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Abstract

The concepts of paracompact and ideal are two important mathematical notions in
topology. They have a significant role in applied science. In light of these two concepts, the
idea of merging them into one concept, which we called ID-paracompact space has emerged.
Its most important algebraic and topological properties and its relationships to I-paracompact
space and paracompact space were studied. In addition, we discussed the effect of some
different functions on preserving the ID-paracompact space property.
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1. Introduction

In 1944, Dieudonne [5] first defined the paracompact space based on the
concepts of local finiteness and refinement. The ideal is considered one of the
important mathematical concepts that Kuratwaski [7] defined in 1933. He also
presented a new definition, the local function, and based on the concepts of
topology and ideal, his idea crystallized as follows: A*(7,%) = {x:A N Oea.
for every open set (J of }. By defining the local function, Jankovic and Hamlett
[6] proposed a broader topology than the one known as local function, where
base is the basis of this topology ¥ (9)> which is defined as follows B(J,T) =
{(V—A:V € T,A €3}, the ideal 7 is called T -simple, if g = . There is a
group of ideal families: *J, = {M S X:p € N}, *I;, the ideal of all finite
subsets of X, *J.,, the ideal of all countable subsets of X.

Zahid [15] was first researcher to generalize paracompact for ideal,
whereas the concept of almost paracompact space was defined by Singia [12,
13] who studied its most important characteristics. Many researchers such as [1-
4, 10, 11, 14] explored such a variety types of paracompact and compact as:
Semiparacompactness and z-paracompactness, and Compactness with Gem set,
s-paracompactness, B — J-paracompact, a-S-paracompact (mod J),
perparacompactness.

The current study consists of two sections. The first section surveys the
fundamental concepts where as in the second section we introduce a new
definition of ideal, namely J -refinement, J-locally finite and 7D-paracompact
space. In addition, useful characterizations are given for JD-paracompact space.

2. Preliminaries
Definition 2.1: [8]. Let 7 be ideal on set X, then J is called maximal ideal on X,
if 7 is not contained in any other ideal on X.

Theorem 2.2: [8]. Let (X,T,7) be ideal topological space. Then J is maximal
ideal if and only if for any subsets D and € of X such that D N € € J, we have
either D € Jor € € J.

Proposition 2.3: [8]. Let (X, ¥, 7) be ideal topological space. Then J is maximal
ideal if and only if for each subset D of X, then either D € JorX — D € J.

Lemma 2.4: [9]. Let §: X — Y be function then:
i Ifg: (X, T )= (Y, D) is one to one function, then § (1) = {%(A) A€ 7}

isan idealonY.

ii. Ifg: (X, ¥)- (Y, })is one to function, then g._l(}) = {g_l(B): Be f}is

an ideal on X.
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A collection U = {U;: 1 € A} of subsets of topological space (X,Y) is
called Locally finite, if each point of X has a neighborhood & such that & N
U, # @, for at most finitely many indices A [5]. A space (X,¥) is named
paracompact, if each open cover H of X has a Locally finite open
refinement V [5]. A space (X, ¥,7), we say J is I-boundary, if 7N ¥ = {@} [9].
A space (X, ¥) is named almost paracompact, if each open cover B of X has a
Locally finite open refinement W with X = cl U{W: W € W} [12].

Definition 2.5: [15]. A ideal topological space (X, ¥, 7) is called J-paracompact,
if each open cover $ of X has a Locally finite open refinement W (not necessary
acover of X ) with X — U{W: W € W} € 7.

3. ID-Paracompact space

In this work, we introduce the definitions of called J-refinement, J-Locally
finite and JD-paracompact and show its most important properties, particularly
union and intersection and relationship between them.

Definition 3.1: Let § = {§,: a € A} and W = {Ws: f € @} be two covering of
ideal topological space (X, ¥, 7), 0 is called J-refinement of §, if for each Wp
of M there exists §, of § such that W — H, € J.

Definition 3.2: Let (X,%,7) be ideal space. A collection B = {Bs5:5 € O} of
subset of X is said to be J-Locally finite, if each point of X has a neighborhood €
such that € N BV & J, for at most finitely many indices §.

Remark 3.3:
i.  Every refinement is J-refinement for any ideal.
ii.  Every J-Locally finite is Locally finite for any ideal.

The opposite of Remark (3. 3, i, ii) is not generally true, as shown in the
following examples.

