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Abstract

The main goal of this paper is to study and develop the theory of A-Fibonacci statistical
convergence of order-c in IFNS. Also A-Fibonacci statistical Cauchy sequence of order-oc and
A-Fibonacci statistical completeness of order-a in IFNS have been defined and studied.
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1. Introduction

The notion of statistical convergence was first presented by Zygmund’s [4]
monograph in 1935, and Steinhaus [1]subsequently introduce the statistical
convergence for real and complex sequences. Fast [2]expands the usual concept
of sequential limit and called it statistical convergence.

Definition 1.1: A sequence w = (w,) is statistically convergent to the number
W, if Ve>0

. 1
llmn_,oozl{z <m:w,—wy| = €}|=0

The vertical bars represent the number of elements contained within the
enclosed set. Here, we would write S — limw, = wy = wyor w, - wy(S).

Take the set of all statistically convergent sequences is denoted by S.

Various remarkable generalizations of statistical convergence have been
proposed in the literature. Among these is the A-statistical convergence provided
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by Mursaleen [7] using a increasing sequence A = (4,,). Assume that, 1 =
(A)be an increasing sequence of negative numbers that tends to oo s.t
Ams1 £ A4y +1,4; = 1.Generalised de la Vallee-Pousin mean” is the
definition given by

t,(w) = ﬁEZEIn wy, where I, = [m — 4, + 1,9]

Definition 1.2: A sequence w = (w,) is A-statistically convergent or Sj-
convergent to w, if V€ > 0

. 1
llmm_mal{z €l |w,—wy| =€} =0.

In this case, we write Sy-convergent to w, or  w, = w,(S;). Let
S,={w:Iw, €R, S —limw = wg}
For a € (0,1] Colak and Bektas [l6]generalized the A-statistical

convergence in terms of A-statistical convergence of order-a and obtained some
analogous results.

Definition 1.3: A sequence w = (w,) is A-statistically convergent of order-a or
Sy-convergent to wy, if V € > 0, where 0 < a < 1

. 1
lim,,,_, o = Hze€l,:|w,—wy| =¢}=0.
m

So, we write as S{f-convergent to wy or  w, = W, (S5). Let
Sf={w:3Iwy, R, S —limw =wy}
In 1202, the Fibonacci sequence was initially appeared in Fibonacci’s book

Liber Abraci,. While the sequence began with 1 in Liber Abaci, [6] it now starts
with either f, = 0or f; = 1.

Definition 1.4: The Fibonacci numbers are defined by the linear recurrence
equation
fi=firitfiea 122 where [ =1,2, ...
it denotes that the Fibonacci sequence’s first two numbers are either 1 and 1 or
(0 and 1).
The following are the characteristics of Fibonacci numbers:

lim,;,_, o f’;“ = 1+2—‘/§ =a, (Golden ratio)
Z£n=ofm =firz—1 (L EN),

1
Ym— converges,
fm

fioifisr — f2 = (DED(A > 1) (Cassini formula)
Kara and Bagarir [17], introduced the Fibonacci sequence for first time in

the theory of sequence spaces. The Fibonacci matrix F defined by Afterward
Kara [21].
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Let f; be the 1-th Fibonacci number VI € N. Then, we define the infinite
matrix F = (f,,) by

( _fit -
P m=1-1)
Fipn— i =
Im pver (m=1

k 0,0sm<l—1orm>1)

On intuitionistic fuzzy normed space, Murat Kirisci [19] researched
Fibonacci statistical convergence.

Atanossov [5] presented an interesting generalization of fuzzy sets which
were initially introduced by Zadeh [3] for those problems of real world which
cannot be framed by via crisp set theory. Actually, applications of fuzzy sets
were found useful in many areas like as , [10], [8], [12] [15] etc.

The concept of an IFMS was introduced by Park [9]. Moreover, Saadati
and Park [11]in 2006, used the concept of Atanossov to define the notion of an
IFNS, whereas Karakus [14]studied statistical convergence in these spaces. For
further, development of these spaces from summability point of view we refer
[13], [18],[20].

We review some concepts and definitions used in the paper.

Definition 1.5: Let * be a binary operation as x: [0,1] X [0,1] — [0,1]is a
continuous triangular-conorm. If the properties are satisfied as follows:

a) * isassociative and commutative

b) x is continuous

¢) wxv<zx*x(whenw <vandz < {w,v,z{ € [0,1]

d wx1l=wVvVw € [0,1]

Definition 1.6: Let o be a binary operation as ° : [0, 1] x [0, 1] — [0, 1] is a
continuous triangular-norm. If the properties are satisfied as follows:

a) ° isassociative and commutative

b) - iscontinuous

¢) wev<zx{whenw<vandz<{Vw,y,z (€[O0,]1]

d we0=wVwelo,1]

