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Adjusting the BEGS update for quasi-Newton methods
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Abstract

A variety of quasi-Newton approaches all have their roots in the quasi-Newton
equation. We thus obtain the updated BFGS quasi-Newton updating formulas using the
provided alternative equation. In our study, a brand-new y-technique is used to alter the
quasi-Newton techniques’ secant equation. Show that this algorithm’s global convergence
is related to the line search rule. The numerical results demonstrate the effectiveness of the
proposed strategy for the tested issues.
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1. Introduction
In a smooth multivariable nonlinear (convex or nonconvex) problem, our
aim is to minimize the value:
Min f(x), xeR" )
where f:R" >R, R" is known as the n-dimensional Euclidean space, see [1].

quasi-Newton techniques are well-known iterative algorithms with the following
shape:

X =X, +oyd, (@)
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where the search direction is dj and the parameter is «,, which is found using
an exact line-search as follows:
T
d
a, =- 2% 3)
d,Gd,

The Wolfe line search's requirements are often met by the step length
selection:

f (e + ardy) < f(x) + Sapegiedy (4)
drg(x + aedy) = o digy (5)

when 0<d <o <1, see [2], [3]. The search direction is generated by:
diyi ==8in + Bisy (6)

where B, represents a positive semidefinite matrix used to approximate the
Hessian Q, =V’f(x,) and g, =Vf(x,) is the gradient of f(x,). By
convention, {Bk} fulfills the quasi-Newton equation:

Bi+1Sk = Vi (7)
where s, = xp41 — X, = aidy and Y, = gr41 — gk, see [4], [5]. The formula
of BFGS, which often used, is a well-known updated formula. The BFGS form
is the well-known updated:

_BssiB vl ®)

BBFGS =B - -
Sk Bksk Sk yk

k+1 k

Let H, represents to the inverse for B,. Indeed, the BFGS update in
equation (8) is publicly known as:
BFGS _ _ HkJ’kslz*'Skyl:Hk J’ZHWk ﬁ
Hierr™ = Hi e T [1 e 5o 2
this formula has revealed that the BFGS upgrade has exceptional abilities in
addressing unconstrained problems. There is more information available in
[6,7].

A significant amount of work has been put into looking for a quasi-Newton
approach that not only has global convergence but also has improved numerical
performance based on the BFGS update. In the following, we will provide a
more in-depth explanation of some of the changes that have been made to the
QN-equations (see Table 1).

Table 1
Author(s) QN — conditions References
Powell B,.s,=7,= ¢y, +(1-¢,)B,s, [8]
Li and Fukushima B..s, =¥,=V,+4s,, 1, <10° (]
Wei., Li. and Qi. B, 5, =i, =y, + Xfifis )HHT\YZM w5 [10]
Sk
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Zhang, Deng, Chen B_s =ij,=y, + 6( fi— fir1)+3(xs1+8%) sk s [7]
k+1%k k k 2 k
Jsel
1]
: = 1 (fe=fiea)-1/2(8Ease) [
Basim Bkﬂsk =7, =5 Y, +Wyk
. T 5 [12]
Basim and Mohamed | Be1Sc =¥ =¥, — T ]H;A 5t
Sk
- 2 fe—frs1)-St [13]
Basim and Ghada B s, =¥,=1, +Wsk
Sk
i o 3 (fea—fi)-3/28k, [14]
Basim and Ranen B, 5. =¥, = Eyﬁ%&gmw
Basim and Moghrabi B, s, =7, =2y, + 2(7\‘-_(4\'4-]) s, [15]
Sk
Basim and ~ 1 (frs1=fx) [16]
B s =y, =—y +-1 K g
Abdulrahman b % =Y =20 lsff
Basim and S5 (fi—fe)-1/38T s [17]
Abdulrahman Bt =B =g+ Hls [ o
k

It is possible to view [18,19,21] etc. in detail the several modified
approaches that have been provided. Moreover, Yuan et al. [20, 22] demons-
trated the weak Wolfe-Powell line search technique's global convergence with
the BFGS approach.

Equation definiteness is required for the use of quasi-Newtonian
procedures. In the next section, we are going to create a quadratic model-based
quasi-Newton equation. The global convergence as well as the numerical data
demonstrate that the new techniques are most effective.