Example 3.4: Suppose that A = {{x}:x € X}and € = {{x,y}:x,4 €X} be
covers of discrete space (X, ), then € is not refinement of A, but € is ;-
refinement of A.

Example 3.5: Let (R, ¥) be discrete space and J; be ideal on R, where B =
{{x}: x € R}, then B is Locally finite in R but B is not J¢-Locally finite in R.

Remark 3.6: If 7 = {@}, then the concepts of refinement (resp. Locally finite)
and J-refinement (resp. J-Locally finite) are equivalent.
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Definition 3.7: A ideal topological space (X,Z,7) is called JD-paracompact, if
every open cover B = {8,: a« € A} of X has J-Locally finite open J-refinement
W = {W;: A € A} (not necessary a cover of X ) such that X — U, I, € 7.

Example 3.8: Let (R, ) be usual space and J, be ideal on R, then (R, %) is
JpD-paracompact space, p € R.

Remark 3.9:

i. It clear that, (X, ) is paracompact (resp. J-paracompact) if (X;%)
is {@#}D — paracompact space such that J = {@}.

ii.  The topological space (X,%) is almost paracompact, if (X,%,7) is ID-
paracompact with 7 = {@}.

Proposition 3. 10: Let (X, ¥,7) be ID-paracompact space and J be a maximal
ideal on X. If §is closed subspace of X such that{ ¢ J, then § isJID-
paracompact subspace.

Proof: Let § be closed subspace of JD-paracompact space (X,¥,7) and
9 ={9p: B € Q} be open cover of §F, there is open set Kz of X such that
Hp = F N Kp, thus {Ke: B € O} is open cover of B and H" = {Kz: f € Q} U
(X — &) is open cover of X. Given X is JD-paracompact space, there is J-Locally
finite open J-refinement W = {B;: 1 € A} U {B} (B, — Kz € Tand B — (X —
&) € 7) such that X — (U eq By U {B}) € 7.

To prove that W* = {FNBV,:B,; € B,A € A} is J-Locally finite I-
refinement of §, let N B, € W* 3 B, € W, 1 € A, since Wis J-refinement of
9", there is Kz € " such that B; — Kz €. But (FNBy) — K € B — Kg
and (% N %}L) —.f)ﬁ = (8; n%a) _gﬁa then ( %n SBA) —S:)B € f], thus W* is J-
refinement of §. Suppose that x € X, but W is J-Locally finite of X, there is
neighborhood 9t of x such that 9t N (B, U {B}) € I, for at most finitely many
indices A. Since § € J and J be maximal ideal on X, then by Theorem (2. 2),
NNENB,) &7, for at most finitely many indices A. But F — U ea(F N
B1) =F -~ Uzrea®By and §F— Uzea Bz € X — Uzea By, then §F— Uzea(@ N
B;) € J. Therefore § is ID-paracompact subspace.

Theorem 3.11: A space (X,I,7) is ID-paracompact, if (X, 1*, 7) isID-
paracompact space defined on maximal I -simple ideal 7 on X,

Proof: 1t is simple to prove by using the definitions of JD-paracompact space
and g -simple, Theorem (2. 2), and Proposition (2. 3).
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Proposition 3.12: If €is closed subset of maximal ideal topological space
(X, T, ﬂ)and K is ID-paracompact subset of X such that € ¢ 7, then € N K is ID-
paracompact set in X.

Proof: Let B={Vp: €O} be open cover of ENK in X, then | <
UpgeaBp U (X — €), thus B" = Upgea B U (X — €) is open cover of K. Given
K is JD-paracompact set in X, there is J-Locally finite open J-refinement U =
{U;;meA} UX—C) of B* in X such that & — (UyeaU, U (X —C)) €7.
LetU" = {U,;: U, € U,n € A}, to prove that U* is J-Locally finite J-refinement
of B.Let U, € U" 23U, € U,n €A, then U, U (X— €) € U, then there exists
B U (X —C)€BV" such that (U,UX—-C))—-(BsuX—CE))ETI. But
(UyUX—-C)N—-(BgUuX—-C)N=U,NE—Bg)NE and € ¢ J, then by
Theorem (2. 2), U,y — By € J. Hence U* is J-refinement of B.

Assume that x € X, there is neighborhood 9t of x such that 3t N (U, U
(X—C€)) &7, for at most finitely many indices 7. Since € & J, then by
Proposition (2. 3), X—C€J, but RN(X-C)c (X—C), thus NN
(X—C€) €7, then NNU, &7, for at most finitely many indices 7, then U" is
J-Locally finite of X. But & — Uyea(U, U(X —€)) = (ENK) — Upea Uy,
then (€ N &) — UpeaU, € J. Therefore € N K is 7D-paracompact set in X.

