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Abstract  
Recently, the study of singular Volterra integro-differential equations has 

been of increasing interest for a long time. Our paper has a design for a fast 
feed-forward neural network to adduce a new method for solving one-
dimensions fuzzy singular perturbed integro-differential equations. Employing a 
multi-layer that has one hidden layer with five units and one linear output unit. 
And the sigmoid activation for every unit is the hyperbolic tangent function and 
the Levenberg-Marquardt training algorithm.We compared our exact solution in 
illustrative examples with the results of numerical experiments, confirming the 
efficiency and accuracy of our presented scheme.  
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1. Introduction  
It is known that a huge amount of work is done for analyzing and 

improving numerical methods to solve one-dimensional integro-differential 
equation In this paper, we contemplate the one-dimensional singular perturbed 
fuzzy Volterra integro-differential equations 
                      ∫               
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where ԑ represents a fixed perturbation parameter such that 0<ԑ≤1. 
Here, ԑ is the tiny parameter that gives to the problem its singularly 

perturbed nature; the kernel   and the data function F are two known smooth 
functions. Beneath suitable status for F and  , for each ԑ > 0, the equation above 
has just one continuous solution on [0,  ]×[0,  ], [1-8].  

Many methods have been developed to find solutions to integral and 
integro-differential equations. Some of these methods used basis functions to 
express the analytic form of the solution to transform the original problem, 
usually into an algebraic equation system. The techniques that we discuss now 
are artificial neural networks originally inspired by the operatizing of the human 
brain combined with intelligence. These are the ingredients to make a great 
number of artificial neurons that can be processed in an aligned way, so any 
problems related to aspects of classification can be solved now by the 
architecture of any identified ANN. Based on its position on the network, there 
are three types of computational neurons: input, output and hidden [9-13]. 

2. A Fuzzy Neural Network Structure 
The construction of the model displays how the feed-forward neural 

network transforms the n inputs (                  ) into the s fuzzy outputs: 
(           ,      ,...,      ,...,      ) all around the m hidden fuzzy 

neurons (      ,       ,       ,...,       ,...,       ) such that       and       
are fuzzy biases for fuzzy neurons             respectively, [wji]γ are the fuzzy 
weights that connects crisp neuron    to fuzzy neuron       , along with [vkj]γ 
are the fuzzy weight that connects fuzzy neuron        to fuzzy neuron     . 

Input unit 
  =  i,                   

Hidden unit: 
                                                           

                                     Where 
           ∑    

                       
           ∑    

                       

Output unit: 
                                               Where  
            ∑                     ∑                               
             ∑                     ∑                               

Such that         ≥         ≥ 0 where 
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3. The method illustration 
Consider the first order of one dimension fuzzy singularly perturbed 

Volterra integro-differential equation for ODEs 
                       ∫               

             
where ԑ is perturb paremter (0<ԑ<<1 ) 

With the fuzzy (BC):                    ,such that [A]γ and [B]γ are 
fuzzy numbers in E1 with   − level sets: 

                                            , Over the rectangular region 
          , let   be the kernel function, with a specified function denoted by 
 . Consider the fuzzy solution of the first order of fuzzy singular perturbed 
Volterra Iintegro-diffrintial equation be:                           ,  

As well as it have the equivalent system 
                        ∫                    

  Where 

                                    

                        ∫                   
  Where  

                                   
For        . Suppose        be continuous in       and mutate its sing 

in finite points for a certain fix t. 
For this problem, the fuzzy trial solution can be written as: 

 [                        
                 

                                    

where     ( , p, ԑ) is output of the feed forward neural network with one input 
for   and parameter p. 

The amount of error which must be minimized is given as: 
         ∑     

          
      

     
Where 

    
       [[         

  ]
 

 
  

  [∑                ∫                    
     ]

 
 ]

 
 

    
       [[         

  ]
 

 
  

 [∑                ∫                    
     ]

 
 ]

 
 

where        
  are discrete points [a,b],    

  and    
  are squared errors for the 

lower and upper limits of the  -level sets, respectively. 
With the aim of driving the minimized error function for the problem: 
Then we could calculate: 

  [                          

                  

                                 

  [                         

                 

                                
Then we get: 
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Then                         can be rewritten as: 

           
            
                 

             
     

                       

    
  [∑                ∫           
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 [∑                ∫           
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4. Numerical Analysis 
The section now is to describe a numerical result and give a solution to the 

model problem. For this model, we used a multi-layer feed-forward neural 
network with just one hidden layer with five hidden neurons and a unique linear 
output unit. The exact analytic solution  (  ) for every test problem is already 
known [14-15]. Finally, by computing the mean square error (MSE) we tested 
the accuracy of the solutions. 

Example: Consider the FSPVIDE  

                                       
    

 ∫   
             

   

with fuzzy B.C                               and          
      ,       . 

