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Derivation of a numerical method for calculating single integrals

Rana Hasan Hilal *

Nada A. M. Al-Karamy "
Safaa M. Aljassas *
Department of Mathematics
Faculty of Education for Girls
University of Kufa

Kufa 540011

Iraq

Abstract

The major goal of this research is to find a numerical method that determines the
values of single integrals when they are continuous integrals but their derivatives are
not defined at one end of the integral. The error value (correction limits) is additionally
calculated using the Lagrange formula, and the method is then contrasted with well-known
numerical methods devoid of acceleration techniques. After using accelerated techniques,
the procedure delivered excellent results with great precision in condensed time intervals.
We labeled it with the letter NK2.
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1. Introduction

Numerical integration is numerical analysis. It is an area of
mathematics that links computers with analytical mathematics. In
applications related to engineering and physics, numerical integration is

* ORCID-ID: 0000-0001-7749-3008
" ORCID-ID: 0000-0003-4256-1562
$ ORCID-ID: 0000-0002-0372-718X

* E-mail: ranah.salmanQuokufa.edu.iq (Corresponding Author)
" E-mail: nadaa.kharmiQuokufa.edu.iq
$ E-mail: safaam.musa@uokufa.edu.iq

© @ Taru PuBLicaTIONS


http://www.tarupublications.com
mailto:ranah.salman@uokufa.edu.iq
mailto:nadaa.kharmi@uokufa.edu.iq
mailto:safaam.musa@uokufa.edu.iq
https://orcid.org/0000-0001-7749-3008
https://orcid.org/0000-0003-4256-1562
http://dx.doi.org/10.47974/JIM-1989

328 R.H.HILAL, N. A. M. AL-KARAMY AND S. M. ALJASSAS

crucial. Dentists have recently used numerical approaches to find the
surface area of the cross section of the root canal by using numerical
integration in dentistry. The researchers used many different numerical
methods to calculate the values of single integrations identified in their
periods of integration and improved the results in multiple evasive ways.
Usually we get a rough approximation or a rough solution using these
methods. We now have an error ratio as a result of this. Numerous
academics have worked in this area to identify the approximate solution to
a problem and assess the error in numerical analysis and numerical
integration in particular. AlSharifi [1], Mohammed, Fox [2] and others [3,
5] since the constraints of computer memory prevent it from fully storing
or representing numbers. Therefore, we must develop numerical
techniques to locate accurate results using the fewest bits and mattresses
possible. In this study, single integrals were calculated using a novel
numerical method based on the Lagrange formula and compared to
previous methods without the use of acceleration techniques. The findings
were excellent, and in a few partial intervals we obtained a high degree of
accuracy and an accelerated method for calculating the real value after
applying Romberg acceleration, [4] determining the limits of correction,
and comparing it to other methods.

1.1 Method of derivation

Let’s ¢ say a function is defined on the field R and assume that y,
Xis - X, itis n+1 from the different points in R, so there is a multi-
boundary P(yx) of the class n> so that

800 =P(0+EC0) = £ ()L () +E(2)

where k=0,1,2,...n and L, is a polynomial of degree n > in which

_ 1o =k
Lk(lf)_{o if jzk

E(y) the amount of error.
A polynomial is L, () what are the Lagrange’s knowledge of this

=20 =)A= X)X =)
(Zk _%0)“-(%1( —lk,l)(lk —Zhl)---(lk _Xn)

it’'s mean
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(x-x,)
L,
()H(kx)

jzk

If we integrate the following:
%,

Nk2=Y = [ g(x)dx the integration interval [y, x,] will be divided
Xo

into n subintervals of equal length. h=%%
Xy n Xy
¥=]8dx =2 8(x) [ L (0dx +E(x)
Xo = Xo

(n+1)

N 0 dy =3 0 L (7)d 8(x)
[800dx =2 () I L)y + ,H(x x)
Xo k=0 Xo ( ]-) i=0
A number with n is odd.

(n+1)

w=Ts0ix=§ 50| Lotz + S5 T - 1dx
2o Xo i=0
n is an even number in this case

(2n)

=T 00 = 5 s [ Lo+ ST {10 2z
2o %o =0
where e[y, x,], if we divide the period by taking the points so

l,] X

l_

We get multiple borders (approximation of Lagrange) with other
coefficients, in general, the approximation of the Lagrange can be written
in the form

Q(h) =h(Ag, + Ag, + Ag, +-+ 28, , +Ag,).

thatisg =¢(x,), x,=x,+rhand r=0,1,---n

The weight coefficients take order (4,4, l A, /1 /”L,Z,/l)

where Q(h) the value of integration is without using the correction
limits, when the weights of the first case of fragmentation form
(0,1,05,1,0.5 ..., 0.5,1,0). Additionally, in the second situation of the
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divisor (1,1,1,...,1), where the weight coefficients are close to the
Lagrange.

