
©

New results in bipolar controlled b-dislocated metric space and its 
applications for solving fractional differential equations

Akriti Raturi *
Surjeet Singh Chauhan (Gonder) †

Department of Mathematics
Chandigarh University
Gharuan 140301 
Mohali, Punjab
India

Abstract
In this paper, a fixed point theorem is proved in bipolar controlled b dislocated metric 

space first time. Also, the findings of this result are applied to Caputo Fractional Differential 
Equation for finding its unique solution. Additionally, the example is provided to support 
the finding, which illustrate that the proved result is very simple and efficient.

Subject Classification:  54E50, 54H25, 47H10.

Keywords: Bipolar controlled metric space, b-dislocated metric space, Bipolar controlled b-dislocated 
metric space, Bisequence, Cauchy Bisequence, Biconvergent, Unique Fixed Point.

*	E-mail:	akritiraturi2002@gmail.com (Corresponding Author)
†	 E-mail:	surjeetschauhan@yahoo.com 

Journal of Interdisciplinary Mathematics
ISSN:  0972-0502 (Print), ISSN:  2169-012X (Online)
Vol. 27 (2024), No. 8,  pp. 1797–1803
DOI : 10.47974/JIM-2043

New Results in Bipolar Controlled b-Dislocated Metric Space and its 
Applications for Solving Fractional Differential Equations 

Akriti Raturi* 
Department of Mathematics, Chandigarh University, Mohali, 140301, 

Punjab, India 
Surjeet Singh Chauhan (Gonder)† 
Department of Mathematics, Chandigarh University, Mohali, 140301, 

Punjab, India 
E-Mail: akritiraturi2002@gmail.com* 
E-Mail: surjeetschauhan@yahoo.com† 
 
Abstract  
In this paper, a fixed point theorem is proved in bipolar controlled b dislocated 

metric space first time. Also, the findings of this result are applied to Caputo Fractional 
Differential Equation for finding its unique solution. Additionally, the example is 
provided to support the finding, which illustrate that the proved result is very simple and 
efficient. 

Mathematics Subject Classification:   54E50, 54H25, 47H10 
Keywords: Bipolar controlled metric space, b-dislocated metric space, Bipolar controlled b-

dislocated metric space, Bisequence, Cauchy Bisequence, Biconvergent, Unique Fixed Point. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1.  Introduction  
According to fixed point theory, a function has unique fixed point when 

certain conditions are satisfied [1]. In 1922, Banach [2] introduced the notion of 
the Banach contraction principle (BCP). It illustrates that if T is contraction 
mapping and R is a metric space which is complete having a unique fixed point. 
Recently N. Hussain [3] used b metric space and DMS and introduced BDMS. 
In 2016, Mutlu and Gürdal [5] found the concept of BMS and investigated some 
established contractive conditions ([4],[5],[6]-[11]).Since then, other scholars 
have presented fixed point outcomes in bipolar metric spaces under various 
contractive circumstances ([5]-[12],[16-18]). In this paper we investigate fixed 
points for given mappings in the framework of bipolar controlled b-dislocated 
metric space. We discuss few results related to fixed point theorem from the 
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mapping   to   on    and   .We provide appropriate examples to support the 
findings. We also demonstrate how the derived result can be used to solve 
caputo fractional differential equation analytically and numerically. The 
remaining sections are arranged as follow: In Section 2 we give the basic 
definitions based on which our main theorem is proved. In Section 3 we 
introduce BCBDMS and investigate various topological characteristics. In 
relation to bipolar controlled b-dislocated metric spaces, we prove fixed point 
theorems. In Section 4 we give an application in support of the main result. 

2.   Preliminaries 
Definition 2.1: [12] Bipolar Controlled Metric Space  
Let       and       be two sets and         [    )         
[    ) s.t  
(a)       )    iff             )        
(b)       )        )       )     .  
(c)       )        )      )         )      )         )      ) 

        and        
Then           ) is known as bipolar controlled metric space (BCMS).  

Definition 2.2: [13] b-Dislocated Metric Space  
Let       be a set       [    ) and a constant     s.t  
(a)      )                        
(b)      )         )           
(c)      )    [     )         )              

Then     ) is called b-dislocated metric space (BDMS). Moreover, if 
    the BDMS becomes DMS ([14], [15]).  

3. Main Results  
In order to support our primary findings, we must first establish certain 

fundamental terminology.  

Definition 3.1: Let       and       be two sets and         
[    )         [    )         and       and a constant     
s.t  
(a)       )    then          )         
(b)       )        )      )         
(c)       )   [      )      )        )      )         )      )  

         and       and    .  
Then           ) is called bipolar controlled b-dislocated metric space 

(BCBDMS).  
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3.2 Completeness Property  
A BCBDMS is complete if every cauchy bisequence in            ) is 

convergent. 

