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Abstract 
In this work we explore three new subclasses of holomorphic and bi-

univalent functions, which are characterized using Gegenbauer polynomials. We 
evidence upper bounds to the third and second coefficients of these functions 
and moreover establish the Fekete-Szegö inequality for functions within these 
specific subclasses. 
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1. Introduction  
It is a standard convection to indicate the set of holomorphic functions 

within the unit disc that is open   *           | |   + which exhibit the 
shape 
   ( )    ∑       

     (1.1) 
by  . Furthermore, every functions within   that are univalent in   is 
represented by the class  . Coefficient bounds for different subclasses of 
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functions in   have been studied extensively as it is well-known that these 
bounds give information about the geometric properties of functions. Initial 
coefficient bounds, Fekete-Szegö functional bounds, Hankel and Toeplitz 
determinants are still eminently investigated to date. See [11, 13, 18, 20] for 
such readings. 

 On the other hand, if there exist two univalent functions within  , (  and 
   ), then a function     is deemed bi-univalent in  . As specified by (   ), 
let   represent the holomorphic bi-univalent function class in  . The research of 
holomorphic and bi-univalent functions has been well investigated for the past 
decade, as an example see Srivastave et al. ,  - and Frasin and Aouf ,  -. 
Subsequently, using the concept of subordination, Ali et al. , -, obtained initial 
coefficients for bi-starlike and bi-convex functions. Then there are many 
subclasses of holomorphic functions were introduced, and their coefficient 
bounds were studied, see ,           -. 

 Note that since the functions    
    

 
    

   
        (   ) are members 

of  , the function class   is not empty. Nevertheless, the well-known Koebe 
function does not belong to  . Until now, the problem of coefficient estimation 
for each coefficient   , (   ) of     is still an open problem.  

“It is well known that every function     has an inverse    , defined by 
   ( ( ))    (   ) 

and 

   (   ( ))    .| |    ( )    ( )     /  
where 
  ( )     ( )         (       )   (             )       

 (1.2) 
 Assume that   and   are holomorphic functions within  , when there is a 

Schwarz function   that is holomorphic in   such that  ( )   ( ( )) and 
| ( )|    (   ), then the function   is said to be subordinate to  . The 
symbol     represents this idea of subordination. It’s well known, if   is a 
univalent function in  , then     if and only if  ( )   ( ) and  ( )  
 ( ) ”  

 A generating function of Gegenbauer polynomials for a nonzero real 
constant   is defined as 

    (   )  
 

(        )   
where     and   ,    -. Since    is holomorphic in   for given  , it may 
be expanded as 

    (   )  ∑    ( )  
 
     

where    ( ) represents the Gegenbauer polynomial of degree  . 
 Naturally, when        generates nothing. Consequently, the 

Gegenbauer polynomial’s generating function intend to be 
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    (   )       (         )  ∑   
 ( )   

    
considering    . Furthermore, It's important to note this a normalization about 
  to be greatest than    ⁄  is desirable          . The recurrence that follows 
is also applicable to the definition of Gegenbauer polynomials 

    
 ( )   

 
    (      )    

 ( )   (       )    
 ( )   

using the starting values 
     

 ( )      
 ( )            

 ( )    (   )        (1.3) 
Moreover, when     and     ⁄ , the Gegenbauer polynomials   

 ( ) 
coincides with well known Chebyshev polynomials and Legendre polynomials, 
respectively. 

Bi-univalent functions connected to orthogonal polynomials have been the 
subject of much research lately; a few of them include  [1-8, 12, 15, 22, 25, 26-
28]. Our focus lies in exploring bi-univalent functions' characteristics in relation 
to Gegenbauer polynomials as we are aware that there is only a scant amount of 
existing work in this specific direction within the literature.  

2. Bounds on Fekete – Szegӧ Inequality and Coefficients for the Subclass 
   (     ) 

Definition 2.1: For         (     ⁄  and the real constant   is nonzero, 
a function                is told to be situated in the subclass    (     )  if  
     ( ) (     )     ( )

 (    )  (     )   ( ) (        ) ( )    (   ) 

and 
   ( )  (     )     ( )

 (    )  (     )   ( )  (        ) ( )    (   )  

wherever       is indicated based on (1.2). 

