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Abstract

In this article, the P-Self-Semi-Homogeneous System (PSSHS) of order m is introduced
as a new concept for a system of difference equations with dimensions 3*3. We also examined
various instances of p and m, where m is a positive integer. To substantiate our claim, we

have provided evidence, results, and examples for every case.
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1. Introduction

Difference equations are frequently used to characterize the evaluation of
particular phenomena over time periods. Consider, for instance, the general

difference equation.
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x(t+1) = g(x(r)) (1)

Using xpas a starting point, we can generate the following

sequence.xo: £(xo), 8(8(x0)). & (8(8(x0))) -

g(x,) = x; is the first iterate of x, under g, while g2(x,) = g(g(xo)) = x,
is the second iterate. g"(x,) = x,, represents the n‘" iteration of x, under g.

with a unique reiterated technique, it can be elaborating a Discrete
Dynamical System (DDS). In other words, systems that can be described by a
set of n variables x; x, ..., x,, specified by the following difference equation (1).

Difference equations and discrete dynamical systems are equivalent in that
they both represent the same physical paradigm. For example, when discussing
difference equations, we frequently by considering the analytic theory for
several subjects, whereas when discussing discrete dynamical systems, we refer
to the topological and geometrical aspects. The difference equation (1) is
referred to as time-invariant or autonomous [1,3,4,8,10] and [12-16].

In 2016, Al-Asadi[ll] presented a number of characteristics of
homogeneous systems; the benchmark study originally was written by Russian
language. The first annual of the notation Semi-Homogeneous Systems (SHS)
was by the author [6, 7]. Then, in 2023, Al-Hussein and Al-Asadi [2] first
proposed the idea that semi-homogeneous systems of type p, while in this paper
we present a new concept of p-self-semi-homogeneous systems of order m (with
m denoting a positive integer) with dimensions of 3*3. In order to elucidate, the
following homogeneous system is referred to as:

G(X(@) =B@®X() )
It is a p-self-semi-homogeneous system of order m if it satisfies the
following equation:

G(Ax(1)) = p*amg(x (1)) 3)
Where A and B are matrices of dimension 3 by 3 and p, k, and m are
positive integers.
Due to the equality of matrices A and B, the following expression may be
used to represent equation (3):

G(Ax(7)) = p*A™ 1 (x(1)) 4)

There are four potential solutions to equation (3) based on the values of P

and K. To begin with, (2) is referred to as a self-semi-homogeneous system of
order m if p = 1 in (3). Furthermore, if (p # 1) and k=1) are specified in (3),
then (2) is referred to as a p-self-semi-homogeneous system of order m. Thirdly,
if (p#1 and k#1) in (3), then (2) is referred to as a p*-self-semi-
homogeneous system of order m; fourthly, if (k = m) in (3), then (2) is referred
to as p*-self-semi-homogeneous system of order k, and can be Rewrite an
equation (3) as G (Ax(‘[)) = (pA)*G(x(r)). An extensive analysis will be
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conducted on the initial and subsequent cases, supported by evidence and
illustrative instances to substantiate our standing. Based on the value of P, the
remaining two cases are regarded as special cases for the second case. The third
and fourth cases can be proved with the value of P=4, with the value of m
considered in all cases where it is equal to or greater than one.

2. Particulars regarding homogeneity in systems of difference equations:
Definition 2.1: The following system of three-dimensional linear equations is
defined as. [5,7,9]

x1(T + 1) = by1%,(7) + D122, (7) + by3x3(7)

%2 (T + 1) = bp12(7) + byx2 () + bo3x3(7)

X (T + 1) = b31x1(7) + 3%, (7) + b33x3(7)