2. The new QN_equation Derivative.

The use of a quadratic model was fundamental to the process of generating
the new quasi-Newton equation. Let we elucidate:

FE)= f0x)= gls, + 351005, (10)
This results in the gradient:
8 = & TO(x,)s, )]
We can write (10) as:
1/25,00x,)8, =(fy = fra) + &aSs (12)
From above equation, we get:
Sk Q(Xper1)Sk = 2(fie = frerr) + 28k415k (13)

Following from the definition of y,, we obtain:
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ViSk =&iaSt — &L Sk (14)
The result of adding (14) to (13) is:
SZQ(ka)Sk = ZYZSk +2(f/c - fk+l)+2 g:sk (15)

To enhance the accuracy of the Hessian matrix estimation by By, it is
reasonable to let By, to fulfill the following requirements:

SkTBan/; :Zy/:TSA»"'Z(fk_ fk+1)+2gkrsk (16)
As a result, it is possible to rewrite the QN equation as follows:
SE Ve = 2008 ¥ 2 = fu)+2 805, 7

Thus, one of the possibilities for a Bj,,S, approximation may be
represented by:

~ ~ 2(fx—fre1)+28%s
Biy1Sk = Vi Ve = 2yj + —AHTECk Yy, (18)

S Uk
where u,, is any vector such that s,f u, # 0.
The secant equations show that there are two possible vectors for u, in
(18) in this case:
2fi— fs)¥2 85k
5t Yk

2fi— fer)+¥2 8k 5
k+1°

(i) Putting u, =y, in (18) we have: j, =2y, + -

(i) Putting u, = g,,, in (18) we have: j, =2y, +
Sk 8k-+1

There may be changes to new quasi-Newton updating equations when y,

is changed to );k , which is represented by.

Below is a description of the updated Wolfe line search BBFGS method:

1. Putx, eR", H =IandLetk =0.

2. If|lggll = 0, then stop.

3. Evaluate d, = —H,gy.

4.  Find the optimal step-length a;, using (4) and (5) formulas.

5. Letxpyq = xp + apdy. Ifs,nyk > 0, then update H,,, using the formulas
(9) and (18), otherwise let Hy,; = Hj.

6. Setk =k + 1 and go to stage 2.
The good property of the new equation in the next theorem can be seen.

Theorem 1: Let the new algorithm be used to produce (04, X, , 8.1, 4,.,) . If

S,Z);k > ( is true, then By, is non-negative definite for Vk.

Proof: Applying the Wolfe criterion (4) to s[gk yields:

sy = 2yTs, +2(=8 gls)+2 gls, (19)
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As result: H y} >-25g/s, >0 (20)

The proof is complete.

3. Convergence analysis

Below is an explanation of the proposed approaches' global convergence
property. These presumptions are necessary in order to achieve that.

Assumptions:
(1) The set of levels S = {x eR" | ()< f (xo)} is constrained.

(il)) On S, the function f is twice infinitely differentiable. moreover, there is a
constant L > 0 such that:
llgCx) — gl < Lllx — yli @n
Given that {f;} is a declining series and there is a constant of the form f*,
it is evident that the series {x;} generated by the new technique is located
inS.
limfi = f* (22)
(iii) The function f is uniformly convex, i.e., there exist positive scalers M and
m which satisfy:
m|ld||* < d" Q(x)d < M||d|l? (23)
this holds for each xe.Sand d € R®, such that Q(x)=V’f(x). The
assumptions stated here are identical to the ones presented in [18].

Theorem 2: Let the new algorthm produce {xk } Then, we get:

mls < sy <Msf o] < (Led) s 24)

Proof: By Using );k definition, we have to the following by comparing (13)
with (10):

SkVi = 2Vic Sk + 2(fie = fiern) + 288k = 2(fie — frrr) + 28k+15k 25
We have the following using the mean value theorem with Taylor's series:
1
fi = fier1 — Ek+15k + ESIZQ(nk)Sk (26)

When we take 1, = x + & (41 — x;) With & €(0,1). As a result of
(25) and (26) we may deduce:

S/(T Vi =( SfQ(m)Sk —2S[gk+l)+2sfgw 27
= Sar o,)s,
We shall now investigate the proof for (5). It is feasible to conclude the

following by reinterpreting .);k and the Tylorian series:
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The next lemma proved in [19] for any conjugate gradient algorithm using
the Wolfe conditions.

~ - r 2(f, - 2(s!
NE szk L2 fv2sls | oo 20/ = fi) + (skgk)]quk"
Sity el
[5i 0(n,)s, —2( 5, y)1 | | st 05,1 |
S||y»||+| el < 4yl + ===
k Bl =T
< AL s+ M [l [l< (424 M) |5,
(29)
The proof is complete.
Theorem 3: For each k, this inequality satisfied:
1Biesill < a;llsill and siByesy = a,llsill® (30)

where a, >0, a, >0 and the sequence {x,(} was generated by new Algorthm.
For infinitely k, So we have:

lim inf g, =0 31)

Proof: Theorem 3.2 of Basim [13]. The algorithm we have developed is
supported by the subsequent lemma, which demonstrates its global convergence.
The lemma presented here is directly linked to the intended outcome [4].

