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Abstract

In this paper, the objective is to conceptualize weighted statistical convergence of order
@ for double sequences in Paranormed spaces. Some correlations between the weighted
(A, p)-statistical convergence of order @ of double sequences in Paranormed space and
[(N(}"”), u, v, 4, b),g]’ - summability is examined with the help of an example. Further, we also
discuss [(N, u, v, a, b),g]] - summability in these spaces.
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1. Introduction and Preliminaries

Zygmund [34] had given the notion of statistical convergence in his the
first edition monograph which was published in Warsaw in 1935. In 1951, the
conceptualization of this notion was proposed by the Fast [18] and Steinhaus
[31]. Furthermore, Schoenberg [32] reestablished this notion by investigating for
both real and complex numbers. This notion has been applied in various fields,
including measure theory, Fourier analysis, Banach spaces, number theory, and
many more. With the help of 2D analogue of a natural density of subset
of N X N, Mursaleen and Edely [26] extended this concept to the double
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sequence. Several authors, including Hardy [22], Tripathy [33], Mursaleen and
Mohiuddine [25], and many other studied statistical convergence for double
sequences. This concept had also been studied in many spaces,
including normed space, intuitionistic fuzzy normed linear spaces, probabilistic
normed space, Housdroff topological space, and paranormed space. This idea
was first conceptualized in paranormed space by Alotaibi and Alrogi [1] in
2012, who defined g-convergence and g-statistical convergence. Subsequently,
Alghamdi and Mursaleen [2], Arani, Gordi, Soraya [3], and Ercan [12]
investigated and expanded upon this idea.

Karakaya and Chishti [24] in 2009, proposed the idea of weighted
statistical convergence. The definition of this concept is revised by Mursaleen et
al. [28] in 2012 and establishes some connection between statistical summability
and weighted statistical convergence. Ghosal [21], further altered the definition
of weighted statistical convergence by introducing the constrain lim inf p, > 0.
The idea of weighted statistical convergence and (N ,p)-summability was
defined by Belen and Mohiuddine [7]. This concept had been discussed in
paranormed along with [(N,p,), g] — summability by Mikail Et, Karakas and
Cinnar [17]. In 2014, Selma Altundog and Bayrom Sozbir [4] defined this
notion for double sequences.Recently, Cinar and Mikail [16] studied and
examined this respective notion in more generalized manner and established its
correlation with summability of double sequences.

Further, the various work of weighted statistical convergence can be seen
in [5-9,14-16,19,23,27,29].

Definition 1.1: [6] A function f defined as f: N X N — R or C is called double
sequence. It is denoted as y = {y,,;} where k,l € N

Definition 1.2: [11] Suppose the set A € N X N and |A(sy,5,)| = {(t1t2) €
A;ty < spand t, < s,}.Then, asymptotic density of the set A is expressed as

$(A) = lim inf 212

S152

ﬂ(sl‘SZ)} has a limit then

When in Pringsheim [30] sense a sequence {T

double natural density of the set A is expressed as

8%(A) = lim 212

51,52
In this paper, we take c,d, e, f€ (0, 1], for the purpose of conciseness, we

denote & as (c,d) and B as (e, f). Also, define

e d@<Boc<eandd<f

<Bec<eandd<f

=foc=eandd=f

€0,1]lec,de(0,1]

€0,1]o e, €(0,1]

=lincasec=d=1

N
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e [ =lincasee=f=1
. a>lincasec>1,d>1

