent starlike in D.

2. Re{zg(’(zz)) > 0} forz € U.
If S is analytic in U with $(0) = 4(0),S(U) € D and
0(5(2) + z8'(@n (S(2)) < 6 (4(2) + 24" (@) (4(2), (2.2)

then S < ¢ and () is the best dominant.

Lemma (2.4) [8,9]: Letq(z) be convex univalent in the unit disk U and
0 and let n be analytic in a domain D containing q(U).Suppose that

0 (42)
I)Re{w} > OfOTZ € U,

2)Q(z) = zq'(z)n(CI(z)) is univalent starlike in z € U. If S € G[4(0), 1] n
Q with S(D) € D and (§(2)) + z5'(2)n(S(2)) is univalent in U and
0(4(@) + 24" (@n(4(@) < 0(5(2)) + 25" (2)n(S(2)). (2.3)
Then 4(z) < S(z) and 49(z) will be best subordinant.

Lemma 2.5: [16] Let ((z) be univalent convex inU and q(0) =1. Let
Re(p) > 0 and p € C. If S(2) € G[q(0),1] N Q and S(z) + pzS'(z)is
univalent in U, then q(z) + pzq'(z) < S(z) + pzS'(z), which implies that
4q(z) < S(2) and q(z) will be best subordinant.

3. Differential Subordination Results:

Theorem 3.1: Assume ((z) is univalent convex function inU with g € C.
Suppose that ((z) satisfies:

) ) )
Re {1 +Z:T£)Z)}>{O,—Re(g%)},geC,EEC \ {0}. (.1
Let
L F@\® (LY 0o f(2)
— §078 §.078
Y8070 = (7)), (32)

holds the subordination below
y@,§,0,1,¢) <q(2) +§Zq’(2), (3.3)
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then
Lv+11_ £(2) S
(—59'2’5 ) <q(2), 34

and the equation (3.3) have the best dominant say .
Proof: Put
LutL S
5@ = (22) e, (35

Then S(z) has S(0) = land analytic in U, hence differentiate (3.5)
logarithmically according to z, and taking identity (1.8) in resultant equation, to
get

zs'(2) _ ( E) (L}’_Q,T_gf(Z) _ 1)
5(2) § J\Lgph (@ '

, L @\ 1\ (18 00¢f @
_ (Z2%et8 o+ §018 _ :
Then zS(z) = (—Z ) (g—f )(—ng,lr,zf ) 1).It is clear that

equation(3.3) can be written as follow S(z)+ . (gi1) z§5'(z) < 4(2) +
1 ' . . LYt F (@) ¢
@D zS (z). Thus with applying Lemma(2.2), to get (T) < 4(2).

1+Hz . . . .
18 taking in above theorem we obtain

If the convex function 4(z) = o

the result bellow.

Corollary 3.1: Assume (1 +% (S)) > max{-Re (s "fﬂ) ,0). Let, K € C,H €

C,H #K,|K| < 1and ¢ > 0 f € B satisfy the recent subordination case:

vy, &0 ‘r():(M)c (M

), hold the following

z Lg’z'll_’{f(z)
subordination:
s
14Hz & (H-K)z LEGh o f (@) 1+Hz .
y(,¢&,0,7,0) < T orD 1K) th ( . < and will
be best dominant say L
1+Kz

Theorem 3.2: Let the function ((z) define in unit disk U and q(z) be univalent
convex with ¢(0) =1,4'(0) # 1and z € U, assume, t, 0,5,y €C,8,y €C\
{0},5(2) € B, Re{zqq—,(z)— 2q2(2)+1}>0 and let q(z) and f holds the
conditions:

T(t,8,§,0,7,6) = tq*(z) — 8z ¢'(2). (3.6)
where

T(t,6,¢,0,v,6) =

(y LY g f@+(1-y) L'g_[,}f_gf(z))c t (y LY g f@)+(1-Y) ng_,;_gﬂz))zc

z

z
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_ac (et Lo/ @ _ )
ag( £ )(y L8 oo @+A-1) LT 1(2) 1) (3.7)

VLY o0cf @D+A-y) LEpY of (2)

z

then ( )g-< q(), (3.8)

and the best dominant say q(z).

Proof: Take S(z) be analytic function known by
S(2) = (y LY oo cf @D)+(1-7) ngh_(f(l))g.

zZ
Then S(z) has S(1) =0 and analytic function in U, we differentiate
equation (3.9) logarithmically according to, to obtain

I '
z5'(z) 4 (Lg.Q.T.Zf(Z)> +(1-y) (ng,,lr'(f(z))
= 2 e +1). (3.10)
7(z) 14 Lf_g‘-,;_(f(z)"'(l—y) Lg_g_-,;,gf(z)

(3.9)

We put @(w) =tw® and n(w) = —4, it can be simply shown that
0 (w),n(w) being analytic functions in € and C \ {0} respectively and by using
Lemma (2.3), to get —d Z‘l'(z) = ch’(z)CD(GZ(Z)) = Q(2) and k(2) = t%°(2) —
029 (2) = 9(4(2)) + Q(z), we found Q(z) be the function starlike in O.

7k '(2) _ zq”(z) _ 3t . .
Re{ 2@ } = Re{ Pra + 1} > 0. By candid calculation, to get T(t,9,¢,

0,7,¢) = tS3(z) — dzS'(z). By make used of (3.7), to get tS3(z) — dzS'(2) <
t43(2) — 029 (2).