‘P=? g(xdx =§{w+ﬁg(xﬂ+2§g(xi +h/2)}+

ah* (8" () -8V () +ah (87 (x,) - 87 (%) +++-
where a,,a,,a,,--+ is constants.

{M+ Zg(x,)+22 g(x, +’1/2)}

V= I sy = 5

+® W+ @0 + D 1" +

Where @ ,®,,®,, - the constants of their values do not depend on h
but depend on the value of derivatives first and top of the function at the
border of integration.

This rule applies to integrations whose interactions are continuous
during the integration period now, if the integrand is singular at one end
or both of limits of the region or if the integrand is continuous at the ends
of integration but the derivative is singular at one or both ends of
integration, then there are three cases of limits of correction.

1. The first case

Since the integrator is defined at every point during the integration
period aside from the point where it is unknown when it is derived, we
can decompose the integration as follows:

Xn X1 Xn
V=180 dx=[ 80 dx+ [ 8(x) dx M
Xo Xo X1
Calculate the second integration of the equation (1), and then publish
the function ¢ with a Tyler series around the point ¥ = y,_, you get the

(1)
$ )y @)

8= ZO
Additionally, by integrating equation (2) for the variable y indicated

period [y, ,,x,]
we get:
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" (x ) (i+1)
1= - 3
Ig(x) x= ;0 ! = 2,0) ®3)
and using equation (3), we obtain a correction for (y, -y, ,) inh.
g (xn 1) (z+1 4
Jg(x);c %(1)! (4)

Then we make up for y in y, Once and in y, , +% again in equation
(2) we then compensate the output for (y, —x,,) inhand (y,—x, ,+%)
in h/2 we get

s)=5% ("" § Uuadyy (5)

1

g(xn,1+h/2)=§)%(h/z>l ©

Multiply equations (5) and (6) in %’1 we combine it with equation (4)

j g(%) d}( 3 [w—i_ zg(ln_l +IE:):| + gh(iﬂ)g(i)(xn_l)ai (7)
I g0y = {M* gg(xm 2202 g, +1/ 2)} +

DN+ @0+ DK+ (8)
Where a, Constants do not affect the value of integration as for the

first integration ZT g(x) dy Inequation (1) it is continuous and its value is
Xo

determined by the rule of continuous Integration Its ® ,®,,®,,--
constants depend on the derivative values of the function g of the variable
x By combining equations (7) and (8) we get

)T' s()dy = g{%g(""” 'gg(xi) + 22; s +1/2) |+

Q1+ D+ D+ + Zéh(”l)g(i)(;(H)ai 9)

Note: the symbols used in the table below represent numerical
methods and methods derived by researchers where the values obtained
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were compared using the NK2 method with them and have given good
results and a few partial periods compared to others:

Sue represents the proposed method of researcher Mohammed [6], F
is the derived method by AlSharifi [1].

The symbols (M, T, S) represent the Newton Cuts (Simpson,
Trapezoidal, and the middle point

2. Examples

Note from table 1 that the given functions are continuous and can be
derived during the integration period.

When using the method on examples (1,2,3,4,6), We found partial
separations between 44 and 222 and precision between 10 and 11 decimal
places. We obtained the same accuracy but partial intervals while using
the S (Simpson) rule. As a result, the NK2 rule outperforms the S rule. For
rules (M, T, S, Su, F), we found accuracies ranging from 4 to 7 and partial
separations ranging from 135 to 688. As a result, rules (M, T, S, Su, F)
About the superiority of the NK2 technique in terms of accuracy and
number of sub periods.

We will only compare the NK2 rule and the S rule using the Romberg
acceleration to improve the results, as the Simpson technique is the closest
rule to the NK2 rule in terms of accuracy and number of sub-periods.

In Table 2, which details the outcomes of applying the rules NK2 and
S along with Romberg’s acceleration, we observe that the accompanying
correction limits for the first integrated integral integration during the
integration period are as follows:

1. Accompanied correction limits of the base R—NK2 is

E(X):hzl h4r h6/ hs/"'

2. Accompanied correction limits of the base R-S is
E(X)=h*, h®, K®,---

With the NK2 method, we were able to reach nine decimal places,
and with the Romberg acceleration, we achieved fourteen decimal places
atn =16.