Remark 2.1: 
1) For      the function class    (     ) abbreviates to the class   ( ) 

presented and scrutinized by Amourah et al.      
2) For      the function class    (     ) abbreviates to the class 

   
 (   ) presented and scrutinized by Swamy and Atshan       

3) For     ⁄   the function class    (     ) abbreviates to the class 
  (   ) presented and scrutinized by Amourah et al.      

Theorem 2.1: If     indicated based on (1.1) belongs to the subclass 
   (     )  then 

  |  |  
 | | √  

√|    [(   
                )
 (        ) ] (        ) (     )|

 

and  
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  |  |  
| | 

(     )  
     

(        )   
and for certain    , 

  |      
 |  | | 

(     )      |   |         

  |      
 |       |   |

    [(   
                )
 (        ) ] (        ) (     )

  

    |   |     where 

    

    0(                   ) (        ) 1

 (        ) (     )
 (     )     

Proof: Let      (     )       and   (    - ⁄  Then there are two 
holomorphic functions   and   given by  

 ( )                  (   ) 
and 

 ( )                  (   )  
with | ( )|    | ( )|         ( )     ( ) such that  

     ( ) (     )     ( )
 (    )  (     )   ( ) (        ) ( )    (   ( )) 

and  

     ( ) (     )     ( )
 (    )  (     )   ( ) (        ) ( )    (   ( ))  

Equivalently, we have  

     ( ) (     )     ( )
 (    )  (     )   ( ) (        ) ( ) 

     
 ( )    

 ( ) ( )    
 ( ), ( )-    (   ) 

and  

     ( ) (     )     ( )
 (    )  (     )   ( ) (        ) ( ) 

     
 ( )    

 ( ) ( )    
 ( ), ( )-    (   )  

Based on (2.1) and (2.2), we attain  

     ( ) (     )     ( )
 (    )  (     )   ( ) (        ) ( ) 

     
 ( )    ,  

 ( )     
 ( )  

 -     (   ) 
 and 

     ( ) (     )     ( )
 (    )  (     )   ( ) (        ) ( ) 

     
 ( )    ,  

 ( )     
 ( )  

 -     (   ) 
Notice that if  

| ( )|  |               |    
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and 
| ( )|  |               |     

then  
|  |        |  |    (     )  

From (2.3 and 2.4), it is evident that  
  (        )      ( )     (2.5) 
  (                   )    (     )   

    ( )      ( )  
         (2.6) 

   (        )      ( )   (2.7) 
and  
  (                   )    (     )   

      ( )      ( )            (2.8) 
From (2.5) and (2.7), we find that  

         (2.9) 
and  
   (        )     ,   ( )- (  

     )    (2.10) 
Adding (2.6) to (2.8), yield  

  (                   )    
    ( )(     )     ( )(  

     )            (2.11) 
By using (2.10) in equation (2.11), we have 

  
0(                   )[   ( )]

   (        )    ( )1   

[   ( )]
  

    ( )(     )      (2.12) 
which yields  

  |  |  
 | | √  

√|    [(   
                )
 (        ) ] (        ) (     )|

   

Next, if we subtract (2.8) from (2.6), we get  
   (     )(      )     ( )(     )     ( )(  

     )   (2.13) 
In view of (2.9) and (2.10), equation (2.13) becomes 

     
[   ( )]

 (  
     )

 (        )     ( )(     )
 (     )   

Thus applying (1.3), we conclude that  

  |  |  
| | 

(     )  
     

(        )    
Finally, by using (2.12) and (2.13) for some    , we get  

          
[   ( )]

 (     )(    )
 (                   )[   ( )]

   (        )    ( )
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     ( )(     )
 (     )  

   
 ( ) 0. (   )   

 (     )/   . (   )   
 (     )/   1, 

where 

   (   )  [   ( )] (   )
 (                   )[   ( )]   (        )    ( )

   

Thus, we conclude that  

  |      
 |  {

|   ( )|
 (     )     | (   )|     

 (     )

 |  
 ( )|| (   )|    | (   )|   

 (     )  
 

and with respect to (1.3), it evidently completes the demonstration of the 
Theorem 2.1. 