Theorem 3.1: Let            ) be a complete BCBDMS. Consider         
     )            ) and         )         ) for all      and    S 
where      . Take 

   
   

   
   

            )
          )

          )  
 
 ,    

   
   
   

            )
        )

          )  
 
   

   (1) 
Then the function           has a unique fixed point. 

Proof: Consider    R,   S. Now, determine T(  ) =      and T(  ) =     , 
   N. 

Then (     ,    ) is a bisequence on (R,S,  ) and  
        )    (      )       ))               ) 

              
                                                                 ) 

Furthermore,           )    (      )     ))             ) 
                            

                                                              ) 
  natural numbers    , we have k   and  

  (     )   [          )          )              )            ) 
           )          )  

   (     )    [          )          )              )            ) 
            ) [            )            )  

              ) [            )            )  
                      ) [          )          )   

        )   [          )          )              )            )
    ∑   

     ∏   
       (     )  (     )          ) 

  ∑     
     ∏   

           )        )          )
  

 Let        ∑   
   ∏   

     (     )  (       )     
                ∑   

   ∏   
           )        )    

Hence, we have  
        )      [        )[          )         )          ) 

  [            )     (       )]               (3) 
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 Now by condition (1) and (2) and the using ratio test we get    
   

  and 
exists. 

Therefore,      and      are Cauchy Sequences. 
As       we get      

     
     

        )      (4) 

Similarly, we can derive 
     

     
        )     (5) 

 Hence (    ,    ) is a Cauchy Bisequence. 
By completeness property       e,      e where e   S and 

     )                . 
Since   is continuous T(  )    ) so    )   . Hence   has a fixed 

point  . If   is additional fixed point of  , then  ( )=     R S and we have  
      )        )    ))         ) 

where 0   1,        )    and so  = . 

Example 3.1: Consider   [     and   [     be posses with   (   ) = 
       and   (   ) =   +1    R and    S. Then        ) is a complete 
BCBDMS. 

Solution: Let us consider           by 

     )  {
 
          )
      [    

        and    , 

Let    
      ),    

 
   ,        then 

         )  
 
            )        

We get  

   
   

   
   

           )
         )

         )  
 
  

   
   

   
   

           )
       )

         )  
 
  

Let     and μ S then 

        )           
        

Therefore,   has a unique fixed point, and the theorem holds at η=1. 

Example 3.2: Let       ) and       ) be the collection of all upper- and 
lower-triangular matrices with order-dependent properties.   consequently. 
Introduce       )     )  [   ) be enumarated by       )  ∑   
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      for all   (   )      and       )      and       )     
       and μ  S. Then        ) is a complete BCBDMS. 

Solution: Let us consider               (   )     (    )   
        )         and     therefore, 

Let    
      ) and         )         then 

      )           )            ))    for all    . 

We get  

   
   

   
   

           )
         )

         )  
 
  

   
   

   
   

           )
       )

         )  
 
  

Let     and     then 

       )    ))  
 
 ∑   

                
 
 ∑   

                
 
       ) 

As a result, the theorem is true and   is an original fixed point     . 

4. Applications 
Theorem 4.1: Consider the below fractional differential equation (FDE). 
Assume the following is true:  
(1) ∃ α   [0, 1], β   (0, 1) and (η, µ) → R × S such that       )        )   

 √     )       )  

(2)    
  [    

∫          ) 
      

The FDE follows  
         )         ))      (6) 
                  )     )     
where      indicates the Caputo Fractional Derivative of order   and is 
determined by  

        
    ∫    

    )  
    )        (7) 

provides a unique solution in      

Proof: As a result of the above equation,    )  ∫         )       ))   where  

       )  {
[     )         )   

          
[     )    

          
 

 Define the covariant mapping           defined by 
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     )  ∫         )       ))   

       )      )    ∫         )       ))   ∫         )       ))     

   ∫          )    ∫            ))         ))           )     )   

Taking sup on both the sides we get  ̂       )     ̂   ̇  ̇) 
Similarly, we can say that         )          ) 
Thus, the requirements of theorem 3.1 are fulfilled. 

5. Conclusion 
This article presented the idea of bipolar controlled b-dislocated metric 

space and addressed some of its fundamental topological characteristics. With 
appropriate examples that illustrate our primary findings, we brought out the 
original fixed point outcomes, on circumstances established on BCBDMS here. 
To illustrate the primary finding, one application is also given.  
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