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Abstract

In this paper, we examine the geometry of screen generic lightlike submanifolds of
a semi-Riemannian product manifold. Here we find a characterization theorem for the
induced connection on a screen generic lightlike submanifold to be a metric connection. We
investigate the integrability of various distributions associated with screen generic lightlike
submanifolds. Then we obtain necessary and sufficient conditions for a screen generic
lightlike submanifold to be a screen generic lightlike product manifold.
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1. Introduction

Many researchers have been investigated the geometry of lightlike
submanifolds thoroughly because of the geometry of lightlike can be utilized to
explore the theory of black holes in general theory of relativistic models.
Bejancu [1] in 1978 firstly introduced and developed the concept of CR-
submanifolds of an indefinite Kaehler manifold as a generalization of lightlike
real hypersurfaces. To advance this endeavor, other mathematicians delved into
the diverse geometric properties of CR-submanifolds within Kaehler manifolds
([2]-[5]D)- Additionally, Duggal explored the interplay between CR-structure and
Lorentzian geometry, notably relevant in relativistic contexts (for
comprehensive insights, refer to [6]). It is a well-established notion that a
submanifold of a semi-Riemannian manifold earns the designation of a lightlike
submanifold when its induced metric becomes degenerate. This degeneracy
entails the intersection of the normal vector bundle with the tangent vector
bundle, a distinctive attribute intricately entwining the study of lightlike
submanifolds. Recent investigations have unveiled numerous significant
applications of lightlike submanifolds in mathematical physics and relativity.

Remarkably, semi-Riemannian product manifolds extend the scope of
Riemannian product manifolds into the semi-Riemannian realm, boasting a
plethora of geometric intricacies. Consequently, exploring lightlike
submanifolds within semi-Riemannian product manifolds becomes an intriguing
pursuit. The profound analysis of lightlike submanifolds and their extensive
applications in mathematical physics have motivated our present undertaking.
Thus, this paper introduces the concept of screen generic lightlike submanifolds
within a semi-Riemannian product manifold. We proceed to investigate the
requisite conditions for the induced connection on such a submanifold to qualify
as a metric connection. Furthermore, we establish criteria for the integrability of
various distributions and delineate necessary and sufficient conditions for a
screen generic lightlike submanifold to transform into a screen generic lightlike
product manifold.

2. Preliminaries
2.1 Basic results on lightlike submanifolds

Suppose that (K,g) be an m-dimensional submanifold of a (m + n)-
dimensional semi-Riemannian manifold (K, §) with g (constant index) such that
with conditionm,n = 1,1 < q < m + n- 1.If g is degenerate on TKof K,
then, T,K and T,K L both are degenerate and there exists a radical (null)
subspace Rad(T,M)such that Rad(T,K) =T,K N T,K*If Rad(TK): p €
K — Rad(T,K) is smooth distribution on K with rank ¥ > 0 and 1 < r <
m. Then, K is said to be r-lightlike distribution on K. Let S(TK) be the screen
distribution in TK such that TK = Rad(TK) L S(TK) and S(TK') is
complementary vector sub-bundle to Rad(TK) in TK*. Furthermore, there
exists {N;}, local null frame of null sections with values in the orthogonal
complement of S(TK*) and S(TK*)* such that g(N;, ;) = 8, g(N;, N;) = 0,
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for any i,j € {1,2,..,7}, where{¢;} is any local basis of I'(Rad(TK). Let
tr(TK) and ltr(TK) be complementary vector bundles (but non orthogonal) to
TK in TK|y and to Rad(TK) in S(TK*)* respectively. Then, we have
tr(TK) = ltr(TK) L S(TKY). 1)
TK|y = TK @ tr(TK) = (Rad(TK) @ ltr(TK)) L S(TK) L S(TK*Y). (2)
Consider V be the Levi-Civita connection on K, then from the
decomposition (2), the Gauss and Weingarten formulas are given by
vY1Y2 = VY1Y2 + h(Yl, Yz) and leU = — AUY1 + V#l U, (3)
vY,,Y, € '(TK),U € I'(tr(TK)), where, {Vy, Y5, AyY; } and {h(Y},Y3),
V,l,1 U} belong to I'(TK), and I'(tr(TK)), respectively. Here V is a torsion-free
linear connection on K, h is second fundamental form with symmetric bilinear
form on I'(TK), Ay is known as shape operator, which is linear operator on M.
In view of Eq. (1), considering the projection morphisms L and S of tr(TK) on
ltr(TK) and S(TK?), respectively”, then Eq. (3) become
vY1Y2 = VY1Y2 + hl(yl, Yz) + hS(Yl, YZ) and
Vy,U =—AyY;, + Dy, U+ D} U, 4)
where h'(Y;,Y;) = L(h(Y1,Y3)), h°(Yy,Y;) = S(h(Yy,Y,)), DU = L(VyU),
Dy, U = S(Vy, U). As h' and h* are Itr(TK) and S(TK*)-valued respectively.
More Precisely,
Vy,N = —AyY; + Vi, U + D(Y;,N) and
Vi,V = =AY, + W3V + D'(Y,, V) 5)
where ¥; € [(TK), N € [ (ltr(TK)),V € [(S(TKY)).

