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Abstract

This paper introduces a novel metric space called bipolar b-metric space that is also
an expansion of b-metric space and bipolar metric space. Further develop the result of
uniqueness and existence of the fixed point in the bipolar b-metric space and also provide
the example with respect to the main result.
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1. Introduction

In the last three decades fixed point theory has grown immensely due to its
various applications. In 1922, Banach [1] provided a broad criterion that ensures
the process of iterating a function will result in a fixed point if it is met. Fixed
point (fp) in a space remains unchanged under a given mapping or operator.
Finding fixed points corresponds to finding solutions that remain unchanged
under certain trans- formations or operations [2]. Fixed point theory investigates
the suitable conditions which are broadly divided into three main categories
fixed point theory (fpt) topological spaces, fpt in metric spaces, and fpt in
discrete space. Fréchet [3] introduced metric space in 1902, has since been
extended by numerous authors through the relaxation of certain conditions and
alterations to the metric functions (refers to references [4]-[7]). In metric space
and in its variants, the focus is on assessing the separation in points within a set.
Nevertheless, issue of measuring the distance arise when considering elements
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from distinct sets. These challenges are related to distance evaluation and
encountered across diverse mathematical disciplines and other scientific
domains. Mutlu and Gurdal [3] introduced bipolar metric space (bms)in 2016,
Since then, theory of fp results using several conditions in bipolar b-metric
spaces (bbms), have been used by many researches ([8]-[19]) in this paper
introduces new space called bipolar b-metric space and develop two new results
based on this space. This extends the results on bipolar b- metric space. Some
supporting illustrations are also given. The remaining sections are arranged as
follow: In Section 2 we give the results based on which our theorem is proved.
In Section 3 we inaugurate bipolar b-metric space (BBMS). In context of
BBMS, we prove fixed point results in order to illustrate our key findings. In
Section 4 we give the examples based on which our theorem is proved.

2. Preliminaries

Definition 2.1: [15] A metric Mon a set F is a function M: F X F — R*which
satisfies the following properties: —

(a M(y,p)=0and M(y,p) =0iff p=p.

(d) M(w, p) = M(p, p)(symmetry).

() M(u p) < M(, h) + M(h, p) [triangular inequality]

A metric space (F; M) is a set F with metric space defined on F.

Definition 2.2: [2] Let (F, G) be two sets where F,G # @ and M: F X G - R*
(@) M(up)=0iffu=pV(up)€FxG.

(®) Mup)=Mwp)V p) EFNG.

() M(u,p) <M(u,z)+ M(w,z) + M(w,p)Vu,w € Fand z,p € G

The triplet (F; G; M) is known as bipolar metric space (BMS).

Definition 2.3: [2] Let (F;,G,) and (F,,G,) be two pairs of sets. A map

S:F; U G, = F, U G,is called-

(1) Covariant if S(F,) is subset of F, and S(G,) is subset of G, and it is
denoted as S: (Fy, G,) = (F,, G,)

(2) Contra-variant if S(F;) is subset of G, and S(G,) is subset of F, and it is
denoted as S: (Fy, G,) 2 (F,,Gy)

(1) Set of G =right points; set of F N G =central points, set of F =left points.
The space is disjoint if F N G = ¢@,otherwise joint.

(2) (uy) on the set F is left sequence and (p,,) on G is right sequence. In a bms,
a right and left sequence is called simply a sequence.

(3) (uy) is convergent to a point u iff (u,) is a left sequence,(u,,) is a right
sequence and p — F, lim,_q 8(W, 4,) = 0 or lim,,_,R(¢,, #) = 0 and
u—G
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(4) A bi-sequence (u,,p,) on (F,G,u) is a set F X G. Furthermore, if the
sequences (u,) and (p,) are convergent, then (u,, p,) bi-sequence is
convergent. If (u,) and (p,) converge to a common point v € F N G then
(> pn) 1s bi-convergent.

(5) bi-sequence (i, p,,) cauchy bi-sequence only if lim,,_,, X (i, pr) = 0.

3. Main Results

Definition 3.1: Suppose (F, G) two sets where F,G = ¢ and M: F X G > R*
(@ Mup)=0=u=pVvWp)€FxaG.

(®) M(up)=Mpp) ¥ (up) EFNG.

() M(wp) <bMWz)+Mw,z)+ M(w,p)IVu,WEF; z,pEG

The triplet (F; G; M) is known as bipolar b-metric space (bbms).