The @ —double density of the set A € N X N is

. A(s1,52)
8% (A) = lim #
Definition 1.3: [10] Let {y;,.,} be the double sequence and 0 <@ < 1.Then a
sequence ¥ = {¥¢,¢,} is known as statistical convergence of double sequence of

order @ to limit T if for each & >0

. 1
hmsl'sz_)oosf«_sg |{(t1,t2): tl, S Sl and tz' S 52: |yt1tz —_ Tl > f}| = 0

Definition 1.4: [24] Let {u,} be a positive sequence in R such that U, = u, +
U, +uz + -+ ugwhere ug #0 Vv s € N and uy, > 0. Then sequence {y,} is
known to be weighted statistically convergent to T if for each & >0

limg o g 1€ < 5 uelye = T1 2 €]
Definition 1.5: [1] The function g is defined on a linear space Y such that g: Y
—N is called paranorm, V 9,w €Y

e gMW=0whend =286

e gW@W=g(-9)

e g@+w)xg®+g(w

e  Suppose {ap} is sequence of scalars with a, — agasp —» %, 9, — 9 as
where 9, ,9 € Y . In the sense that g(9, — ¥)— 0 as p - oo,then a9, —
ag¥ asp — o,in the sense g(a,9,- agd¥) —0asp — oo.

When g(y)) = 0 means that i = 6 then paranorm g is known as total
paranorm on Yand (Y, g) as total paranormed space.

Definition 1.6: [17] Let {u,} be a positive sequence in R such that lim inf u, > 0
and Ug =uy +u, +... - - +ugwhere ug# 0 vV u € N and u; > 0. Then sequence
vy = {y;} is known to be weighted statistically convergent to T in (Y, g) for each
&E>0

limg, 5z It < Ustueg (e = T) 2 €31 = 0

2. Main Result

The conceptualization of weighted statistical convergence of order & for
double sequences in paranormed space is studied and examined in this section

Definition 2.1: Let AcN X N, then @-double weighted density is expressed as
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a T 1 . .
617 (ch) = 11m51152_’°° W | CAUslvsz (51,52)| is finite
1°52

where Ay, v, (51,52) = {(toty)ity < Us and t; < Viyiup v, g(Veye, — T1) =

E}, lim inf u;, >0, lim inf v, >0

Definition 2.2: Let {u;, } >0 and {v.,} > 0 be two sequences such that lim inf
U, > 0, lim inf v, > 0 and

U, =ug tup +...0 0 +ug, >0
V,=vytv,+... v, >0

The double sequences ¥ = {y;,¢,} is known to be weighted statistically
convergent of order & to T in (Y, g)for each £ > 0

|{(t1,t2): t; <Us and t, < I/Sz:utlvtzg(ytlt2 — T) > §}| =0

It is denoted as

lim —
51,S: oo
1,527 USC1 Vsdz

51%(9) - limytltz =T
Or
Veit, = T(S,%(g))
where, 51%( g) indicates the collection of every weighted statistically convergent

of order & to T in paranormed space (Y, g).

When & = 1, this concept simplifies to weighted statistical convergence for
the double sequences in paranormed space whereas it is explicitly stated for
@ € (0,1] but not for & > 1. Let defined the sequence {y;,, } such that

) = {O, t;+t, is odd
90ue,) = 1,t,+t, is even
Then,
. 1
hmsl,sroowl{(tl'tz): t; < Ug andt, < I/Szzutlvtzg(ytlt2 — 1) > f}| <
1°52

(o))

5165,4

. 1

limg, 5, e vevd |{(t1,t2): ty <Us, and t, < I/gz:v,ctlvtzg(ytlt2 - 0) > E}| <
1752

(o))

5165,4

thl:SZ_)OO

limg, 5, e

As double sequence y = {yt 1t2} is weighted statistically convergent of
order @ in (Y, g) to both 0 and 1 which is not possible.

Theorem 2.3: The double sequence y = {yt 1t2} is weighted statistically
convergent of order @ in (Y, g), then is Sﬁ—z(g) — limyy, ¢, is unique.