Proposition 3.13: Let g: (X,%,7) — (Y, T, g(7)) be homeomorphism function.
If (X, %) is ID-paracompact space, then (Y, T) is g(J)) D-paracompact space.

Proof: Assume that $={9;:A1€A} be open cover of Y, so
9 ={g 1(91): 1 € A} is open cover of X, given X is JD-paracompact space,
then $* has J-Locally finite open J-refinement B = {8,: a« € A} of $* in X such
that X — Ugea B, € J. Suppose that B* = {g(B,): B, € B, a € A}, to prove
that B is J-Locally finite J-refinement of §, let ¢ € Y, there is x € X with
g(x) =y, there is neighborhood ® of x such that D N B, & J, for at most
finitely many indices «, thus g(D N B,) & g(J), then g(D) N g(B,) € g(J),
thus B* is g(J)-Locally finite of Y. Let g(*B,) € B* 3 B, € B, a € A, there is
g 1(9,) € 9%, 1 € A such that B, — g 1(H,) € 7, thus g(B,) — H, € g().
Since X - UaEA Q}a € :7, then g(x - UaeA Q}a) € g(j), thus y - UaEA g(%a) €
g(9). Hence (Y, T) is g(J) D-paracompact space.

Proposition 3. 14: Letfi: (X,¥) > (Y, T) be homeomorphism function. If
(X,%,7,) is J;D-paracompact space such that 7, = {€ € Y: A~ (€) € J,}, then
(Y, T,3,) is I,D-paracompact space.

Proof: Similar proof to the Proposition (3. 13).
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Proposition 3.15: If € and D are JD-paracompact sets in ideal space (X, %, 7),
then € U D is JD-paracompact set in X. since $ and U are J-refinement of B

Proof: Let B = {B,:a € A} be open cover of EUD inX, since € and D are
JD-paracompact sets in X, there is J-Locally finite open J-refinement sets
H={9Hs:6 €Q}and U ={Uy:1 € A} of B such that € — Ugeq Hs € T and
D — Ujzea U, € 7. Suppose that & = {H5:5 € Q} U {U,: A € A}, to prove that £
is J-Locally finite J-refinement of M. Let H5 U U, € L such that H5 € {H5: 5 €
Q}and U, € {Uy: A € A}, there is B, € B and (H5 UUy) — B, = (H5 —Be) U
(’UA - Q}a), but 555 - SBa € J and {U)L - Q}a e, thus (Sj(g U 'U,l) - %a € 7, but,
thus g is J-refinement of B.

Let x € X, since $ and U are J-Locally finite of X, there exists B and
XK are neighborhood of x with B N $Hs & I and K N U, & I, for at most finitely
many indices § and A, respectively. But (BUX) N (Hs U U,) = (BN Hs) U
HKNHNU (BNUYU (KX NUy)), since (BNHs) € (BNHs)u
KnHsHU(BNUDUEKNUY)) and BNHs €T, then (BUK)N
(Hs UUy) ¢ 7, for at most finitely many indices & and A, respectively, thus  is
J-Locally finite of X. But(CUD)— (UsecaHsV UreaUy) = (((C—
Usea$s) N (€= UzeaUz)) U (D~ Usea Hs5) N (D —UzealUs)), since
(€ —Usca9s) N (€ = UpeaUp) S (€ —Usea Hs) and (D — Usea Hs) N
D - UzpeaU) S (D — UzeaUn), then (€ —UseaHs) N (€ —UpeaUp) €7
and (D —UseaHs) N (D —UpeaUp) €7, thus  (EUD) — (Usea Hs U
UaeaUy) € J. Hence € U D is ID-paracompact set in X.

Corollary 3.16: Ifg: (X,3) — (Y, T,7) is homeomorphism function and
(Y,T) is ID-paracompact space, then (X,%I) is g~ 1(9)D-paracompact space.
Proof: By definition of homeomorphism function and Proposition (3. 13).

4. Conclusion and future work:

1. A new definition of ID-paracompact space was presented based on J-
refinement and J-local finiteness. Moreover, their most important
topological and algebraic properties were examined.

3. If J={@}, then paracompact (resp. J-paracompact) space and {@} D-
paracompact space are equivalent.

4.  JD-paracompact space can be applied in fuzzy set theory and proximity
theory.
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