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Abstract

This article demonstrates the existence of fixed points for two pairs of self-maps in the
context of a partially ordered b-metric space, using the C-class function. Furthermore, by the
use of compatibility condition on maps, we have proved the uniqueness of fixed points. Our
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findings expand upon and provide a broader application for several established outcomes
in the existing literature.
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1 Introduction

Czerwik [2] established and provided a formal definition for the notion of
b-metric space Additionally, Czerwik proved the contraction mapping theorem
specifically in (sense of) b-metric spaces It is important to observe that “the
domain of b-metric spaces is much more boarder than the class of metric
spaces” Some application of authors have also mentioned a discussion on
relaxing the triangle inequality and introduced a new distance measure termed as
non-linear elastic matching

In 1965, Marr [6] introduced partially ordered set and as well defined
partially ordered metric spaces with help of metric The notion of convergence in
a partially ordered metric space was introduced by Marr [6] Some notable
results on fixed point can be found in [3,8-14]

2 Preliminaries
Let us see the basic concepts like lemmas and definitions mentioned
below:

Definition 2 1: [1] Let :[0,0)? - R be a mapping “known as C-class
function”, if it assuring continuity along with following properties:

(1) W(¢,n) < forall that {,n € [0, )

(i) W({,n) =7 == 0o0rn =0;forall that ,n € [0, )

In 1984, Khan [5] defined a new mapping known as “control function”
This concept was an intriguing aspect in the domain of metric fixed point theory,
guaranteed the existence of fixed point These functions are also known as
“altering distance functions”

Definition 2 2: [S] A continuous, non- decreasing function i : [0,+00) —
[0, +0) is referred as altering distance function provided ¥ (t) = 0 implies
t=20

Lemma 2 3: [4] Let (2, p) is a b-metric space and s = 1 Then a sequence {&,}
is said to be b - Cauchy sequence in (2, p), if d(ép, Env1) < kd(&,-1, &) for all

n = 1,23 ... and for some 0 < k < %
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For the concepts like comparable elements, well-ordered set, monotone
non-decreasing, monotone non-increasing refer the [7]

3 Main Result:

Theorem 3 1: Let (2, p, <) be partially ordered b — complete b metric space
and @, 0,¢,v: 0 — 0 be self-mappings on  such that w() S v(2) and
o() € ¢(N) If for every two comparable elements {, 1 €

P(s*d@7, en)) < WYX, W), 9 (R, W], (1

where
p(sS,v), o= [p (@8, 60) + d(ew, vw)),
—[d(s¢, ow) + d(@¢, vp)]

C- W is a class function and 1, ¢ are altering distance functions Assuming
non-increasing sequence {¢,,} and {n,,} with n,, < &, V n and if n,, > u implies
usxé,

R(¢, 1) = max (2)

Moreover, if

(1) (w,¢) is compatible, @ or ¢ continuous and (p,v) is weakly compatible
pair or

(i) (o,v) is compatible , p or v continuous and (@, ¢) is weakly compatible
pair

Then maps preserved a common fixed point of @, @, g, v Moreover, the set
of fixed point of @, @, ¢, v is well ordered iff @, @, ¢, v have unique common
fixed point

Proof: Let {, be an arbitrary point in Q Since () € v(Q), and o(Q2) € ¢(Q)
We can define inductively sequence {¢,} and {n,,} in Q by

{ Mon+1 = ®é2n = Véoniq
Mon+2 = Q&an+1 = Gonq2

Since $p11 S USans1 = @éon = $2n and $op < 662n = 06201 = $2n
pyr S &, foralln =0
Claim that p(Mp,41, Mn+2) < AP (M, M) Where Ae [0, %) Vvn €N
Eq (1) concludes,
Yo Makr1 N2es2)] S Y(S*PM2kcr1s Mak+2)) = Y(* (@&, 0E21041))
< WP RS2k S2ie41)s @ (R 2k0s S20641)] “4)

forn =0,1,2,3 ... 3)

where
P(6€21, VE2k41),

R(Eper Epens) = max { 32 (0@ S621) + p(Q2ks1, Vizkar),
— [0(5ai Q8aics1) + P(@Ek VErier1) ]
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From Eq (3) and using triangle inequality,
1
R(&2ks §2n41) < max {P(lek'UZkH).; o2k M2ker1) + P(U2k+1'772k+2)]}

There are two alternatives that may occur

Alternative 1: If R(&5p, E501) = P(M2k0 N2ks1), from Eq (4) we have
YIs*p(Marr1 N2i2)] < B (P (210 Nakes 1) 9 (O M2k Nzic1)]
Assume W({, u) < ¢ [because W is C - class function]

YIs*p(zkr1, M2k+2)] < Y02k M2k+1))
Continuity of Y gives that

S*P(Marer1 M2e+2) < PMzies N2ie+1) Q)

. . 1
Alternative 2: Secondly, if X($zk, $21041) = 5 [P M2k N2k+1) + P(Mak+1: M2ie42)]
Here again we have two options,
Option-1 Let if p(Mzr41, M2kc+2) < P M2k N2kc+1) then
1
RS2t $2k+1) S 5P (M2 N2tew1) + P(M2ie N2iex1)] < P (216 M2ie41)

Thus, it reduces Alternative 1

Option-2 Otherwise assume that p(Nzx, M2k+1) < P(M2k+1, M2k+2)
Then

R(&2k E2k+1) < Max {P(Mar+1, M2k+2) P M2k 1 M2k+2)} < P(M2k+1) N2k+2)