Proof: Suppose Sg—z(g) —limy; ., =T, and 51%(9) =limye ., =T,.
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For given ¢ > 0, we define

1
MU51V52 (s1,82) = llm51 s2 yg v v

{tnt)ity S Us, &ty <V, utlvtzg(Ytltz T1) 2 ‘}|
1

N, S1,S5) = lim
Us, Vs, ( 1 2) 51,52 Us Vsz

3
{(tr,t2): bty S Uy, ty < Viiup v, g (Veye, — T2) 2 §}|

Since, S,%(g) — limyy,¢, = Ty we have 55—2 (MU51V52 (sl,sz)) =0

Similarly, Sg-(g) — limy,,., = T, we have 5% (NU51V52 (51152)) =0

Let CAUslez (51,52) = MUS1Vsz (s1,52) U NUS1V52 (s1,52).

This means 61% ( ‘HUslez (sl_sz)) = 0 .Hence, c/‘luslvs2 (51,5,) =0 is an
non empty set and 65—2 (cﬂﬁslysz (51,52)) =1

§, ¢
Then, we have, g(T; — T,) < Q(Yt1t2 — T1) + Q(Yt1t2 — TZ) < > + o= &
As & > 0 then g(T; — T,) = 0.Thus T; = T,. Hence, S,%(g) — limy, ,, is
unique.

Definition 2.4: Consider A = {/151} and u = {,usZ} two non-decreasing sequences
of R* such that Ag , g, = ® as s;,s, = o
Ads 1<, + 1,4, =0
Us,+1 S s, + Luy =0
Suppose {utl} >0 and {vtz} >0 two sequences such that {us} >0,
{vo} > 0 and
Ullsl = Dtyes; ey D @ asty > ©

%tz = thesz UV, > 0aASl; D> ©

where, S; = [s1 As, + 1, sl], S, = [sz —Us, +1, sl]
Then generalized weighted mean for order & is
ab _ r
Os,5, = us Vd ZZucivtzg(ytlfz T)
Asq Mty
11 _ 1 T
O—slsz - y¢ Vd Zzutlvtzg(ytltz) Jslsz — uc Ztlesl utlg(Ytlsl) ’
Asq Kty As1
o1 _ _1 T
0—5152 - V[ii ZszSz vtzg(ySZfz)
t2

where r > 0 be any real number and (a, b) = (1,1), (0,1), (1,0)
The double sequence y = {yf1f2} is known as [(N(A_#),u, v, a,b), g]:_v —
summable of order & to T in (Y, g) if
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. 1 r
llmsl,sz—»oo WZ Z utlvtzg(ytltz - T)
As1 Hq

we can write as B
Yotz = T (N v, 0,0, 9] |

Definition 2.5: The double sequence y = {y;,.,} is known to be weighted
4, y)—statistically convergent of order @ to T in (Y, g) foreach & > 0

|{(t1't2) ty < U and t, <V, utlvtzg(ytltz T) 2 Se}| =0

llm31,52—>00 UL‘ Vd

It can also written as

() ~limy=T

N(A n

where, SN (9) represents the collection of every weighted (4, u)-statistically

Aw
convergent of order @ to T in (Y, g)

Definition 2.7: Suppose r be a real positive number and ¥y = {y; ,} be the
double sequence is known as [(N,u, v, a, b), g]% — summable of order @ to T
in (Y, g) when

. S: r
llmsl,sz—)oo Vd Zt1 1 2:tizl uf1vt2g(yt1f2 - T)

This can be represented as
yt1t2 - T[[(N’ u,v,a, b)! g]g]
where [(N,u, v, a, b), g]% denotes the collection of every [(N,u,v,a,b), g]% —
summable order @ to T in (Y, g)

Uislvﬂdsz a
Theorem 2.6: If lim | —2—75=] > 0 as s;, s, = 0, then SN C Sy,
Uslvs2 ()