Remark 2.2: 
1) When      we get the result by Amourah et al. , -  
2) When      we get the result by Swamy and Atshan ,  -  
3) When     ⁄   we get the result by Amourah et al. , -  

3. Bounds on Fekete–Szegӧ Inequality and Coefficients for the Subclass 
    (       ) 

Definition 3.1: For               (  ⁄   - and the real constant   
is nonzero, a function                is told to be situated in the subclass 
    (       ), if 
  (   ) .    ( )

(   ) ( )     ( )/   .   ( )     ( )
  ( )      ( )/    (   ) 

and 

   (   ) .    ( )
(   ) ( )     ( )/   .   ( )     ( )

  ( )      ( )/    (   )  
wherever       is indicated based on (1.2). 

 Take note that we have the following definition for     in Definition 
3.1: 

Definition 3.2: For         (  ⁄   - and the real constant   is nonzero, 
a function                is told to be situated in the subclass    (     )  if 
  .    ( )

(   ) ( )     ( )/    (   ) 
and  

  .    ( )
(   ) ( )     ( )/    (   )  

wherever       is indicated based on (1.2).  
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Take note that we have the following definition for     in Definition 
3.1: 

Definition 3.3: For         (  ⁄   - and the real constant   is nonzero, 
a function                is told to be situated in the subclass    (     )  if 
  .   ( )     ( )

  ( )      ( )/    (   ) 

and  

   .   ( )     ( )
  ( )      ( )/    (   )  

wherever       is indicated based on (1.2).  
 Take note that we have the following definition for     in Definition 

3.1: 

Definition 3.4: For         (  ⁄   - and the real constant   is nonzero, 
a function                is told to be situated in the subclass    (     ), if 

  (   ) .   ( )
 ( ) /   .     

  ( )
  ( ) /    (   ) 

and 

  (   ) .   ( )
 ( ) /   .       ( )

  ( ) /    (   )  
wherever       is indicated based on (1.2). 

Remark 3.1: 
1) When              the function class     (       ) abbreviates to 

the class   ( ) presented and scrutinized by Amourah et al. , -  
2) When              the function class     (       ) reduces to the 

class    
 (   ) presented and scrutinized by Swamy and Atshan ,  -  

Theorem 3.1: If     indicated based on (1.1) belongs to the subclass 
    (       )  then 

  |  |  
 | | √  

√|    [  (        )  (       )
 (   ) (   ) ] (   ) (   ) (     )|

 

and  

  |  |  
| | 

(    )(   )  
     

(   ) (   )   
and for certain    , 

  |      
 |  | | 

(    )(   )      |   |         

  |      
 |       |   |

    [  (        )  (       )
 (   ) (   ) ] (   ) (   ) (     )
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    |   |           

    
    [  (  

      )  (       )
 (   ) (   ) 

] (   ) (   ) (     )

 (    )(   )     

Proof: This theorem’s proof is comparable to that of Theorem 2.1. 
 For                 within Theorem 3.1, we obtain, respectively, 

the corollaries listed below: 

Corollary 3.1: Let the function  ( ) indicated based on (1.1) being in the 
subclass    (     )(            (  ⁄   -)  Then 

  |  |  
 | | √  

√|    , (       ) (   ) - (   ) (     )| 

and  

  |  |  
| | 
(   )  

     
(   )   

and for certain    , 

  |       |  
| | 
(   )      |   |         

  |       |  
     |   |

    , (       ) (   ) - (   ) (     )  
    |   |           
        [ (       ) (   ) ] (   ) (     )

 (   )     

Corollary 3.2: Let the function  ( ) indicated based on (1.1) being in the 
subclass    (     )(            (  ⁄   -)  Then 

  |  |  
| | √  

√|    ,(        ) (   ) - (   ) (     )| 

and  

  |  |  
| | 

 (   )  
    
(   )   

and for certain    , 

  |       |  
| | 

 (   )      |   |         

  |       |  
     |   |

    ,(        ) (   ) - (   ) (     )  
    |   |           
        [(        ) (   ) ] (   ) (     )

 (   )     

Corollary 3.3: Let the function  ( ) indicated based on (1.1) being in the 
subclass    (     )(            (  ⁄   -)  Then 
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    |   |           

    
    [  (  

      )  (       )
 (   ) (   ) 

] (   ) (   ) (     )

 (    )(   )     

