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Abstract
The major goal of this research is to find a numerical method that determines the 

values of single integrals when they are continuous integrals but their derivatives are 
not defined at one end of the integral. The error value (correction limits) is additionally 
calculated using the Lagrange formula, and the method is then contrasted with well-known 
numerical methods devoid of acceleration techniques. After using accelerated techniques, 
the procedure delivered excellent results with great precision in condensed time intervals. 
We labeled it with the letter NK2.
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1.  Introduction

Numerical integration is numerical analysis. It is an area of 
mathematics that links computers with analytical mathematics. In 
applications related to engineering and physics, numerical integration is 
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crucial. Dentists have recently used numerical approaches to find the 
surface area of the cross section of the root canal by using numerical 
integration in dentistry. The researchers used many different numerical 
methods to calculate the values of single integrations identified in their 
periods of integration and improved the results in multiple evasive ways. 
Usually we get a rough approximation or a rough solution using these 
methods. We now have an error ratio as a result of this. Numerous 
academics have worked in this area to identify the approximate solution to 
a problem and assess the error in numerical analysis and numerical 
integration in particular. AlSharifi [1], Mohammed, Fox [2] and others [3, 
5] since the constraints of computer memory prevent it from fully storing 
or representing numbers. Therefore, we must develop numerical 
techniques to locate accurate results using the fewest bits and mattresses 
possible. In this study, single integrals were calculated using a novel 
numerical method based on the Lagrange formula and compared to 
previous methods without the use of acceleration techniques. The findings 
were excellent, and in a few partial intervals we obtained a high degree of 
accuracy and an accelerated method for calculating the real value after 
applying Romberg acceleration, [4] determining the limits of correction, 
and comparing it to other methods.

1.1 Method of derivation

Let’s g say a function is defined on the field R and assume that 0 ,c
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A number with n is odd.
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n is an even number in this case
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where 0[ , ],nz c c∈  if we divide the period by taking the points so
1
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We get multiple borders (approximation of Lagrange) with other 
coefficients, in general, the approximation of the Lagrange can be written 
in the form

0 1 2 1( ) ( ).n nQ h h g g g g gl l l l l−= + + + + +

0that is ( ), and 0,1, .r r rg g rh r nc c c= = + = 

The weight coefficients take order ( , , , , , , , , )l l l l l l l l

where ( )Q h  the value of integration is without using the correction 
limits, when the weights of the first case of fragmentation form 
(0,1,0.5,1,0.5 , 0.5,1,0).  Additionally, in the second situation of the 
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divisor (1,1,1, ,1),  where the weight coefficients are close to the 
Lagrange.
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Where 1 2 3, , ,F F F   the constants of their values do not depend on h 
but depend on the value of derivatives first and top of the function at the 
border of integration.

This rule applies to integrations whose interactions are continuous 
during the integration period now, if the integrand is singular at one end 
or both of limits of the region or if the integrand is continuous at the ends 
of integration but the derivative is singular at one or both ends of 
integration, then there are three cases of limits of correction.

1. The first case

Since the integrator is defined at every point during the integration 
period aside from the point where it is unknown when it is derived, we 
can decompose the integration as follows: 

1

0 0 1

( ) ( ) ( ) (1)
n n n

n

g d g d g d
c c c

c c c
c c c c c cY

−

−

= = +∫ ∫ ∫

Calculate the second integration of the equation (1), and then publish 
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Additionally, by integrating equation (2) for the variable c  indicated 
period 1[ , ]n nc c−

we get:
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and using equation (3), we obtain a correction for 1( )n nc c −−  in h.
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Multiply equations (5) and (6) in 
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h−  we combine it with equation (4)
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Note: the symbols used in the table below represent numerical 
methods and methods derived by researchers where the values obtained 
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were compared using the NK2 method with them and have given good 
results and a few partial periods compared to others:

Sue represents the proposed method of researcher Mohammed [6], F 
is the derived method by AlSharifi [1].

The symbols (M, T, S) represent the Newton Cuts (Simpson, 
Trapezoidal, and the middle point

2. Examples 

Note from table 1 that the given functions are continuous and can be 
derived during the integration period.

When using the method on examples (1,2,3,4,6), We found partial 
separations between 44 and 222 and precision between 10 and 11 decimal 
places. We obtained the same accuracy but partial intervals while using 
the S (Simpson) rule. As a result, the NK2 rule outperforms the S rule. For 
rules (M, T, S, Su, F), we found accuracies ranging from 4 to 7 and partial 
separations ranging from 135 to 688. As a result, rules (M, T, S, Su, F) 
About the superiority of the NK2 technique in terms of accuracy and 
number of sub periods.

We will only compare the NK2 rule and the S rule using the Romberg 
acceleration to improve the results, as the Simpson technique is the closest 
rule to the NK2 rule in terms of accuracy and number of sub-periods.

In Table 2, which details the outcomes of applying the rules NK2 and 
S along with Romberg’s acceleration, we observe that the accompanying 
correction limits for the first integrated integral integration during the 
integration period are as follows:

1.	 Accompanied correction limits of the base 2R NK−  is
2 4 6 8( ) , , , ,E X h h h h= 

2.	 Accompanied correction limits of the base R S−  is
4 6 8( ) , , ,E X h h h= 

With the NK2 method, we were able to reach nine decimal places, 
and with the Romberg acceleration, we achieved fourteen decimal places 
at n = 16.