And hence s*p(Max11, Mak+2) < P(M2kcs1, N2ks2)
As s = 1 which is a contradiction Thus, only Alternative 1 is true

1
Therefore, from Eq (5), p(Mzk+1, N2k+2) < 5 P M2k M2ke41)
o . 1
Likewise, we may infer that, p(Mzk+2, N2+3) < 5 P(M2k+1, N2ke+2)
By continuing in this manner, we may as certain
. 1
P(ns1,Mns2) S Ap (M, Nnta), with 1 €(0, 7] for wholly n € N

It follows that (by Lemma 2 3), {n,,} is a b - Cauchy sequence Since Q is b
— complete, € (), subsequently

limy, 0o @ &2y = liM VS0 = lim&opyq = lim¢éony, =1
n—-oo n—oo n—-oo

Claim: To prove that m, g, ¢, v have a common fixed point 1
Continuity of g achieves that
lim 626515 = ¢[lim 6&5105] = 61
limn—»oog w €2n = g[limn—wo w on] =
Triangle inequality in b - metric space implies
P(@62n, §Y) < S[P(@GS2n, §TE2n) + P(STE2m, SM)] (6)
As the pair (@, ¢) is compatible lim p(@w¢é,,, cwés,) =0
n—-oo

Take upper limit as n = oo in Eq (6), r{mwngn =¢n
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AS ¢Sony2 = 082n41 = $2n41 then from Eq (1),

¢[54P(w§'<§2n+2: 0&2n41)] < WY R(SE2n42 $2n+1))s @R (6E2n+2) S2ns1)]
Where

|( p(§2€2n+2:U€2n+1 ), \I
1

R(¢€an+2,$an+1) = Max{ 2s

1
(E [P(§252n+2: 0éons1) + d(w§52n+2’Uon+1)U

Apply upper limit in above equation and use the fact that I is C - class
function and continuity of 1 implies that

s*p(sn,m) < s?p(sn,m)
This is a contradiction, therefore, ¢n =7
Next to prove, wn = 1, let us consider
fp(n, @n) < p(M, 0$2n+1) + P(WN, 082041) ()

Since @¢zn+1 < $2n4+1 and Q§2n41 = 1 as n — oo then 7 < §3p44 and from

Eq (1),
Pls*p(@n, 082n+1)] < WH(RM, E2n41)), @R, E2n41))]
d(sn,véani1 ),

where (1, E301) = max {32 [P@10, S0 + p0&2ns1, VEznsn)]

~[p(M, Q&2ne1) + A(@N, VEzn41)]

Using the property of v and continuity of 1, we obtain from two
inequalities

[P (@6Ean+2,6%E2n+2) + P(@€2n+1,VE2n4+1)],

1
p(@n, 0¢2n+1) < STN(U: $an+1)
Hence from Eq (7) and applying limit as n — o

1 . 1 ,. 1 ..
sP,@n) < liMpe p(1,052n+1) + 5 IMR(, $on40) < 3 IMR(@, $5040) (8)

p(@n.n)

where im R(1, §2n41) = =
n—oo

1 p(@wn.n)

st 2s

This is possible only if p(n,mn) = 0 thatis n = @wn

As w(Q) S v(Q) implies existence of g € Q, so that wn = vo
Suppose that po # vo Since o < vo = @wn < 7, so from Eq (1),

Ylp(vo,00)] = Ylp(@n, on)] < WY (R(®, 0), 9(R(n, 0)]
As W is C-class function,

Ylp(vo,e0)] < Y[R(n, 0)] ©)
p(sn,va),
wherever X(7, 0) = max i [p(@n, ¢n) + pleo,va)],

—~[p(sn, 00) + p(wn, vo)]

and therefore from Eq (8), we obtain, % p(m,@wn) <
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Butwn =¢n=n=vo
X(1,0) = max {1 [p(ea,v0)).5: [p(vo, @)1} = 24722
2s 2s 2s

Thus from Eq (9) and continuity of i implies p(va,00) < p(%:m) =
00 = Vo

Since the pair (g, v) is weakly compatible

Therefore gn = pwn = gvo = vpo = von = vy

Concludes g and v has the coincidence point 1

Since ¢&,p, < &, and ¢&,, = n as n = oo infers n < &,,, Hence from Eq
(1), Assumptions on I3 and y implies that

s*p(@&an, 0m) < R(E2n, M) (10)
Using triangle inequality and Eq (10) we can have

p(n, o) < p(0, @Ean) + 5 R(Ezn M)

Assume the limit as n — oo,
2p(,m) < limy o p(,E53) + 73 M R(Ep, 1) (1)
p(m,vn),
1
where limy, e, X(€5,,1) = max{ 35 P01 + plen,vml,} = (i, 0m)

~lp(,0m) + p(n,vm)]

Substitute in Eq (10), we obtain = on

Consequently @wn = on =¢n =vn =n A similar case for continuous
functions @ Let the set of common fixed points @, g, ¢, v is well ordered that is
every non empty subset has at least one point To assure the uniqueness, Assume,
for the sake of contradiction, that tis another fixed point But 7 # g, by
assumption, from Eq (1), simplifying ¥[p(z,0)] < Y[p(t,0)] Since P is
continuous function implies that p(t,0) < p(7,0) a paradox Therefore, T = o
The converse is obvious This established the proof of the Theorem 3 1

4. Conclusion

In this study, we established a fixed point theorem for pairs of mapping
with C-class functions in a “partially ordered, b-complete b-metric space” We
further demonstrated that these pairs of mappings have a “unique fixed point”
These findings generalize and expand certain well-known results from the
literature
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