The system can be represented using the vector form (2), where x(t) =

(%1 (1), %, (1), %,(1))T € R3and B is a real nonsingular matrix represented
by(bij). The transpose of a vector is represented by the symbol T, whereas a
continuous and differential function operating in the domain D € R is denoted
by G = (g, 8,,83). Homogonous systems (2) behave autonomously and time-
invariantly when all values of B remain constant. The preceding can be defined
as follows:

g.(x) x(t+1) by; Bz biz\ /x(T)

gy |=(yc+1) |= <bz1 by b23) y(™)

g3(2) z(t+1) b31 b3y b33/ \z(1)
g1 () by1X +bypy + b3z
g:(y) | = <b21x + Dby + b23Z> 5)
g3(z) D3 X + b3y + b33z

3. The First Case: self-semi-homogenous of order m

This section investigated Self-Semi-Homogeneous (SSH) individuals of
order m for both m = 1 and m > 1 conditions.

Theorem 3.1: In order intended for a homogeneous system of 'E. (3) is to
possess SSH of order one, matrix B must be a solution of the subsequent
algebraic system:

— 2
by1a11 = af; + a12051 + aq303;

\
ay1Q1 + Q13 = Ay1D13 + 1205, + ag3a3;
ay1Q13 + Q13 = Ay3b13 + a12053 + ag3a33
Az1 + Q32051 = A31Q11 + Agby1 + A2303;
U205 = Q1045 + a5, + ap3a3, >
Ap2023 + A3 = Az1Q13 + Agby3 + Az30a33 (6)
a3y + A33031 = A31Q11 + A3202; + A33b3g
a3z + A3303; = A31Q15 + A3202; + A33b3;

_ 2
A33b33 = A31043 + A3,0,3 +as3; J
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where the matrix A = B

Proof:
= Suppose The homogeneous system of "E. (3) to be SSH of order one to
prove the equation (6) is hold:

G(Ax(‘[)) = AG(x(r))

81 ap;; 12 A3\ /x a;; a1z a3\ /&%)
(gZ) a1 az; azs (3’> =(az2 az axz|| g (y)
83 az; az; azz/ \Z az1 A3z 3a33/ \g,(2)

g1(ay1x + apy + ag32) a1181 (%) + a128,(¥) + a1383(y)

82(az1X + azy + az32) | = | az18:1(x) + az28,(¥) + az385(y)

g3(az1x + azy + azzz) az181(x) + azg2(y) + assgs ()
By using equation (5)

b11(a11x + a1y + a132) + b1y + b3z
ba1x + b2z (az1x + Gz2y + Az32) + bysz
b31x + b3py + b3z (asix + azyy + assz)
a11(B11X + b1z +b132) + a12(b21% + byzy + b232) + a13(b31x + b3y + bs3z)
= | az1(b11x + b12Y + b132) + Az2(b21x + b2y + by32) + a3 (b31x + b3y + b332)
az1(b11x + b1y + b132) + Az (bayx + b2y + by32) + a33(b31% + bazy + b332)
v A =B ay; =Dbyq,015 = byp, .0, 833 = b3
Can be written the above system as
b1 = afy + a42a51 + a13a3;
A11012 + Q13 = Q11015 + @120, + A13a3;
A11053 + Qg3 = Q11013 + A12053 + Q13033
Az1 + G201 = Gp1Q11 + Q2021 + A23031
Az2b2z = @145 + a5, + A3a3;
Q22023 + Qp3 = Ap1013 + AzpDp3 + A23033
a3; + A33031 = A31091 + A32051 + A33b3g
A3z + A3303; = 31017 + A3205; + A33b3;
3333 = G313 + A32053 + 33
< G is self-semi-homogenous of order one if there exist matrix A such
that G (Ax(r)) = AG(X(‘L’)) we claim that this matrix defined as:

