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Abstract

Many papers introduced for the approximation of continuous functions on a closed
intervals using algebraic polynomials. Here we shall introduce a sequence of trigonometric
operators on the Lebesgue quasi normed spaces, Then we using it to approximate functions
in Lebesgue quasi normed spaces, in terms of modulus of smoothness of degree k.
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1. Introduction
Denote by S,, = S,,(f,x), the nt" Fourier series partial sum, for a function

in L,[0,27], with 0 < p <1 with period 27, where L,[0,2r] = {f: [0,2m] »

1
IR: (f(;znlf(x)ﬂ7 dx)llJ < oo} ,[1,4]. Let wq(f, 5)p, [3].be the qth order modulus

of smoothness [19-21], assume A = (a,;), (k =0,1,...,n=0,1,2,...), is a
lower triangular infinite matrix of real numbers. Let S,,(f,x) be an operator
defined by:
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T.(f, %) = YReoni Sk (f,x). (n=0,1,...), where
Si(fx)== ], 2”(2 (DT (Df (x + iR Ky (D dt), And

Ko(t) = S ) 121, Let wq(f,), = [|ARN]] . 13, 5, 6, 7-18], where

2 sin
Al (f,x) = i:1( 1)q ‘(‘l.’)f(x + ih). In (1988) the authors in [1], prove the
following:

Theorem 1.1: Let (ay, ;) satisfy the following
(1) ae=20mk=012,..), 2500 =1
(2) apr <apg+1 k=01,..n-1,n=0,1,..).

Suppose w(t) is such that (3) f: t™r wt)dt = 0{H(w)} (u —» 0 +),
where H > 0 and that (4) [, Hwdu = 0 {tH(t)} (t - 0 +).

Then (O)|T.(F) —fll = O{an_nH(an_n)}, Provided that (6)tH(t) =
o(1) (t->0+).

Theorem 1.2. [1]: Suppose (2) is replaced by any = apy4q (K = 0,1,..0n—
1,n=0,1,..). (7) In Theorem 1.1. Then ||T,(f) — fll = O{anoH(ano)} (8
In our work we shall improve Theorem 1.1 and Theorem 1.2. We shall prove
Theorem 1.1 without condition. tH(t) = 0(1), (t » 0+) and improve the
degree of approximation, to be in terms of wq(f,s),,qth order modulus of
smoothness on quasi normed spaces Ly,[0,2m].

2. The Main Results
Here we shall introduce our main results. Before that, we need the

following lemmas:

sm(k+1)

Zsm2

Lemma 2.1: [2]. |K,(t)| = |Zk-0 Qnik

= 0(t ™ Ap,), where Ay ;:=

Yir=0 Qnr and T denotes the integer part of = -

Lemma 2.2: [2]. f; t2w(t)dt = O(H(w)), (u - +0), where H > 0. Now turn
the light to our main results:

Theorem 2.3: Let f € L,[0.27], then ITy(f) — £l = 0(wg(f, D)y +wq_1(f,0),).
Proof: Using S.(f,x)= —fzn(z (1)t (q)f(x + WK, (t)dt), where

Kn(t) = Sm(sml) and T, (f, x) = Xi—o @ni Sk (f,x), (n = 0,1, ...), we have,
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Ta(f, %) = f() = Bhteo nge Si(f,%) = OO, T () = f () =
Ticonier fy (T D (Df & + ih)Knmdr).% - f.

Let @, (t) = X0, (-7 (O)f (x + ih), |hl < . 2

Then, T,(f,) = f(x) = = ((Q”‘(t))(z“ 0@niesin (k+2)t)dt). By

2sinz

anxy = 0(n,k = 0,1,2,...), Xi-odnx = 1. Now we observe that,
10:Ollp < 0 (f, D)y, therefore,  [IT,(f,x) = F@Il, = = 12

2s m
|52 anesin (k +3) e de. 1T, (f,2) = FOll, =2 [ 10,01l IK, (©)]at

+2 00 18Ol 1Ky @,
IT,(f,x) — fCOll, = 1; + I,. However, by a,, = 0,1; =
2 [0 (Ol K, (1.

1 rann
I1S fo ch )p

Lt 2t a n 1
sinz > =, € [0, ], then, I; < ;fo Mg (f, )y S dt <3 Ay (f, ),

sm( )t

2 sin; >

dt. Since, |sin (k + %) t| < t,and

Secondly for I, =~ [ 10, (D)llyKy (O1dt. I, < = [T wy(f,0),

sm(k.+ )

Ky (Ddt.1, = = I3 wg(f, 0y dt. Using Lemma 2.1, (|K,, (¢)| =

0(t72)), we obtain I, < %fa’;n wy (f, t),t%dt, and using Lemma?2.2,
(f: 72w, (f, ), dt <0W),u - 0+), we getl, < 0(wy_1(f,t),), Thus
IT.(f,x) = FOll, < Cp) ((wq(f' p + wg_1(f, t)p)'

Conclusion

For any function in quasi normed spaces L,[0,2m], we can find a
trigonometric polynomial as a best approximation to if. Its degree of
approximation can be estimated in terms of the modulus of smoothness of
degree q.
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