The exact solution is 
                  ,                    

Then a fuzzy trial solution for this example is: 
                                          

               is the output of the feed forward.From the fuzzy trial solution 
we have 
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The following function is the error function that have to be minimized 
which described as:  

     ∑                   
    where  

          [[         
  ]

 

 
  
  [∑                ∫                  

  
     ]

 
 ]
 
  

          [[         
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 [∑                ∫                  
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 ]
 
  

Then we get: 

[         
  ]
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 [           ] 

 

                       

Then error function can be rewritten as:  

          [[                           

                     ]  
 
  ∑             

 
    

           
 ∫                    
     

                      ]
 
  

          [                           

                      
 
 ∑             

 
    

           
 ∫                    
     

                     ]
 
  

The error function that had to be minimized for this state is simply 
evaluated: 
    ∑               

     
Showing the approximate solution in order to compare it with the exact 

solution for a set of training points for the proposed network in the following 
tables and figures, and showing the accuracy and efficiency of the proposed 
method in  Tables 1, 2, 3 and 4 . 

 
Table 1 

The analytic and FFNN solution of the example where ɛ=10-5,       

Solution of FFNN   (   ) Analytic solution input 
                                          

0.000000000000 0.000000000000 0.000000000000 0.000000000000 0.0 
0.004976338270 0.001568874000 0.004971000000 0.001568070000 0.1 
0.039764399665 0.012544520986 0.039768000000 0.012544560000 0.2 
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0.134211775530 0.042337230050 0.134217000000 0.042337890000 0.3 
0.318146449360 0.100356404528 0.318144000000 0.100356480000 0.4 
0.621375442800 0.196008706649 0.621375000000 0.196008750000 0.5 
1.073734399270 0.338703107111 1.073736000000 0.338703120000 0.6 
1.705053775340 0.537848050063 1.705053000000 0.537848010000 0.7 
2.545152885730 0.802851899630 2.545152000000 0.802851840000 0.8 
3.623854992160 1.143123038856 3.623859000000 1.143123030000 0.9 
4.971000000000 1.568070000000 4.971000000000 1.568070000000 1 

 
Table 2 

Accuracy of solutions of the example where ɛ= 10-5,       

The error         |                | 
                    

0 0 
8.03999999999866E-07 5.33826999999862E-06 
3.9014230001147E-08 3.60033500001328E-06 
6.59949999995413E-07 5.22447000000925E-06 
7.54725000134959E-08 2.44935999993423E-06 
4.33509999842041E-08 4.42800000000076E-07 
1.28889999784221E-08 1.60073000010641E-06 
4.00633002328732E-08 7.75340000203073E-07 
5.96299999378047E-08 8.85729999122731E-07 
8.85640005776622E-09 4.00784000031962E-06 
2.22044604925031E-16 0 

MSE= 5.08801978064075E-13 MSE= 6.90543707633391E-11 
 

Table 3 
The analytic and FFNN solution of the example where ɛ=10-5,       

Solution of FFNN   (   ) Analytic solution input 
                                          

0.750000000000 0.000000000000 0.750000000000 0.000000000000 0.0 
0.749623766400 0.025001244300 0.749625000000 0.025001250000 0.1 
0.747653288530 0.050906654900 0.747000000000 0.050040000000 0.2 
0.739873488520 0.075303743000 0.739875000000 0.075303750000 0.3 
0.726723776400 0.101230000000 0.726000000000 0.101280000000 0.4 
0.703123665930 0.128906303000 0.703125000000 0.128906250000 0.5 
0.669400436000 0.159727500000 0.669000000000 0.159720000000 0.6 
0.621372664554 0.196008320000 0.621375000000 0.196008750000 0.7 
0.558500003800 0.240970080000 0.558000000000 0.240960000000 0.8 
0.476623299763 0.298811290000 0.476625000000 0.298811250000 0.9 
0.375000233500 0.375000000000 0.375000000000 0.375000000000 1 
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Table 4 
Accuracy of solutions of the example where ɛ=10-5,       

The error         |                | The error in HPM 
                                        

0 0 0 7.3571E-05 
5.70000000324478E-09 1.23360000003903E-06 2.5125E-06 7.5333E-05 

0.0008666549 0.000653288530000018 5.0288E-06 7.5070E-05 
6.99999999631551E-09 1.51147999993828E-06 7.5676E-06 7.4354E-05 

0.0000500000000000084 0.000723776399999987 1.0178E-05 7.2959E-05 
5.29999999998587E-08 1.33407000002528E-06 1.2954E-05 7.0660E-05 
7.49999999999362E-06 0.000400435999999948 1.6051E-05 6.7231E-05 
4.29999999967956E-07 0.0000023354457000524 1.9698E-05 6.2444E-05 

0.0000100799999999679 0.000500003800000037 2.4215E-05 5.6076E-05 
3.99999999789458E-08 1.70023699996857E-06 3.0029E-05 4.7899E-05 

0 2.33500000001996E-07 3.7686E-05 3.7686E-05 
MSE= 

7.53748761454963E-07 
MSE= 

1.36100357302887E-06 
MSE= 

3.55841E-05 
MSE= 

4.34963E-05 
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