2
Q12021 + G43031 + a7y Q11012 + G1p — Qip0p; — G1303; Q11043 + Qg3 — Gyp0p3 — Q13033
a1 a1 a1
Q051 + A1 — Ap1Qq7 — A33Q; ay1015 + a3, + aysa Q5073 + Ap3 — Ap1Q13 — A3Q
B — | %e2%21 21 21411 23431 21412 22 23032 22023 23 21413 23a33
| Az az; Az |
Q33031 + 31 — A31Aq1 — A320Q; Q3303; + A3; — d31A1p — A320 Q33043 + A320,3 + a3
33431 31 31411 32021 Q33032 32 3112 32022 33413 32023 33
azz aszz aszz
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81 a;; A1z 13\ /x a;; A1z s /81 (®)
(g2> az1 Az A3 (y> =(az21 Az az || g,(y)

83 a3y Az azz/ \Z az; a3 3A33/ \g;(z)
g1(a1x + apy + a432) a118:1(x) + a128,(¥) + a1383(y)
82(az1x + Ay + a332) | = | az181(X) + az28,(¥) + az385(y)
g3(az1x + azy + azzz) az181(x) + as;8,(y) + assgs(y)

By using equation (5)

by1(ag1x + ag,y + a132) + b1y + bizz

b1 X + bya(ag1x + ag2y + Az32) + b33z

b31X + b3y + baz(as x + as,y + azsz)
a11(B11% + 15y + b132) + a12(b21% + baoy + basz) + ay3(bayx + byzy + bazz)
= az1(B11x + b3y +B132) + az2(b21X + b2ay + b232) + az3(b31X + b3y + b332)
a31(by1% + b1y +b132) + azp(bagx + bopy + b232) + azz(bsgx + bspy + byzz)

Therefore
2
_ 2 @12021+013a31+047; — 2
bi1ay1 = afy + 42051 + ag3a3; = P i1 = ai1 t Q1202 +

a1303q

. 2 _ 2

S Q1201 T Q13031 + A7 = Q2027 + Q13031 + afq
Also,

11012 + A1 = A11D15 + 1205, + A13a3;, = A4104, H g5 =
A11012+012—012022—A13032
(551 P + Q1203; + Q1303

S 011Q1p T A1 = A11Q17 T Qg3
Also,

11043 + Ay3 = Q11D13 + Q12053 + A13033 = A41043 + a3 =
a11a13+a13—A12023-A13033
aiq s + a12033 + Ay3033

S 11043 + Q13 = Q11043 + Aq3
Also,

Qp1 F Ay2051 = Ap1Q11 F 3021 + Ay3031 = Apq + 32051 = A1041 +
Q2021+021—021011—023031
az2 P t+ az3as3;

S Qpq T Q01 = Ap1 + A0

Also,
2
_ 2 az21a12+a3;+az3a32 _ 2
Ap2b2, = Ap1Q4; + A3p + Ap3a3;, = ayy P = Q1012 taj +

3033

. 2 _ 2

S 01012 T A5 + Ap303; = G104 + A5y + Ap303;
Also,

Ay2053 + Ay3 = G103 + AyDp3 + Ap3a33 = Ay2053 + Ay3 = Az1a43 +
Q2023+0a33—A21013—A23033
az2 2 + a3033
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S 3053 T A3 = Qp053 + Ap3
Also,

az; + azzdz; = a3+1a11 + a3;az1 + az3bz; = a3 + azzaz; = az 040 +
a33a31+0d31—0a31411—04320d21
A32021 + A3z

ass
~ 031+ A33Q31 = A31 + 433031
Also,

A3y + A3303; = G310 + Q3205 + A33b3; = a3, + Az3a3; = a31a4; +
a330a32+0a32—031A12—A32022
A3207; + A3z

ass
S gy + A33a3; = A3 + A330a3;
Also,
2
_ 2 azzaiztazpazzt+azz
A33b33 = A31Q13 + A32053 + 33 = az; T4, Geits +

2
A303 + a3z

. 2 _ 2

S 031013 T 30,3 + A33 = 31043 + A320,3 + 33

Left and right hands are therefore equal, and system (2) Order one self-

homogeneity is present.

