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Abstract

In this paper, a fixed point theorem is proved in bipolar controlled b dislocated metric
space first time. Also, the findings of this result are applied to Caputo Fractional Differential
Equation for finding its unique solution. Additionally, the example is provided to support
the finding, which illustrate that the proved result is very simple and efficient.
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1. Introduction

According to fixed point theory, a function has unique fixed point when
certain conditions are satisfied [1]. In 1922, Banach [2] introduced the notion of
the Banach contraction principle (BCP). It illustrates that if T is contraction
mapping and R is a metric space which is complete having a unique fixed point.
Recently N. Hussain [3] used b metric space and DMS and introduced BDMS.
In 2016, Mutlu and Giirdal [5] found the concept of BMS and investigated some
established contractive conditions ([4],[5],[6]-[11]).Since then, other scholars
have presented fixed point outcomes in bipolar metric spaces under various
contractive circumstances ([5]-[12],[16-18]). In this paper we investigate fixed
points for given mappings in the framework of bipolar controlled b-dislocated
metric space. We discuss few results related to fixed point theorem from the
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mapping R to Son g, and g,.We provide appropriate examples to support the
findings. We also demonstrate how the derived result can be used to solve
caputo fractional differential equation analytically and numerically. The
remaining sections are arranged as follow: In Section 2 we give the basic
definitions based on which our main theorem is proved. In Section 3 we
introduce BCBDMS and investigate various topological characteristics. In
relation to bipolar controlled b-dislocated metric spaces, we prove fixed point
theorems. In Section 4 we give an application in support of the main result.

2. Preliminaries

Definition 2.1: [12] Bipolar Controlled Metric Space

Let R = ¢p and S # ¢ be two sets and g;:RX S > [0,+x),g,: RX S >

[0, +00) s.t

(@ gi(mw) =0iffn = pv @M €ERXS.

®) gimw =g:(LM V(MW ERNS.

© g1 <g:2:(nuw)g(nw)+ g(v,u)g,(w,w) + g(v,Wg:(v, 1)
Vn,veERandyu€S.
Then (R; S; g1; g2) is known as bipolar controlled metric space (BCMS).

Definition 2.2: [13] b-Dislocated Metric Space

LetR # ¢pbeasetg:R X R — [0,4+) and a constant k > 1 s.t
@ gmw =0=>mn=puvnu €R.

® gmw = glumvy,p €R.

© gmw <klglmr) + gle,W]Vn,uKx €R.
Then (R, g) is called b-dislocated metric space (BDMS). Moreover, if
k = 1 the BDMS becomes DMS ([14], [15]).

3. Main Results

In order to support our primary findings, we must first establish certain
fundamental terminology.

Definition 3.1: Let R + ¢ and S +# ¢ be two sets and g:RXS —
[0,+),g92: RXS - [0,+0) Vi, v €R and p,u € S and a constant k > 1
s.t

(@) g1(mp) =0thenn =pv(,p) €RXS.

® g1mw =g1(kmV(@mW ERNS.

© gi(mw <k[g:(m,wg,(mu) +g.v,uwg,(v,u) + g,(v,)g,(v, W]
VnpveERandpyue Sandk > 1.

Then (R; S; g41; g2) is called bipolar controlled b-dislocated metric space
(BCBDMS).
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3.2 Completeness Property
A BCBDMS is complete if every cauchy bisequence in (R;S; g4; g,) 1S
convergent.

Theorem 3.1: Let (R;S; g1;9,) be a complete BCBDMS. Consider T: (R;S;
91; 92) = (R;S; 915 92) and g:(Ty, T,) < agi(n, 1) for all n €R and p €S
where 0 < a < 1. Take

92(My+1.Ky+2) 92(My+1.Ky+1)

1
92 (77}/+1' KB) < -

)

1 .
gz(ny+1, Kﬁ) < > Sup lim

suplim
pz1¥—® 92 (My.rey)

pz1v-o 92(y.ky+1)

Then the function T: S U R = S U R has a unique fixed point.

Proof: Consider n € R, u €S. Now, determine T(ns) = 154, and T(us) = ts+1,
V8 eN.

Then ( {ns}.{us}) is a bisequence on (R,S,g,) and
91(Ms, hs) = 91(T(776—1)’ T(H6—1)) < agi(Ms-1, U5-1)

< alg,(n, 1)
Furthermore, g, (s, Us+1) = 1 (T(U6—1)’T(H6)) < agi(Ms-1, Us)

< a®g1(no, 1)
V natural numbers § < 5, we have k> 1 and
91 (775,#3) < k[92(Ms) Us+1)91(Ms) hs+1) + G2 (M1, Bs+1) 91 (Ms+1, Mo 1)
+92(Ms+1, 1p) 91 (Ms+1, ip)]
91 (U&Mﬁ) < k[g2(Ms) Us+1)91(Ms) hs+1) + G2(Ms11) Bs+1) 91 (Ms+1, Hss1)
+ 92(Ns+1, 1p)k[G2 (Mss1, Ho+2) 91 (N5 41, Ho+2)]
+ 92 (Ns+1, 1p)k[G2 (Mst2, ts+2) 91 (642, Uo+2)]
+92(Ms+1 p)k[G2Ms12, 1) 91 (Ms+2, Up)]]
g1(Ms,up) < klg, (M6 6+1)2° 91 Mos 1) + G2 Ms41, s+1)A° g1 (Mo, o)
ke b1 T a1 92(1p0 128) 92 (1 1y )? g1 (1, 1)
ke X051 oo 92 (1 1) 920y 11y ) 91 (o, o)

Let G, = k™ 390 [Th=o 92(Mp 115) 92 (1 ity 1) ?,
Qe = k™ %50 IT =0 92(Mps 115) G2 (My i1y )Y
Hence, we have
91(0s, 11g) < K" (g1 (Mo, 1) [92(Ms, ts41)@® + (Gp — G5)] + g1 (o, o)
[92(7)5+1:ll5+1)018+1 + (Qp—1 - Qﬁ)] ®)
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Now by condition (1) and (2) and the using ratio test we get gim Gsand
exists.