VLY o g fD+A-V) LI, o f (z))c
V4

Thus, taking Lemma (2.3), we have ( < 4(2).

4. Differential Superordination Results:
Theorem 4.1: Assume that the function ( are univalent and convex in

U with q(0) = 1,0, € C, € C\{O},Re(gg%l) > 0iff €B,
v+1 ¢ v+1 ¢
(#2222 e Miq(0), 11 n o, (H2282) 2 0. @.1)

If y(v,§,0,7,{)is univalent function as defined by (3.2), and the
superordination case below;
42+

sle+1)

zq'(2) <yw¢,071,0), 4.2)
then
Lomef (Z)>§

z

4@ < (

and ((z) will be best subordination.

(4.3)

LutL (2) S ) )
{ng(fZ) ,z € U, differentiate S(z)

Proof: Suppose that the functionS(z) = (

according to z logarithmically, we obtain
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/ (L f(2) ’
z8'(z) _ ¢ < ( $erg ) _ 1)_ (4.4

5() (1L @)

Now, some calculation and use (2.3) from (4.4), to get

L r@\° +1, (LB oref(@ +1
$01¢ e+l §etd _ — e+1ly o
( p ) (1 + (s . (L%lmﬂz) 1) S@) + (s : )zS'(2).

L¥+1T<f(2) ¢
Appling Lemma (2.5), we have 4(z) < (Qf) , Where 4(z) is the

best subordinant.

Theorem 4.2: Assume the convex and univalent function in unit disk U
say ((z) where t,y,0,6€C, T1,§,0€ C\{O},Re{gg%l} >0 and f €B.

2
Assume Re{—3 @ q'(z))} > 0,for z € U, and holds the next conditions

(y LY 00¢f @D +(1=) L of (2)
z

(Y v _ v+1 S
) € G[q(0),1]1 N Q, (V Lfremlf(z)“i 2] Ls,w,zf(Z)) #0.
4.5)

Assume T(t,d,¢,0,Y,¢) is univalent function in U as known by (3.7) and
the superordination will be as below;
tq*(2) — 8z¢'(2) < T(t,8,§,0,7,¢), (4.6)

¥ L gref @+-V) LERY

z

3
Then ¢(z) < ( f(z)) and ¢(z) will be best subordination.

VYL orcf @+-1) LE5h . f(z))c

z

Proof: Assume that S(z) = (

' V(L3 ,rcf @ ’+(1—y) L f(@) ’
25 (2) _ [ ( £.078 ) ( £01d ) _1l 4.7)

5(2) VLY oref @+A-y) LERY o f (2)
By putting 0(z) = tw® and n(w) = —4, will be known simply as that
O(z),n(w)to be analytic functions in C, C\ {0} respectively, w € C\
{0}, ®(w) # 0 and, to get —dz4 (z) = ch'n(‘i(z)) = Q(z) it is showing that

Q(z) be univalent starlike in U. Because 4(z) be convex, we have

0' U@\ _ oo ta@)”
Re(n(q(z) ) = Re{-3 5 d (z) > 0.

By candid calculation, we have T(t,d,¢,0,v,¢) = t4°(2) — 0z 49'(2), thus
Y Lo @+(-Y) LEbieof (Z))c and

z

by taking Lemma (2.4), we obtain, 4(z) <(

4(z) will be best subordination.

5. Sandwich Results

The conclution of results for diffrerential superordination and
subordinationt, to state "sandwich results " below.
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Theorem 5.1: Assume (,(z) and q,(z) be convex and univalent in U with
q1(0) = q;(0) =1 and q,(2) satisfies the two Theorems(3.1)and (4.1).If f €

Llf)ﬂrzf(z) S
B, where 0 #+ (QT) € G[q(0),1]1 n Q, and y(v, ¢, 0,7,{) which is given
by (3.2) be univalent function and holds
¢ '
W@+ o524 (@ <y end) <@+
( Lo (Z))

best dominant (5.1) respectlvely. Joining Theorems (3.2) and (4.2), in order to
get sandwich theorem (5.2).

quz(z)' (51)

¢
cle+1)

implies ¢,(z) < < (,(2), with ¢;(2) best subordinant and q,(z)

Theorem 5.2: Suppose (,(z) and q,(z)are univalent and convex in Ufor
41(0) = 1,4,(0) = 1 and holds the two Theorems (3.2) and (4.2). If f € B and

VLY prf @+(-) LERY @)\

) € Gla@,11ne,

let f holds the conditions (

(y LY o0cf @D+(1=Y) LEpY o (2)
z

z

) # 0.Assume univalent function in U say

T(t a f 0,7, c) defne by (3 7) and let Re{ g3 842)) t(q(z))

w@+ +1)zq (2) <T(t,0,$,0,¥,6),< qz(Z) +
subordinant and (,(z) best dominant (5.2) respectively.

q (z) > 0, then

zq',(2), (52

(+D

6. Discussion and Conclusions
The main goal of our present work is dedecated to give a new results
connected by integral operator L’égm{ f(z) for subclass of analytic function in

open unit disc U, by using differential subordinations and superordinations. The
introduced results have properties of differential subordinations which are
similar to differential superordination properties in sandwich theorm, in addition
to that the results of this work involved with a new ideas, which can be applied
on univalent and multivalent functions theory.
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