Corollary 3.2: An identical system of distinctions Equation (2) is considered
self-semi homogeneous of order one, provided that the following conditions are
satisfied:

bi1a4 = a%l + a12071 + ay30a3;
ay1Q12 + Ay = 11Dy + 1205, + ag3a;3;
ay1a13 + ay3 = A11by3 + 212053 + ag3a3;3
Ayq + Ap2051 = Ap1Q11 + Agb51 + 3303,

Ay2b2; = Az1a4; + a5, + ay30a3;
(32073 + Ay3 = Az1Q13 + Agby3 + az30a33
a3y + Q33031 = A31Q11 + A32021 + A33b3g
a3z + 3303, = A31Q1; + A32022 1 A33bs;

A33b33 = A3113 + A320,3 + a3;

Example 3.3: Since G(X(t)) = BX(7) be a system of difference equation. then

1 0 1
its SSH of order one such that A = B = <O 1 —1>,
0 0 1

Remark 3.4: We can use equation 4 to solve the SSH system.
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Theorem 3.5: In order to the homogeneous system for the "E. (2) to possess
SSH of order which is greater than number one, the matrix B must be a solution
of the subsequent algebraic system:

afy = A11byy + Ajpaz, + Agzas, A
A11Q12 + Qg3 = A11byp + Ajp05; + Agzasz;
A11043 + Ay3 = A11by3 + Ajpa53 + Ajzazs
Az1 + Q2051 = Az1041 + Agzbyy + Agzas

a5, = Ap1Qip + Apybyy + Aysas, > (7)
Q22023 + Qp3 = Az1Q43 + Agzbaz + Agzass
az1 + a33a31 = Az1051 + A3051 + Azzbsy
A3y + A3303; = Az105; + A305; + Azzbs,

a33 = A31013 + A3p0p3 + A3sbs; J

where the matrix
a;; Q12 Az b;; Dbz DBy3 A A Az
A =|4az1 =EPY) ds3 ,B = b21 bzz b23 and Am = A21 A22 A23
dz1  dzz A3z b3; b3z Dbs3 Az1 Azpz Az

Proof: Similar to previous theorems, this one can be easily demonstrated.

Corollary 3.6: The homogenous system of difference by the formula. (2) is SSH
of order greater than one if and only if the subsequent conditions remain valid:

a%1 = A11b11 + 415057, + 4303,
A11Qq2 + Ay = A11byp + Agp05; + Agzas,
Ay1Q13 + a3 = Ay1Dy3 + A2053 + Ag3a33
A1 + Az2051 = Ap1a91 + Azp021 + Agzas

a%z = Ay1a45 + Azy05; + Azza3;
(22053 + Qz3 = Az1053 + Azpb,3 + Agzass
a3y + a33a31 = A31041 + Azz05; + Az3bay
a3y + A33Q3; = A31Q15 + A3205, + A33b3,

a5z = A31ay3 + A3pa53 + Agzbas

Example 3.7: Let G(X(t)) = BGX(7) be a system of difference equation then
1 00
its self-semi-homogenous of order three such that B = (1 0 —1), there

0 0 1

1 0 0

exists 4 = <1 0 —1)
0 0 1

4. The second Case: p-self-semi-homogenous of order m

Additionally, in this section, we'll talk about two m cases: the first, when
m=1, and the second, where m is greater than one.
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Theorem 4.1: The homogeneous system of "E (2) to be PSSHS of order one if
and only if the matrix B is a solution of the subsequent algebraic system,

b11a11 = paj; + paipay; + pas3az; )
ay1a1 + A1 = Pay1bi; +pagaz; +pagzas;
ay1013 + Q13 = PA11Db13 + pasaaz3 + pagaass
A1 + Q32051 = PAz10a5; + Pazrbyy + passasg
2050 = PAz1a1, + Pag, + Paz3as; >
2073 + z3 = PAz1Q413 + Paybys + pazsass (3

azq + 33031 = Paz10y; + Paz,dy; + pazsbsg

a3y + 3303, = Pasz1ay; + Paz,az; + passbs;
A33bss = pasia,3 + pas,azs + pagz )

where the matrix A = B

Similar to previous theorems, this one can be easily demonstrated.