2.2 Semi-Riemannian Product Manifolds

Suppose that (K;,g;) and (K, g,) be two semi-Riemannian manifolds
having dimension m; and m, with constant indices q; and q; respectively.
Consider m: K; X K, = K; and o0 : K; X K, = K, be the two projection mapping
given by T[(x1_ yl) =Xx, and o (xl_yl) =y, forany (x;y,) € K; X K. then we
denote the product manifold by (K,g) = (K; X K5, g), where g‘(XL Yl) =
g1(m.X,, m.Y,) + g2(n.Xy,m.Y,), for any X;,Y; € [(TK), here * denotes the
differential mapping.

Screen Generic Lightlike Submanifolds

Firstly, we define screen generic lightlike submanifolds following Dogan
etal. [7] as:

Definition 3.1: [7] Let (K,g,S(TK)) be a real r-lightlike submanifold of a
semi-Riemannian product manifold (K, g). Then, K is said to be a screen
generic lightlike submanifold if the following conditions are satisfied:
(i) Rad(TK) is invariant with respect to F, that is F Rad(TK) = Rad(TK).
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(i1) There exists a subbundle D, of S(TK) such that D, = F S(TK) n S(TK),
where D, is a non-degenerate almost complex distribution on K and TK of K
have following decomposition TK = D' @ D,, where D is invariant and
D =Dy @oren, Rad(TK).

Consider Py, P; and Q be the be the projection morphisms on Dy, Rad(TK)
and D', respectively. Then for any X € [ (TK), we have

X = PX + PLX+QX=PX +QX, (6)
Further applying F to Eq. (6), we have,
FX = 90X + wX, (7

where @X € [(TK) and wX € [tr(TK). It is clear that FD' # D'In particular,
we acquire for € D', FY = @Y +wY, where @Y € [(D') and oY €

[(S(TK1)). Moreover, for V € [tr(TK), we attain,
FV = @V + oV, (®)

where BV and CV are the tangential and transversal component of FV. Since F
is parallel on K then using the Egs. (4), (5) and (7), we drive

VX1®Y1_ Amyl X = ®VX1Y1 + Bh¥(X1, Y1), ©
hl(X1:®Y1) + DZ(X1va1) = Chl(X1,Y1), (10)
hS(Xl, ®Y1) + Vf{lwyl = wv}g(lyl + ChS(Xl, Yl)' (11)

Note: In the forthcoming part of the paper, we shall write s.gc.l.s. for a
screen generic lightlike submanifold and K taken for semi-Riemannian product
manifold.

Theorem 3.2: Let K be as.gc.l.s. of a semi-Riemannian product manifold K.
Then the induced connection is a metric connection if and only if the following
conditions are holds :— @Ape X1 + V3'F& € [(Rad(TK)) and Bh*(Xy,
F&)=0forX, € [(TK)and & € [ (Rad(TK)).