Proof: This theorem’s proof is comparable to that of Theorem 2.1. 
 For                 within Theorem 3.1, we obtain, respectively, 

the corollaries listed below: 

Corollary 3.1: Let the function  ( ) indicated based on (1.1) being in the 
subclass    (     )(            (  ⁄   -)  Then 

  |  |  
 | | √  

√|    , (       ) (   ) - (   ) (     )| 

and  

  |  |  
| | 
(   )  

     
(   )   

and for certain    , 

  |       |  
| | 
(   )      |   |         

  |       |  
     |   |

    , (       ) (   ) - (   ) (     )  
    |   |           
        [ (       ) (   ) ] (   ) (     )

 (   )     

Corollary 3.2: Let the function  ( ) indicated based on (1.1) being in the 
subclass    (     )(            (  ⁄   -)  Then 

  |  |  
| | √  

√|    ,(        ) (   ) - (   ) (     )| 

and  

  |  |  
| | 

 (   )  
    
(   )   

and for certain    , 

  |       |  
| | 

 (   )      |   |         

  |       |  
     |   |

    ,(        ) (   ) - (   ) (     )  
    |   |           
        [(        ) (   ) ] (   ) (     )

 (   )     

Corollary 3.3: Let the function  ( ) indicated based on (1.1) being in the 
subclass    (     )(            (  ⁄   -)  Then 

  |  |  
 | | √  

√|    (    ) (   ) (     )| 

and  

  |  |  
| | 

(    )  
     

(   )   
and for certain    , 

  |      
 |  | | 

(    )      |   |         

  |      
 |       |   |

    (    ) (   ) (     ) 

    |   |           
         (    ) (   ) (     )

 (    )     

Remark 3.2: 
1) When            , then we get the results by Amourah et al. , -  
2) When            , then we get the results by Swamy and Atshan 

,  -  

4. Bounds on Fekete – Szegӧ Inequality and Coefficients for the Subclass 
    (         ) 

Definition 1.4: For               * +   (  ⁄   - and the real 
constant   is nonzero, a function                is told to be situated in the 
subclass     (         ), if  

    
 [(   ) .   ( )

 ( ) / . ( )
 /

 
  .      ( )

  ( ) / (  ( ))   ]    (   )  
and 

    
 [(   ) .   ( )

 ( ) / . ( )
 /

 
  .      ( )

  ( ) / (  ( ))   ]    (   )  

wherever       is indicated based on (1.2).  

Remark 4.1: 
1) For       and    , the function class     (         ) abbreviates 

to the class   ( ) presented and scrutinized by Amourah et al. , -  
2) For                , the function class     (         ) reduces 

to the class    
 (   ) presented and scrutinized by Swamy and Atshan 

,  -  
3) For         and    , the function class     (         ) reduces 

to the class   (   ) presented and scrutinized by Amourah et al. , -   

Theorem 4.1: If     indicated based on (1.1) belongs to the subclass 
    (         ), then 
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  |  |  
  | | √  

√|
    0(   )(   (    )  )  

 (   ) (   ) 1

  
 (   ) (   ) (     )

|

 

and  

  |  |  
  | | 

(   )(    )  
       

(   ) (   )   
and for certain    , 

  |      
 |    | | 

(   )(    )      |   |         

  |      
 |        |   |

    0(   )(   (    )  )  
 (   ) (   ) 1 

    (   ) (   ) (     )

  

    |   |           

    

    0(   )(   (    )  )  
 (   ) (   ) 1

    (   ) (   ) (     ) 
 (   )(    )     

Proof: This theorem’s proof is comparable to that of Theorem 2.1. 

Remark 4.2: 
1) When                  we get the outcomes that Amourah et al. 

, - demonstrated. 
2) When                  we get the outcomes that Swamy and 

Atshan ,  - demonstrated. 
3) When                  we get the outcomes that Amourah et al. 

, - demonstrated. 

5. Conclusion  
In this study, the results presented are new where three new classes 

   (     ),     (       ) and     (         ) of bi-univalent and 
holomorphic functions by making use Gegenbauer polynomials inside the unit 
disk   that is open, for the functions in those new classes, we get upper bounds 
for Fekete-Szegӧ inequality and coefficients |  | and |  | for functions belongs 
to those classes. Also, we obtain new special cases for our results. 
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