Corollary 4.2: 4 system of homogeneity in difference Equation (2) satisfies the
following conditions only: it is p-self-semi homogeneous of order one.
b11a1; = pai; + Pasaay; + pag3az,
a11Q13 + @12 = Pa11byy + Pa12az; + paszas,
a11013 + @33 = a1 byz + pasazs + pajaass
Az1 + G201 = PAz1Q11 + PAzzDb2y +Ppasszasz,
2020 = PAz1 a4, + PaS, + Pay3a3;
(22053 + Qp3 = PAz1Q13 + PAzzbr3 + passass
az; + A33a31 = PAz1a11 + PA3zadz; + Paszbsg
az; + A33Q3; = PAz1ai; + PA3zaa;z; + Passbs;
33b33 = Pas1ay3 + PA3az3 + pajs

Example 4.3: Let G(X(7)) = BX(7) be a system of difference equ. then its p-

1=
7 19
self-semi-homogenous of order one such that B=| 1 L |, there exists
7
0 o O

-3

196
, with p=4

ey
Il
O = N

0
0

O N -
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Theorem 4.4: The homogeneous system of "E (2) which is giving to be PSSHS
with an output order is greater than number one if and only if the matrix B is a
solution of the algebraic system given below:

a1 = pA11b11 + PA12az; + PAisaz,
A11012 + Qg3 = pA11biy + pA12as; + PAgzas,;
A11013 + A3 = pA11by3 + pA12az3 + pAisass
Az1 + Q22051 = PAz1Q41 + PAbyy +pAssasz,

a3, = PAz1G1; + PAzzbas + PAz3as; > )
Az2073 + Az3 = PAy1a13 + PA2,Dy3 + pAssass
az1 + 33031 = pA31a11 + PA32a1 + PAssbay
A3z + 3303, = PA31Q17 + PAzz022 + PAzsbs,

33 = pAs1 i3 + pAsyAys + pAssbss Y,

a1 12 A3 by1 b1z by

where the matrix A=<az1 dz2 323>,B=<b21 by, b23> and A™ =
dz; azz asz bz; bz, bss

Ay A Agg

<A21 Az A23>

Az Az Az

= suppose the homogeneous system of "E (2) to be PSSHS of order
greater than one to prove the formula (9) is hold:

G(Ax(z)) = A"G(x(D))

81\ (/311 1z A3\ /x Ap A A [81()
<g2> (5121 az azs)()’) =P<A21 Ay, A23> g.,(y)

N

83 azy azy asz/ \Z Azr Aszx Asz/ \g3(2)
g1(a11x + ay + ag32) PA1181(x) + PA128,(¥) + PA13g3(y)
82(az1x + Ay + ap32) | = | PAy181(x) + PAyag,(y) + PAysgs(y)
g3(az1x + azy + azs2) PA3181(x) + PA3,8,(y) + PA33g3(y)
By using equation (5)

bii(ax + ay + ag32) +bypy + b3z
by1x + byp(az1x + Az, + az32) +by3z
b31X + b3y + b3z(azx + aszy + assz)
PA;1(B11X + b1y +b132) + PA;5(By X + by + by32) + PA;3(b3qx + b3y + by32)
= | PAy1(B11X + b1y + b132) + PAyy(by1X + bypy + by32) + PAy3(b3ix + bsyy + b332)
PA31 (11X + b1,y 4+ b132) + PA3y(by1x + byoy + by32) + PA33(b31x + byyy + b332)
Since the matrices A and B are equal, their components are also equal and
take the following form.
2 _
aiq = pAi1b11 + pA12az, + PAjzas,
A11Q12 + Ay = PA11Db1; + PA12a5; + PAg3as;
A11Q13 + ay3 = pA11b13 + pA12ay3 + pAizas;s
A1 + Ap2051 = PA21011 + PAgby + PAgzas,
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a5y = PAr1@yp + PAzby,y + PAzsas;
Az2023 + Qp3 = PAz1Q13 + PA2zby3 + PAssass
az; + Q33031 = PA31a11 + PAz2051 + PAzzbag
A3z + 3303, = PA31Q17 + PA320z; + PAzzbs,
a3s = pA31a13 + PAs2as3 + pAssbss
< G PSSHS of order great than one if there exist matrix A such that
G(Ax (‘r)) = PAG (x (T)) we claim that this matrix defined as:

