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1. Introduction 
Denote by    =   (   ), the     Fourier series partial sum, for a function 

in   [    ]  with       with period   , where   [    ]   {  [    ]  

   (∫ | ( )|    
   )

 
   }  [   ]  Let   (   )  [ ],be the     order modulus 

of smoothness [19-21], assume A  (    ), (                   )  is a 
lower triangular infinite matrix of real numbers. Let   (   ) be an operator 
defined by:  
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    (   )   ∑      
     (    ). (       ), where  

     (    )=   ∫ (∑ (  )    
   (  ) (    )  ( )  )

  
   And  

  ( )  
   .    / 
      

 , -, Let   (   )  ‖  
 ( )‖ , [3, 5, 6, 7-18], where 

  
 (   )  ∑ (  )    

   (  ) (    ). In (    ) the authors in , -, prove the 
following:  

Theorem 1.1: Let (    ) satisfy the following  
(1)         (            ), ∑      

       
(2)            (                   ).  
  Suppose  ( ) is such that ( ) ∫     

   ( )    * ( )+ (    ),  
where     and that ( ) ∫  ( )     

 *  ( )+ (    ).  
Then ( )‖  ( )   ‖    {     (    )}, Provided that ( )  ( )  

 ( ) (    ).  

Theorem 1.2. , -  Suppose ( ) is replaced by              (           
           ). (7) In Theorem 1.1. Then ‖  ( )   ‖    {     (    )}. (8) 
In our work we shall improve Theorem 1.1 and Theorem 1.2. We shall prove 
Theorem 1.1 without condition.   ( )   ( ), (    ) and improve the 
degree of approximation, to be in terms of   (   )      order modulus of 
smoothness on quasi normed spaces   ,    -. 

2. The Main Results  
Here we shall introduce our main results. Before that, we need the 

following lemmas:  

Lemma 2.1: , -   |  ( )|  |∑     
   .    / 
      

 
   |   (       )  where     := 

∑      
    and   denotes the integer part of   .  

Lemma 2.2: , -. ∫     ( )    ( ( ))  
  (    )  where      Now turn 

the light to our main results:  

Theorem 2.3: Let     ,    -, then  ‖  ( )   ‖   (  (   ) +    (   ) ).  

Proof: Using   (    )=  
 ∫ (∑ (  )    

   (  ) (    )  ( )  )
  
 , where 

  ( )  
   .    / 
      

, and   (   )   ∑      
     (    ), (       )  we have, 
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  (   )   ( )  ∑      
      (    )   ( )   (   )   ( )  

∑     
 
 

 
   ∫ (∑ (  )    

   (  ) (    )  ( )  ) 
  
 

   .    / 
      

   ( ).  

Let   ( )  ∑ (  )    
   (  ) (    ) | |      

 Then,   (   )   ( ) =   ∫ ((
  ( )
      

) 
 .∑      

      .   
 /  /   ). By 

         (               ), ∑       
      . Now we observe that, 

‖  ( )‖    (   ) , therefore, ‖  (   )   ( )‖   
 
 ∫

‖  ( )‖ 
      

 
  

|∑      
      .   

 /  |   , ‖  (   )   ( )‖   
 
 ∫ ‖  ( )‖ |   ( )|  

     
   

  
 ∫ ‖  ( )‖ 

 
    

 |   ( )|  . 
 ‖  (   )   ( )‖         . However, by             

 
 ∫ ‖  ( )‖ |   ( )|   

    
   

    
 
 ∫   (   )  |

   .    / 
      

|        
  Since, |   .   

 /  |     and 

      
 
 
 
 ,  ,     -, then,    

 
 ∫   (   )  

 
    

 
 

    
       (   ) . 

 
Secondly for    

 
 ∫ ‖  ( )‖ |   ( )|   

 
    

    
 
  ∫   (   )  

 
    

 

  |   ( )|      
 
 ∫   (   ) |

   .    / 
      

|     
    

 Using Lemma 2.1, (|   ( )|  

 (   )), we obtain    
 
 ∫   (   )       

 
    

 and using Lemma2.2, 

(∫      (   ) 
 
      ( )     ), we get     (    (   ) ), Thus 

‖  (   )   ( )‖    ( ) .(  (   )      (   ) /.  

Conclusion  
For any function in quasi normed spaces   ,    -, we can find a 

trigonometric polynomial as a best approximation to if. Its degree of 
approximation can be estimated in terms of the modulus of smoothness of 
degree q.  
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