Proof: Let {ytltz} - T[sg;]

|{(t1' t):t; < Us1 andt, < 52 utlvtzg(ytltz T) = Sr}| =0

limg, ¢, 00 —s o7 o5, Vd

Now,

|{(t1' t):ty < Ug and t, <V, utlvtzg(Ytltz T) = f}|

hmsl,sz—wo vg, Vd

= limg, 5,00 m |{(t1, ty):t; < Uz, and t, < Vﬂqzutlvtzg(ytlt2 - T) > §}|

Ufs, Vi
> 1i 51" Hsy
= llmsl,Sz ( Uscle‘é

{(tl’ tZ) th= U)‘S &ty =< V/‘q utlthg(ytltz T) 2 §}|

Ulsl V#sz

c d

U/lslvltsz
Since,lim ~eva |~ 0, then by taking s;,5, =

S§1°52

{ytltz} -T [55(,1#) (9)]
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Hence,

a a
- C S>——
S’Vz Sy (Au)

Theorem 2.8: Suppose the double sequence y = {y,t,} is [(Na ) w, v, a, b), g1%

—summable to T, then {y; ,} > T [Sg ) (g)] and the inclusion is strict.

Proof: Suppose for each € > 0, the sequence y = {ytltz} be [(N(A_u),u, v,a,b),g]%
summable to T.
we have

T
Vd Ztlesl thesz utlvtzg(ytltz T) |

Ulsl

t1€8; thesz r
% U, Ve, d Veye, — T +
Uls Vlf (trt2)€ Sy, vy, 17t 1tz

1681 yt2ES; r
U, U =T
U/ls Vd Z(tl,tz)e Z‘AUASIVusz t,V6,9 Wty )

-
—UA 7 [{(ty, t2):ty < Us, and ty < Ve, up v, d(Veye, — T) = €}
S1 S2
and by taking limit as s;, s2 — 00
SNg(9) —limy =T

Consider an example
Suppose A = sy, )t = S, U, = ty,Vp, =t, Vty,t5,5,5, €N and define a
sequence by

Yoo, = Jtity, t; and t, are square
fata 0, otherwise

d
Then, U5, = [Zfl 1ut1 - [51(31+1)] Vs [th 1‘7tz] - [SZ(SZ;H)]

Now we have
T
[{(t1, t2): 1 < U candt, <V, utlvtzg(ytltz T) = ¢}

ug, Vd

[

< — < — oo by taking limit s, s, = o0
(sl(s1+1))i(32(32+1))7
2 2

But,

s r
us Vd Ztl 1 Zt;:l ut1vtzg(yf1fz) - ®
S1
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Theorem 2.9: Let utlvtzg(ytlt2 - T)r < MV t,,t, € N.If the double sequence
y = {yt 1t2} is weighted (A, ) -statistically convergent to T, then, it is also

[(Nyy w, v, @, b), g]f-summable to T and hence [(N,u,v, a,b), g]&-summable
toT.

Proof: The first statement is evident. Now,

S T
e Vd Ztl 1Zt§=1 utlvtzg(Ytltz - T)
S1°s

s1—2s S2—Us r
= e dzt1=1 1thzl 2u'511'7'52'g(-’yf1f2 - T) +
UsiVq
r
U Vd Zt1651theszutlvtzg()’tltz T)
§17S2
s1—As S2—HUs
U Vd Ztl 1 1Zt2:1 zutlvtzg(ytltz _T) +
ASl HUsy
r
U Vd Ztles1 ztzes2 utlvtzg(ytltz T)
Ap "Hsy

2
< 7”5 v Zt1651 thesz utlvtzg(ytltz T) — 0 4S 51,5, > ®©
S1 2

Hence, {y,,} = T[[(N,w,v,a,b), g]%]

Conclusion

The conceptualization of weighted statistical convergence of order & for
double sequence and weighted (A, u)- statistical convergence of order & for
double sequence in paranormed space for &e€(0,1] has been introduced which is
more generalized than the notion of weighted (A, u)-statistical convergence of
order @& for double sequence. The correlation between these two
conceptualizations discussed in Theorem 3.7. The relation between

[(N(A_M),u, v,a,b), g]? — summable and Sﬁ is examined with the help of an

example.
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