B =
afy = PA1305; — PAjzas, 11013 + A1y — PA1pa5; — PAy3az; 413043 + ay3 — PA1pag3 — PAjzass
PAyy PAyy PAyy
Q22821 + Az1 — PAy1041 — PAyaz, a3, = PAy1a1, — PAysas, 32023 + Az3 — PAy10413 — PApzaz;z
PA,, PA,, PA,,
(33031 + A31 — PA31011 — PA30p1 33037 + a3p — PA3ia15 — PAgap, 33 — PA31a43 — PA3yz;
PA3z;3 PA3z;3 PAsz;

G(Ax(r)) = PA"G(x(T))

81 a;; 12 413\ sx A;; A Agg g1(x)
<g2> d21 4z A3 (y> =Pl Az Ay Ap || 80)

g3 azy azy azz/ \Z Az1 Aszx Asz/ \g3(2)
g1(a11x + ay + ag32) PA1181(x) + PA128,(y) + PA13g3(y)
82(az1x + Ay + ap32) | = | PAy181(x) + PAyag,(y) + PAysgs(y)
g3(az1x + azy + aszz) PA3181(x) + PAsy8,(y) + PAsz3g5(y)
By using equation (5)

b11(a11x + a2y + a132) + by, + by3z

ba1X + by2(Az1X + Ap2Y + Ap32) + by32 | =

b31x + b3y + b33(asz x + azy + azzz)
PAy;(Byyx +b1py +b132) + PA15(b21X + bpy + by32) + PA;3(b31x + bspy + b332)
PAz1 (11X + b1y + b132) + PApy(ba1% + bppy +bp32) + PAy3(b31x + byyy + b332)
PA3; (11X + b1y +b132) + PA3p(bp1x + bypy + bp32) + PAg3(b31x + b3y + bs32)

Therefore:
af1—PA12az1-PA130a3;

2 _ 2 _
aiy = pA11b11 + pA12ay, + PAizasz, = ag; = pAgg +
.2 2
PA12051 + pAi3a3; = ag; = aqq
Also,
A11Q12 + Q13 = pA11b1p + PA12ay; + PAjzas,
a11012+a12—PA12022—PAj3a3;
PA11

a41a13 + a1 = pAyq + pAi205; + pAizas;
S 11042 + A1 = Q1G4 T gy

Also,
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11043 + Qy3 = PA11b13 + PA12a53 + PA3as;
_ ai1a13+a33—PAj1p023—PA3as3s
(411a13 + ay3 = pAyq Y™ + pAi20,3 + pAg3ass

S Q11093 T Q13 = A11043 T Aq3

Also,
Azq + Ap2051 = PA21041 + PAgrboy + DPAzzas,
_ Qz2021+021—PA1011—PAz3a31
A1 + Az2051 = PAz1041 + DAy, Fy™ + pAyzas,

S Og1 t+ Q2071 = A1 + Q320

Also,
2 _ 2 _
a3, = PAz1Qip + PAzaba; + PAssas, = aj; =
2
az,—PAz1a1,—PAj3az; .2 _ 2
pAz1a4; + pAy, PAzs + pAjzas, = a3, = az;

Also,

Ap2053 + Qy3 = PAz1ay3 + PAyby3 + PAjsass
_ Qp2023+0a33—PAz1a13—PAz3a33
Q32053 + Ap3 = PAz1043 + PAy, [ + pAjsass