NK?2 favours the rule over the S rule since we obtained twelve orders
using R-S while having the same number of subperiods.
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The limits of correction for the second integration, whose integrand is
continuous throughout the integration period but whose derivative is
singular at one or both integration endpoints, are as follows:

1. Accompanied correction limits of the base R—~NK2 is:
E(X):hl.S h2.5 h3.5 h4.5 h5.5 h6.5 h7.5 h8.5

2. Accompanied correction limits of the base R-S is:

E(X) =h25, h3A5’ h4.5/ hS.SI héAS/ h7,5, hSASI h9A5’___

At N = 256 we obtained five correct decimal places when using the
NK2 rule while the correct number of decimal places became fifteen
decimal places after using the Romberg’s acceleration [7-15], while using
the S base we obtained four correct decimal places and after improving the
results using R-S acceleration we obtained three decimal mattresses true
decimal.

As for integration (3) whose integration is singularity derivatives at
the bottom of the integration, the accompanying correction limits are:

1. Accompanied correction limits of the base R—NK2 is:

E(X):hllhl/hz/hthzlhslhs/h4/h4/h4/'"

2. Accompanied correction limits of the base R-S§ is:
E(X)=h',h',h*,h*, 10’ 1° b bt k-

At n = 512 we obtained correct decimal places when using base NK2
while the correct number of decimal places became eight decimal places
after the use of Romberg’s acceleration. When using the S base we obtained
the correct decimal places. After improving the results using R-S
acceleration we obtained seven correct decimal places.

As for integration (4) is not known as the analytical value and is
continuous integrator during the integration period for which the
correction limits are for integration:

1. Accompanied correction limits of the base R—NK2 is:
E(X) — hZ h4 hﬁ h8 th hlZ h]4 h]6 hlS
2. Accompanied correction limits of the base R-§ is:
E(X) — h4 hé h8 th hlZ h14 h16 h18
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When n = 256, we can see from Table 3 and the R-NK2 method that
the horizontal results (for four columns) are equal and tend to be close to
a specific value of 0.02532866677508314, rounded to sixteen decimal

places.

Table 1

Gives the value of the precise integration and the ratio of the total mattresses
to the total number of partial integrations. periods using rules
NK2,S, T, M Su,F

integration Analytical value| NK2/n | S/n| T/n| M/n| F/n| Su/n
1 j(cos(x)/x)dx 0.085576905873897 | 11/204 | 11/408 | 6/382 | 6/326 |6/270|6/191
2 ie‘l"‘z)dx 0.011215515289360 | 11/106 | 11/210 | 7/688 | 7/356 7/488 | 7/344
3 ?1n(x+x2)dx 1.295836866004329 | 11/94 | 11/186 | 6/390 |6/210 | 6/276 | 6/1%
4 jx:l_xxz dx 0.287682072451781 | 11/156 | 11/310 | 6/346 | 6/212 | 6/246 | 6/173
5 ixZE"dx 85.649572418077042 | 10/222 | 10/442 | 4/512 | 4/672 | 4/362 | 4/256
6 Lﬁx 0.796952301929798 | 11/44 | 11/88 | 7/270 | 7/184 | 7/192 | 7/135

Table 2

Displays the value of the precise integration as well as the number of
mattresses obtained, the number of partial periods using the rules S
and NK2, and the application of Romberg’s acceleration using R-S and

R-NK2.
. Analytical value R-

Integration for integration NK2 NK2 S |R-S |Integral state
Continuous

4. . .

1| [e"ay 456316466131465 (16 (9 [14 |8 |12 |iesration

3 during the term

of integration

Contd...
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While
integration is
ongoing,the

| singularity

2 [[J1- xﬁdx 0.392699081698724 {256 |5 15 |4 |13 |derivatives

0 at the bottom
of the upper
and lower
integration

The bottom
integration
, limit is a
3 |[-In(x)/(1+x)dy 0.822467033424113 |512 |2 |8 |2 |7  [singularity
0 during the
integration
phase.

Continuous
T EN unknown-real integration

4 |[sin(myc”) /g dx 256 9 |16 |8 |15 .
2 values during the term

of integration

From Table 4 of the method, the value of the results appears
horizontally (for three columns) rounded to fifteen 0.025328667750831
decimal places at the same number of sub-periods n = 256. Therefore, the
value of the integral is very close to the series of correction limits (0.02532
86677508314).

The tables clearly show the NK2 method’s numerical accuracy in
calculating single integrations whether the integrand is continuous or
ontinuous but the derivative is singular or the analytical value is unknown

3. Conclusion

It has been shown that the method is highly efficient and accurate in
calculating the values of integrals, whether the integral is continuous or
continuous, but the single derivative is in one of the limits of the integral.
From the table, the method gave good results in terms of getting close to
the true value after using the Ramburk acceleration. In the first and fourth
examples, where the integrals were continuous, as well as in the second
and third examples, where the integral is not defined at one of the
integration limits. As a result, one can trust this method of calculating
integrals as in Table 2
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Also, when using the rule NK2, it gave good results compared to

other rules. Also, when using the rule, it gave good results compared to
other rules, so it can be relied upon in calculating single integrals as in
table 1.
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