Therefore, {Gs} and {Qs} are Cauchy Sequences.
As §, 8 — oo we get

6lgrglwgl (Ms,up) =0 “)
Similarly, we can derive
s, 92(1p, te) = 0 ©)

Hence ({ns},{is}) is a Cauchy Bisequence.

By completeness property {ns} — e, {us} —2e where e€ RNS and
{Tms)} = {ts+1} »e€RNS.

Since T is continuous T(us)— T(e) so T(e) =e. Hence T has a fixed
point e. If 0 is additional fixed point of T, then T(d)=0 0 €RNS and we have

91(e,0) = g1(T(e), t(9)) < ag,(e, 9)
where 0< a <1, g;(e,d) = 0 and so e=0.

Example 3.1: Consider R = [0,1] and S = [1,2] be posses with g,(n,u) =

|n — u|? and g,(n,u) = nu+1 ¥Vn €R and u € S. Then (R, S, g;) is a complete
BCBDMS.

Solution: Let us consider T:RUS - RU S by
n .

" I'fn S (0!1)
T(n) = {4 ,

1,ifn € [1,2]

Leta =>€ (0,1),go =3 € R, go = 2 € S then

, Vn€ERUSand k =1,

s =TMs-1) = %.m; =T(Ms-1) =1V €S
We get
sup lim T(Ms+1, Mo+2)
pz16-0 T(Ns, hs+1)
T ,
I sy ) <
Letn € R and pe€S then

T(Ms+1,up) <—

ISEN

RIr

n
R(Ty Tpw) =151 <

N| -

In — ul?

Therefore, T has a unique fixed point, and the theorem holds at n=1.

Example 3.2: Let R = Z5(R) and S = S5(R) be the collection of all upper- and
lower-triangular matrices with order-dependent properties. § consequently.

Introduce g,: Z(R) x S(R) — [0, ) be enumarated by g, (X,I') = Zfz,m |nps —
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,uBSI2 for all X = (7755)5 X6 €ER and T = (uPs)sxs € R and g,(n, 1) = nu +
1vn € Rand p €S. Then (R, S, g,) is a complete BCBDMS.

Solution: Let us consider T:RUS = RUS by T(nﬁs) dx6= (nTBS) § %
6V (MBs)sxs € RUS and k = 1 therefore,

Leta = % € (0,1) andn, = (%)Sxa € R X S then

(Nps)d X 8 = T(MPs — 1)8 X 8 = (22) 5,5 forall 5 € N.

2(49)
We get
sup lim T(Ns+1, Ho+2)
pz16~° T(Ns, Uss1)
sup lim T(Ns+1, Ho+1)
pz16-  T(Ms, 1)
Let Y € Rand I € S then
91 (T(E), (D) = 135 6o1 Mps — tps|? S ST5om Mps — tgsl? = 291 (5 T)

As a result, the theorem is true and S is an original fixed point Rsys.

T(Mss1,Mp) <

T(Mss1,tp) <

RIr Ik

4. Applications

Theorem 4.1: Consider the below fractional differential equation (FDE).
Assume the following is true:

(1) Fae0,1],Be(0,1)and (n, p) — R x S such that |[f(a,n) — (a,w)| <
VBIn(@) — u(@)|
@ sup [y G(ae)Pdg <1

a€l0,1]
The FDE follows
eD¥n(a) + f(a,n(a)) =0 (6)
1<a<0,a<y>1100)=n()=0.

where €DV indicates the Caputo Fractional Derivative of order y and is
determined by

epy = 1 o nf(e)de

CTE-y 0 (ameyymitt ™
provides a unique solution in R X S.

Proof: As a result of the above equation, n(a) = | 01 G(a,e)f(q,n(e))de where
[e(—e)]" 1 —(a—e)V*
G(a,e) = 'y

—e)|Y—1
Iy

Define the covariant mapping T:R US — R U S defined by

,0<e<ac<l1
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T,(a) = [, G(a,e)f (q,1(e))de
= |T,(@) — Tu(@)? = | [, G(a,e)f(q.n(e))de — [, G(a,e)f (g, u(e))de|?

<k, 1G(@e)2de [ If(g.n(e)) — f(q,u(e))de|? < kB|n(a) — p(e)|?

Taking sup on both the sides we get d, (T, T,)) < kB d,(%,9)
Similarly, we can say that g,(T;,T,) < kBg,(n, 1t)
Thus, the requirements of theorem 3.1 are fulfilled.

5. Conclusion

This article presented the idea of bipolar controlled b-dislocated metric
space and addressed some of its fundamental topological characteristics. With
appropriate examples that illustrate our primary findings, we brought out the
original fixed point outcomes, on circumstances established on BCBDMS here.
To illustrate the primary finding, one application is also given.
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