Lemma 1: If there are positive scalers m and M where Vk > 0,
SEyk >
lsellz —

for each positive integer z, the inequality (31) satisfied for at least [z/2] values

ofk e{1,2,..... ,Z}.

m and ||y~k||2 /sy, < M- (32)

Theorem 4: Let{xk} was formed by Algorithm 1. Then the lirnkjmqf "&"ZO
satisfy.

Proof: Let's imagine the opposite scenario, where the statement is false. In that
case, there is a constant that equals & > 0, such that:

le.|= ¢ (33)
So that, (28) impels:

s, yl, > ,B"Sk ||2, Vke K 34)

Therefore, using theorem 2 and (35), lead to:

~ 2 ~
V|| /i v <M (35)
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By utilizing Lemma 1 on the subset {By,} ¢ it becomes evident that there
are certain a, and «@, values which make (31) valid for an infinite number of k.
Consequently, the verification is concluded through theorem 3.

4. Numerical results

The mathematical behavior of the modified BFGS update and the BFGS
update are compared in this excerpt. In this section, we explain how the little
mathematical findings on problems [23-28] with beginning points came about.
All code was developed using the Windows XP operating system and

"MATLAB" 4.4. The following criteria were chosen: o, =0.1, o,=0.9,
£=10"°. We stopped utilizing the algorithms and instead used the law
Himmeblau [29-33]:“If |f(xk)| > 107, let stop 1 :|f(xk)—f(xk+l) /|f(xk)|;
Otherwise, let stoplz‘f(xk)—f(xk+l). For every problem, if ||gk||<8 or
stop 1 <107 is satisfied, the program will be stopped”. The Table 2 below

presents the numerical findings in the format N.I./N.F., where N.I. and N.F.
represent the count of iterations and function evaluations correspondingly. The
word "Dim" stands for the exam issues' dimensions. Tables 2 & 3 shows the
results of three different strategies. We find that among the three methods, the

performance of the New BFGS update with u, = g,., is the most fit, while the
typical performance of the New update for BFGS with u, =y, is somewhat

better than the New BFGS method. The most well-organized update among the
quasi-Newton approaches for uncontrolled issues is hence the BBFGS update

with u, =g, .

Table 2
Examining various BFGS algorithms in contrast to assorted test functions and
dimensions.
BFGS Ug = Yk U = Gr1
n. N.I. N.F. | NI. | NF. | N.L NF N.I
Froth-f 2 9 26 9 26 9 27
Badscp-f 2 43 166 41 155 3 31
Badscb-f 2 3 30 3 30 3 30
Beale-f 2 15 50 17 57 6 21
Jensam-f 2 2 27 2 27 2 27
Helix-f 3 34 113 34 110 9 27
Bard-f 3 16 54 15 50 5 15
Gauss-f 3 2 4 2 4 2 4
Gulf-f 3 2 27 2 27 2 27
Sing-f 4 20 60 14 44 7 25
Wood-f 4 19 61 20 64 7 25
Kowosb-f 4 21 65 21 66 5 13
Bd-f 4 17 54 15 49 6 21
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Osb1-f 5 2 27 2 27 2 27
Biggs-f 6 25 72 33 108 3 31
Osb2-f 11 3 31 3 31 3 31
Watson-f 20 31 102 30 97 4 13
Singx-f 400 64 209 29 92 7 25
Penl-f 400 2 27 2 27 2 27
Pen2-f 200 2 5 2 5 2 5

Vardim-f 100 2 27 2 27 2 27
Trig-f 500 9 33 9 33 7 26
Bv-f 500 2 4 2 4 2 4

Te-f 500 6 16 6 16 8 22
Trid-f 500 53 170 53 170 6 21
Band-f 500 57 281 24 141 9 25
Lin-f 500 2 4 2 4 2 4

Trig-f 1000 7 25 7 25 7 26
Band-f 1000 14 114 15 91 6 20
Total 484 1884 416 1607 138 627

Conclusion

In order to identify an update with improved capability, a new quasi-
Newton equation has been developed in this study. The method's global
convergence is examined, the mathematical conclusions that explain these
approaches perform very well. Typically, we can calculate the new suggested
algorithms' percentage performance for the generic tools N.I. and N.F. when
compared to the traditional BFGS method as follows:

Table 3
The comparative effectiveness of the newly developed Algorithms
BFGS algorithm BBFGS with 1, =y, BBFGS with 1, =g, |

N.I. 100 % 59.55 % 60.57 %
N.F. 100 % 54.28 % 87.99 %
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