Theorem 3.1: Suppose (F;G; M) complete bbms. Consider the mapping
W:(F,G,M) = (F,G,M) such that M(W,,W,) < aM(u,p)VYu € F and p € G
where 0 < a < 1. Suppose that

. M(Uy+1,0y+2) 1

SuPﬁzl hmy—mo WM(#Y-H' pﬁ) < ; (1)
. M(phy+1,Py+1) 1

SUPpsy limy o — L2 M (44, pp) < = )

M(py.py) a

Then W:F U G — G U F has Unique Fixed Point(ufp).

Proof: Suppose u, € F , pg €G

Here, W(us) = ps1; W(ps) = ps+1, V6 € N.
Then ({us}, {ps}) is a bi-sequence on (F, G, M) and

M(us, ps) = M(W (us-1), W (ps-1))
< aM(ps-1,Ps-1)

< a®M(ug, po)
Now furthermore,

M(ps, ps+1) = DIM(W (us—1), W (ps)]
< aM(ps-1,Ps)

< a®M (o, p1)
For all natural numbers § < 8 and b > 1, we have

M(us, pg) < b[M(us, ps+1) + M(Us1,Ps+1) + M(Uss1, Pp)]
M(us, pg) < b[M(us, ps+1) + M(Us+1, P 541) + M(Usi1, Pp)M (U511, Ps+2)
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+M (541, PpIM (542, Ps+2) + M(Usr1, PpIM (U541, P5)]

M(us, pg) < b[M(us, ps+1)
+ M5 Posn) + X g TTsrs M ) M(iy L Pyst)
+ 2 s s M pp) Mty ) + T Mty Y5)M (g, )
M(us, pg) < b[M(us, ps+1)a® M(to, po) + M (s, Pse1) @’ M (g, po)]
+ 20 s g M(1ti p5) M1ty 1)@ M(utg, p1)
+ 2 s I g M pp) My, py) @ M(io, po)
+ 118 _51n M(ipp) @ Mo, p1)
M(us, pg) < b[M(us, ps+1)a® M(tto, po) + M (s, Ps+1)a® M (g, po)]
+ 2 s 1 gn M1t pg) M1y, 1)@ M(utg, p1)
+ 2 s M ) My, py) @ M (pg, po)
1 501 M1 pp) aP M (1o, p1)
M(us, pg) < b[M(us, ps+1)a®M (o, po) + M (s, Pss1) @’ M (o, po)]
+ z:f=5+1 541 M (i p5) M(y, y )" M (2, p1)
+ 205 1o M (i pg) M1ty py) @ M (o, po)
Let,
Xe = bY5 o [1-g Mk, pp)M(tty, py1) @¥
And,
Ye = bY5-o [T1—o M(ui, pp)M(ny, py) @
Hence, we have,
M(us, pp) < b[M (o, p1)[M (s, pss1)a’+(Xg — Xs)

+M (1o, po) + M (K51, P5+1)a5+1(yﬁ—1 —¥p)] 3)
From the definition (2.1) and ratio test we get that, limg_. X5 and
limg_,, Y5 exists
Therefore, { X5} and { Y5} are Cauchy Sequences.
As 8§, — oo implies 10gs g—.co M(tis, pg) = 0 Similarly, we can derive
limg 5,00 M(g p5) = 0 (4)

Hence ({45}, {pp}) is a CB.
By completeness property {is} = e,{ps} = e where e € F N G and

W(us)} = {ps+1} e €FNG.
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Since W is continuous,
W (ps) = W(e),W(e) = z. Hence W has a fixed point z.
Suppose 3d is some other fp of W, then W (9) = d implies d € P N Q and

M(z,0) =d(W(z), W(0)) < aM(z,0)
here 0 < a < 1,implies M(z, @) = 0 so that z = d.

4. Example

Suppose  F =[0,1],G =[1,2] equipped ~with M(u,p) = |u—pl?
and M(u,p) =up + 1V u € Fand p € G. Then (F, G, M) is complete bbms.

Solution: Let us consider W: F UG —» W:F U G by

E .
W) = { pe(0.1)
1,if pe[1,2]

Let o =€ (0,1), 4y =5 € F,pp = 2 € G then

VUEFUG

1
s =Wusi)=;; V6 € N
ts = W(uss1)=1V6 € G
We get,

. M(ps+1.P5+2) 1
> l —00 M ) <-
SUPBz1 MMy—e Ty (40510 (us+1p5) <5

s M(Us+1.P5+1) 1
Suszl llIIly_,c,o WM(#5+1, pﬁ) < ;

Let 4 € F and p € G then
2
P W, ) =[5 — 1]

1
<clu—pl?
Thus, the theorem is satisfied and W has aufpp = 1

5. Conclusion

This research paper presents a new variant of metric space known as
bipolar b-metric space. Under this space, we prove a new fixed point theorem
that satisfies the condition of bbms, and an example is given in support of it.
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