Proof: Since F is an almost product structure of K thus we say that VXlEl =
Vy, F?%, for any & € [(Rad(TK)) and X; € [(TK). Then from the Eq. (4),
we get Vy & = FVy F&and using the Egs. (3), (7) and (8), we get Vy & +
h'(X, &) +hS(X,E) = F(Vy, F& + h(Xy, F&;)). Moreover, on equating the
tangential parts of the above Eq. and using the Eqs. (7) and (8), we get, Vyx & =
— QAR X1 + Vx F& + Bh*(X;,F§;). We know that if Rad(TK) is a parallel
distribution, then V is metric connection and vice versa (4). Thus Vy & €
[(Rad(TK)), if and only if — @Ag X; + V¥ F§ € [(Rad(TK)) and
Bh®(X,,F¢)=0 for X; € [(TK) and & € [(Rad(TK)). Hence, the result
holds.

Theorem 3.3: Let K be as. gc.l.s. of a semi-Riemannian product manifold K.
Then the distribution D is integrable for any X,,Y; € D, if

G(Vx,FY1 — V. FXy,0Z;) = —g(B(h* (X1, FY1) — h*(Yy, FX1)), FZy) (12)
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h*(Xy,FY;) = h* (Y, FX;) (13)

Proof: We know that distribution D, is integrable if an only if for any X;,V; €
D, then [X;,Y;] € Dy thatis g[Xy,Y;],Z1] = g[Xy, Ya], N1] = O, where Z, € D’
and N, € [(ltr(TK)). If we employing the Eqgs. (4), (7) and (8), we obtain,
9([X1,Y11,Z,) = G(FVyxY; — FVy X, F Z;), therefore

G(V3,FYy — V3, FXy,02,) = —g(B(h* (Xy, FY,) — hS(Yy, FX1)), FZy).
Which holds (12) and similarly, for N; € [ (itr(TK)) and X;,Y; € Dy, we
obtain,
g([X, Y1), Ny) = g_(Fleyl - Fvlel, F N1)
= g(h" (X1, FYy) — h* (Y1, FXy), F Ny))

therefore g(h*(X,, FY;) — h* (Y1, FX1), F N;)) = 0, Which holds (13).

Theorem 3.4: Let K be a s. gc.l.s. of K. Then the distribution D' is integrable if
and only if V; OZ; — Vz,0Zy — Ayz,Z1 + Awz,Z, € [(D"), for any Z,,Z, €
D'.

Proof: We assume that distribution D’ is integrable. Then for any Z,,Z, € D',
X, €D, and N; € [(ltr(TK)),then g([Z1,Z,],X1) = §([Z1,Z,],N;) =
0. Now we employing the Egs. (4), (5) and (7), we proceed as above we obtain
the required result.

4. Screen Generic Ligtlike Product manifolds

In this section we will investigate screen generic lightlike product
submanifolds of a semi-Riemannian manifolds.

Theorem 4.1: Let K be a totally geodesic s.gc.l.s.of a semi-Riemannian
product manifold K. Suppose that there exists a transversal vector bundle of K,
which is parallel along D' with respect to the Levi-Civita connection on K, that
is, Vx V1 € [(tr(TK)) for any X, € [(D') and V; € [(tr(TK)). Then K is
screen generic lightlike product manifold.

Proof: Since K be a totally geodesic s.gc.l.s.then Bh(Xl_Yl) = 0 for any
X.,Y; € (D). Thus, distribution D defines a totally geodesic foliation in K.
Now, VX1V1 € [(tr(TK)) for any X, € [(D') and V, € I—(tr(TK)) therefore
the Eq. (5) implies that Ay, X; = 0. Then from the Eq. (9) we obtain @V, Y; =0
for any X;,Y, € [(D'), which further gives Vy Y; € [(D'). Hence, the
distribution D' defines a totally geodesic foliation in K and K becomes a screen
generic lightlike product manifold.
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