Definition 1.7: The five tuples (W, @, @,*, ° ) are considered intuitionistic fuzzy
normed spaces (IFNS) when s,{ > 0and w,v € w. Considering that w is
vector space, * is the continuous triangular-norm, and ° is the continuous
triangular-conorm. Fuzzy sets on w X (0,) with (@, ) satisfying the
following properties

a) lim,@ (W,0) = 0 and lim;,@w(w, ) =1

b) o (w,.):(0,00) — [0, 1] is continuous

¢0) oW  ®((y,s)=wW+v,(+5s)

d ©(w, zm(W'lxil) vVx=0
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e mw <1

) oW )=0iff w=0

g oew)+ww(=<1

h) lim,, ¢ W,{) = landlimg, ¢ (W,{) =0
i) @Ww,.): (0,00) = [0,1]is continuous

D oW *xe@s) <eWw+v,l+s)

k) ow9 >0

D owQ = 1liffw=0

m @ w,) = o (w;) V=0

2. Main Results

In this section, we aim to define A-Fibonacci statistical convergence of
order-a in IFNS. We begin with the following definition.

Definition 2.1: Let (W, ¢, @,*, ° )be an IFNS and A = (4,,) be an increasing
sequence as defined above. A sequence w = w, in wis called A-Fibonacci
statistical convergent of order a@ to wywrt IFNS(p,®) if V
e>0and $>0

limn_,oo}\iaﬂz €L @(Fw, —w,9) <1—¢ or o(Fw, —w,) =€} =0
Or equivalently, Sa A (K;) = 0, where
K. ={z el p(Fw, - Wy,9) <1—¢€ or @w(Fw, — W,) > ¢}
Or
w, = W,

Sf(‘ﬂ. ZD') - ,ll_{g ﬁWz =Wy

Remark 2.2:

a) For the choice (4,,) = m and @ = 1, A-Fibonacci statistical convergence of
order- a in IFNS coincides with the A-Fibonacci statistical convergence in
IFNS.

Lemma 2.3: Consider an IFNS (W, @, @ ,*, ° ). The subsequently requirements
are equivalent Ve > 0 and 9> 0:

a) S{(p,@)—limFw, = w,

b) limn_,mé [{z € I: o(Fw, —wy,9) <1—¢}| and limn_,mﬁ [{z €
Li:w(Fw, —wg,9) > ¢} =0

¢) limn_woiﬂz € Li:o(Fw, —w,,9) > 1 —¢}| and limn_mﬁ |{z €
Lyw(Fw, —wp,9) <e}| =1



A-FIBONACCI STATISTICAL CONVERGENCE OF ORDER- A IN IFNS 1831

d) My 2 [{Z € L o (Fw, —wo,9) > 1= g} = limye o [{z €
Lyw(Fw, —wp,9) <e}| =1
e) Sf—limp(Fw,—wy,9)=1 and S§—lim®@ (Fw, —wy,9) =0

Theorem 2.4: Let(W, @, @,*,0)be an IFNS. If (F"Wn) is A — Fibonacci
statistically convergent to w, then

S (g, @) —limFw, = w, is distinct.

Proof: Suppose that 3 two distinct points wj, wy € w s.t S¥(¢p, @) — lim Fw,
=w; and Sy (@, ®) —lim Fw, = wy chooseg > 0s.t (1 —9)>1—¢eand
pop < ewehave € > 0V > 0 The following set define as:
Ko1(@®) = {z € L (Fw, —wj,2) < 1- o}
Ko2(@®) = {z € Lo (Fw, —wg,2) < 1- o}
Ks1(0,8) = {Z € In:go(ﬁwz - Wéé) > Q}
Keo2(08) = {z € Lz (Fw, —wi', %) = o}
Since S (¢, @) — lim Fw, = w{, we have lemma 2.3,we get
55 (ko @ ®) = 5§ (koa(eB) = 0> 0
By using S5 (¢, ©) — lim Fw, = wj, we get

55 (ko2 (29) = 5¢ (kga(@®) = 0VE> 0

Now let

Kow(@8) = (Kp1(29) U (Kp2(29)
(Ko1(@®) U (Ka2(2®)

Hence observed that

55 (kpw(@9) =0

which implies

S5 (In/kan (@ 9) = 1

Ifk € K, (0, %), then we have two possible cases.

Casel:z€1l,/ (K(pyl (0,9 UKy-(e E)) and

Case 2: 2 € I/ (Ko (.8) U Ko(0.9))
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Firstly, consider Case 1, then

owy —wi,®) = @ (Fw, —wi, ) « @ (Fw, —wf,2)> (1 -0 (1-0)

Given that (1 — @) * (1 — @) > 1 — ¢, if follows that
@e(wy —wy,8) >1—¢where e>0,VE>0

we get, (W) —wy, &) =1,
from this, wy = wy' is observed.

In other case, if k € N/ (Kq,_l(Q, & UK, (o E)) , then we can write

w(wy —wy, &) < m(ﬁ'wz —Wéé) ow(ﬁwz —Wé’é) <qQo

we see that owy —w{,0) <t
by using fact g o @
Vo > 0,where € > 0 is arbitrary we get
@(wo —wg,0) =0
Thus, wo = wy'
Hence, we determined that S3(¢, @) — lim Fw, = w, is distinct.