NK2 favours the rule over the S rule since we obtained twelve orders 
using R-S while having the same number of subperiods.
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The limits of correction for the second integration, whose integrand is 
continuous throughout the integration period but whose derivative is 
singular at one or both integration endpoints, are as follows:

1.	 Accompanied correction limits of the base 2R NK−  is:
1.5 2.5 3.5 4.5 5.5 6.5 7.5 8.5( ) , , , , , , ,E X h h h h h h h h=

2.	 Accompanied correction limits of the base R S−  is:
2.5 3.5 4.5 5.5 6.5 7.5 8.5 9.5( ) , , , , , , , ,E X h h h h h h h h= 

At N = 256 we obtained five correct decimal places when using the 
NK2 rule while the correct number of decimal places became fifteen 
decimal places after using the Romberg’s acceleration [7-15], while using 
the S base we obtained four correct decimal places and after improving the 
results using R-S acceleration we obtained three decimal mattresses true 
decimal.

As for integration (3) whose integration is singularity derivatives at 
the bottom of the integration, the accompanying correction limits are:

1.	 Accompanied correction limits of the base 2R NK−  is:
1 1 2 2 2 3 3 4 4 4( ) , , , , , , , , , ,E X h h h h h h h h h h= 

2.	 Accompanied correction limits of the base R S−  is:
1 1 2 2 3 3 4 4 4( ) , , , , , , , , ,E X h h h h h h h h h= 

At n = 512 we obtained correct decimal places when using base NK2 
while the correct number of decimal places became eight decimal places 
after the use of Romberg’s acceleration. When using the S base we obtained 
the correct decimal places. After improving the results using R-S 
acceleration we obtained seven correct decimal places.

As for integration (4) is not known as the analytical value and is 
continuous integrator during the integration period for which the 
correction limits are for integration:

1.	 Accompanied correction limits of the base 2R NK−  is:
2 4 6 8 10 12 14 16 18( ) , , , , , , , , ,E X h h h h h h h h h= 

2.	 Accompanied correction limits of the base R S−  is:
4 6 8 10 12 14 16 18( ) , , , , , , , ,E X h h h h h h h h= 
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When n = 256, we can see from Table 3 and the R-NK2 method that 
the horizontal results (for four columns) are equal and tend to be close to 
a specific value of 0.02532866677508314, rounded to sixteen decimal 
places.

Table 1
Gives the value of the precise integration and the ratio of the total mattresses 

to the total number of partial integrations. periods using rules  
NK2, S, T, M Su,F

/Su n/F n/M n/T n/S n2/NK nAnalytical valueintegration

6/1916/2706/3266/38211/ 40811/2040.085576905873897
2

1

(cos( )/ )x x dx∫1

7 /3447 / 4887 /3567 /68811/21011/1060.011215515289360
23

(1 )

2

xe dx−∫2

6/1956/2766/2106/39011/18611/941.295836866004329
2

2

1
ln( )x x dx+∫3

6/1736/2466/2126/34611/31011/1560.287682072451781
2

2
1

dx dx
x x∫
+

4

4 / 2564 / 3624 / 6724 / 51210 / 44210 / 22285.649572418077042
3

2

2

xx e dx∫5

7 /1357 /1927 /1847 / 27011/ 8811/ 440.796952301929798
2

41 1
dx

x
∫

+
6

Table 2
Displays the value of the precise integration as well as the number of 
mattresses obtained, the number of partial periods using the rules S 

and NK2, and the application of Romberg’s acceleration using R-S and 
R-NK2.

Integral stateR–SSR– 
NK2NK2nAnalytical value 

for integrationIntegration

Continuous 
integration 
during the term 
of integration 

128149164.56316466131465
34

3
e d

χ

χ∫1

Contd...
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While 
integration is 
ongoing,the 
singularity 
derivatives 
at the bottom 
of the upper 
and lower 
integration

1341552560.392699081698724
1

0
1 d−χ χ χ∫2

The bottom 
integration 
limit is a 
singularity 
during the 
integration 
phase.

72825120.822467033424113
1

0
ln( ) / (1 )d− χ + χ χ∫3

Continuous 
integration 
during the term 
of integration 

158169256unknown-real 
values

3
2 2

2
sin( ) / dπχ χ χ∫4

From Table 4 of the method, the value of the results appears 
horizontally (for three columns) rounded to fifteen 0.025328667750831 
decimal places at the same number of sub-periods n = 256. Therefore, the 
value of the integral is very close to the series of correction limits (0.02532 
86677508314).

The tables clearly show the NK2 method’s numerical accuracy in 
calculating single integrations whether the integrand is continuous or 
ontinuous but the derivative is singular or the analytical value is unknown

3. Conclusion

It has been shown that the method is highly efficient and accurate in 
calculating the values of integrals, whether the integral is continuous or 
continuous, but the single derivative is in one of the limits of the integral. 
From the table, the method gave good results in terms of getting close to 
the true value after using the Ramburk acceleration. In the first and fourth 
examples, where the integrals were continuous, as well as in the second 
and third examples, where the integral is not defined at one of the 
integration limits. As a result, one can trust this method of calculating 
integrals as in Table 2
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Also, when using the rule NK2, it gave good results compared to 
other rules. Also, when using the rule, it gave good results compared to 
other rules, so it can be relied upon in calculating single integrals as in 
table 1.
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