S Q2073 T A3 = A2053 T+ Ag3

Also,
azq + 33031 = PA31011 + PAzza51 + pAssbsy
a3y + a33a31 = pAz1a1q + pAszaay; + pAss a33a31+a31_£i::all_PA3za21
© Qzq t az3a3q = Azq + Azzdzg
Also,
a3z + A33Q3; = PAz1Qq; + PA320z; + PAssbs,
A3y + A3303, = PA310a45 + PA320;;, + PAss a33a32+a32_ijz:alz_mﬂazz

© Qzp + azzdz; = A3z + 433032
Also,
a33 = pA31Qy3 + PAsGy3 + PAsgsbyy = a33 = pAsiai3 + pAssans +

2 _ -
Py, BRI v af, =
Therefore, the left hand and right hand are equal, and system (2) is PSSHS

of order greater than one.
Corollary 4.5: 4 homogenous system of "E: (2) is PSSHS of order greater than

the number one if and only if the subsequent conditions are valid:
a1 = pAi1b11 + PA12az; + PAizaz;

A11015 + @y = pA11byy + pA12as; + pAgzas,;

A11013 + Qg3 = pA11by3 + pA1pay3 + pAizass

Q21 + Q22051 = PAz1Q41 + PAbyy + pAssaz,
a5, = PAz1a1 + PAzabas + pAysas,
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Az2023 + Qp3 = PAy1a13 + PA2rDy3 + pAssass

az1 + 33031 = PA31a11 + PA32a1 + PAssbay

A3y + 3303, = PA31Q12 + PA3202; + PAzzbs;
a3 = pAs1 @13 + pAsyay3 + pAgsbas

Example 4.6: Let G(X (7)) = BX(7) be a system of difference equation then its

00
p_self-semi-homogenous of order two such that B =| L 0 |, there exists
4 1
) 0 o0 2
" 0 0
A= 0 10 ,With p:4
4 1
0 o 4

5. Conclusion

In this study, we present new generalized concepts for a (3*3) p-self-semi-
homogeneous system of order m difference equations, where m are positive
integers, and analyses all of their cases. In each instance, we provide examples
to support our claim.

6. Future work

Exhibiting the same previous study, but this time on a system of non-
independent (or time-varying) homogeneous difference equations for the degree
m, as well as exhibiting additional cases of P that may be negative or complex.

Acknowledgment

The authors are grateful to Mustansiriyah University for its assistance and
to the Mathematics Department in the Science College for establishing a
favorable setting in which to carry out this research.

References

[1] R.A.Clinger, “Stability Analysis of Systems of Difference Equations,”
VCU Scholars Compass. [Online]. Available: https://scholarscom-
pass.vcu.edu/etd/659.

[2] A.S.I. Hussein and B. J. Al-Asadi, “Characterization of P-Semi Ho-
mogenous System of Difference Equations,” Al-Mustansiriyah J. Sci.,
vol. 34, no. 1, pp. 71-76, Mar. (2023). [Online]. Available: https:/ /doi.
org/10.23851/mjs.v34i1.1235.



PSSHS OF DIFFERENCE EQUATIONS OF DIMENSION THREE 159

(3]

[4]

[5]

[6]

[7]

(8]

[9]

(10]

(11]

(12]

M. Kara and Y. Yazlik, “Solvable three-dimensional system of high-
er-order nonlinear difference equations,” Filomat, vol. 36, no. 10,
pp- 3449-3469 (2022). [Online]. Available: https://doi.org/10.2298/
fil2210449k.

I. Z. Mushtt, D. M. Hameed, and B. M. Alwan, “On oscillating out-
comes for non-homogenous neutral difference equations of a third
order,” J. Interdiscip. Math., vol. 24, no. 5, pp. 1387-1395 (2021). [On-
line]. Available: https://doi.org/10.1080/09720502.2021.1892275.