Theorem 2.5: Let (W, @, w,*,0) be an IFNS and A = (A,,) be an increasing
sequence. If (p, ) — lim Fw, = wy, then

S, ) — lim Fw, = w,.
Proof: Suppose, (@, ) — lim Fw = w, then 3 a number B € NV &> 0 and
§>0
s.t, o(Fw, —wp,8) >1—¢ and w(Fw, —wy) <s
V k = B. It shows that the set
{z€Li(Fw, —wy,§) <1—¢ or w(Fw, —wy,§) > ¢}
finite numbers of terms. Since density of every finite subset of N is zero and
hence.
St({z € Ly (Fw, —wy,9) <1 —eor w(Fw, —w,) >¢}) =0

that is, S (@, ) — lim Fw, = w,

Definition 2.6: Let (W, @, @,*, ° ) be an IFNS. A sequence w = (F Wz) is said
to be A% - Fibonacci Statistical Cauchy w.r.t IFN(¢@, ) if V € >0 and q >0, 3
N=N(¢) s.t

St({z € Li:o(Fw, —wy,q) < 1—¢ or @(Fw, —wy,q) = ¢})
Theorem 2.7: Take (W, @, @,*,0) be an IFNS.A sequence w = (F'WZ) is A%-

Fibonacci statistical Cauchy w.r.t IFN (@,@) if only if sequence is A%-
Fibonacci statistical convergent in IFNS.
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Proof: Let SX (@, @) —limFw, = w,, if £>0 select ® >0 s. t (1 —¢)*
(1—¢)>1—wandeoe< w. Then, for g > 0, we have

SH(B(o, @) =
Sy ({Z €El:@ (WZ —Wo,g) <1l-eand m(wz - Wo,g) > s}) =0
which implies that
S¥(B (@, @) =
S ({z El:@ (ﬁwz —Wo,g) >1—¢ and m(ﬁwz - Wo,g) < s}) =1
Letn € B°(¢, ). Then
o(Fw, —wp,q) >1—¢ and w(Fw, —wy,q) <¢
Now let
D(p,®) ={z€l:@(Fw,—wp,q) <1—w or w(Fw, —w,,q) =}
right to prove that D (¢, ®) € B(@, ®)
Let k € D(p, ™) — A(p, ®)
Then @(Fw,—wpq)<1-w and @(Fw,—wyq)>1—-¢ in
particular @(Fw, —wy,q) > 1 — ¢, then
1-w=@(Fw,—wyq) =@ (Fwn - WO,%) * @ (Fwn - Wo,g) >
1-*x0-9e>1-w
which is not possible.

and © (ﬁwn - WO,%) <¢, then

o < w(Fw, —w,,q) < m(ﬁ'wn - Wo,g) * @ (ﬁwn - WO,%) <gog<w
which is not possible.
Hence D (¢, w) € B(p, ®)

Therefore, S{‘(B((p, m)) =0
Hence, W is A-Fibonacci statistically Cauchy of order-o w.r.t the IFN(¢@, o).

Definition 2.8: If all S§- Cauchy sequence w.r.t the IFN (¢, ®)is S%-
convergent w.r.t the IFN(¢,®).Then, an IFNS (W, @, @,*x,°)is becomes
complete.

Theorem 2.9: Let A = (A2) be a sequence. Then every IFNS (W, @, w,*,0) is
S5 — complete.

Proof: Let w = (Fw,) S — Cauchy but not convergent w.r.t IFN(¢,®). If
€>0,choose >0 s.t(1—g)*x(1—@)>1—candpop<ce
Now
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o(Fw, —wy,q) = (p(ﬁwn —WO,%) *cp(ﬁ'wn —WO,%) >(1—¢g)*
1-e)>1-0¢
and

w(Fw, —wy,q) < m(ﬁ'wz —WO,%)*(p(ﬁWn _Wg,g) <gog<yg

Given that, w is not Sy* (¢, @) — convergent.
Therefore, S;?(A (o, ﬁs)) = 0, where

A(e,q) ={zel,o(Fw,—w,) =1 - 0}

and so S;‘f‘(A(s, q)) =1
which is a illogical,

Given that, w.r.t the IFN(¢@,®) A was Sy’ — Cauchy. Consequently, w has
to be convergent with regards to the IFN(¢,®). Thats why, all IFNS are
S¢ — complete.

3. Conclusion

The concept of A -Fibonacci statistical convergence of order-a in these
spaces is more generalized than the Fibonacci statistical convergence of order-a.
For the choice (A,,) =m and a = 1, A-Fibonacci statistical convergence of
order- a in IFNS coincides with the Fibonacci statistical convergence of order-
a in same spaces. These are most generalized in the terms as for particular case
(An) = m these notions coincide with the Fibonacci statistical convergence of
order-a define by Murat Kirigci [19].
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