R. Ben Taher, N. Naassi, Y. Elkettani, and M. Rachidi, “Another ap-
proach for Leslie model via linear difference equations,” J. Interdiscip.
Math., vol. 24, no. 5, pp. 1321-1345, May (2021). [Online]. Available:
https:/ /doi.org/10.1080/09720502.2020.1856344.

H. H. Abed and B. J. Al-Asadi, “Characterization of Homogeneous
System of Difference Equations,” Al-Mustansiriyah J. Sci., vol. 32,no. 1,
pp- 25-30, Feb. (2021). [Online]. Available: https://doi.org/10.23851/
mjs.v32i1.931.

S. M. Kadham, M. A. Mustafa, N. K. Abbass, and S. Karupusamy,
“lol and artificial intelligence-based fuzzy-integral N-transform
for sustainable groundwater management,” Applied Geomatics (Dec.
2022), doi: https:/ /doi.org/10.1007 /s12518-022-00479-3.

S. M. Kadham and A. N. Alkiffai, “Generalization of Fuzzy SHA-
Transform with Medical Application,” Mathematical Modelling of
Engineering Problems, vol. 9, no. 5, pp. 1378-1384 (Dec. 2022), doi:
https:/ /doi.org/10.18280/mmep.090528.

L. Rachtinek, “On four types of solutions of a second-order difference
equation,” J. Differ. Equ. Appl., vol. 18, no. 5, pp. 895-907, May (2012).
[Online]. Available: https://doi.org/10.1080/10236198.2010.531275.

S.N.J. Alamiry, S.M. Kadham, M. A. Mustafa, and N. K. Abbass,
“Encryption and enhance medical image using hybrid transform (A-
module and partial fuzzy -transform),” |. Discrete Math. Sci. Cryptogr.,
vol. 26, no. 7, pp. 1903-1910 (2023), [Online]. Available https://doi.
org/10.47974 /jdmsc-1683.

Anb-Acapu B. A., “O cBolicTBax pa3sHOCTHOM cucTeMbl,” Ycrexn
Cospemennoit Hayxu, no. 3, Tom 2, pp. 105-107 (2016).

W. Gao and M. R. Farahani, “The hyper-Zagreb index for an infinite
family of nanostar dendrimers,” J. Discrete Math. Sci. Cryptogr., vol.



160

(13]

(14]

(15]

[16]

A.I. MOHAMMED AND B. J. AL-ASADI

20, no. 2, pp. 515-523 (2017). [Online]. Available: https://doi.org/10.
1080/09720529.2016.1220088.

W. Gao, L. Shi, and M. R. Farahani, “Szeged related indices of
TUACS[p, ql,” J. Discrete Math. Sci. Cryptogr., vol. 20, no. 2, pp. 553-
563 (2017). [Online]. Available: https://doi.org/10.1080/09720529.20
16.1228312.

H. Yang and X. Zhang, “The independent domination numbers of
strong product of two cycles,” |. Discrete Math. Sci. Cryptogr., vol. 21,
no. 7-8, pp. 1495-1507 (2018). [Online]. Available: https:/ /doi.org/10
.1080/09720529.2017.1316988.

S. Ediz, 1. Ciftci, M. Cancan, and M. R. Farahani, “On k-total distance
degrees and k-total Wiener polarity index,” J. Inf. Optim. Sci., vol. 42,
no. 7, pp. 1469-1477 (2021). [Online]. Available: https://doi.org/10.1
080/02522667.2021.1896652.

F. Afzal, Shah Rukh, D. Afzal, M. R. Farahani, M. Cancan, and S. Ediz,
“A study of non-commutative Von-Neumann regular rings,” |. Inf.
Optim. Sci., vol. 42, no. 7, pp. 1425-1436 (2021). [Online]. Available:
https://doi.org/10.1080/02522667.2021.1896650.

Received June, 2024



