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Abstract

The paper presents new integral formulae involving product of generalized K-Bessel
function of first kind w’,, . (z) and Hurwitz-Lerch Zeta (HLZ function) function ¢*;, (z, s, d)
are obtained and presented in terms of the generalized (Wright) hypergeometric function.
Some useful and interesting cases of main results are also deliberated. The results are

obtained using a fascinating integral known as Oberhettinger integral.
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1. Introduction

In the last few years, so many valuable integral transform formulae linked
with the generalized special functions have been explored by many researchers
Menaria et al. [1-3] and Agrawal et al [4]. Numerous interesting results are also
given by several researchers on zeta function and families of HLZ functions in
recent years like Lin and Srivastava [5], Pathan et al[6] and Jamini and
Gupta[7].Generalized k-Bessel wyy ) (2)introduced by Nisar and Mondal

[8]defined for kefR, a,y,0,b, ¢ €C, R(p) > 0 is given by
o (n) @)

y.a = y'®
w z) = Yn- :
k,Q,b,C( ) Zn—O rk(an+9+%)(n!)2 ( )
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Recently, Diaz and Parigaan[9] introduced k-gamma function and k-
pochhammer symbol, given by equation (2) and also established a valuable
connection with gamma function see[10-11] given by equation (3)

T (y+nk) ] o

W = { oy (keRiyeQ\ {0, —k, 2k, .. }) "
Yy +k)...(y + (m— Dk)n € N; yeC

h(2)=ki'T (%) )

Equation (2) and (3) transform to the simple form of pochhamer symbol
and Euler’s Gamma function for k=1, [12].
A generalization of the series p‘Pqpresented by [13]-[15]

(01, Ey), .., (p, Ep) 5 2 _ g T (g+Ejk) .k @)
By L1, -, (Bo Lg)s k= °Hq (TG0 K
Where the coefficients E, e, Eq and L,, -, Lqare real positive numbers
q p
such thatl + ¥/, Lj — %7 E; = 0
Another form of (4) is
(0(1, 1),...,(0(p, 1);Z _ l'[lpzlr‘(a]-) F al:---pap;z]
B 1), (B 1); |~ I @ P 9 [ By B |
Fqis the generalized hypergeometric series.
Lin and Srivastava [5] introduced generalized family of HLZ functions
¢‘;'Z(T, s,d) defined foréeC,d,n # 0,—1,—2...; p,o € R*;p < owhens, TeC;
p = g and seC when |T| < 1; p = 0 and R(s — & + n)>1 when|T| = 1is

p.o _vo pm T
q)f‘n (T, S, d) Zm:O Mom (d+m)5 (6)

The following Oberhttinger integral formula [16] is needed for the present
investigation

= u _ ..
Jo T+ a+Vx?+ 2ax)~%dx =20a~° (%) O , on condition

r(1+0+u)

)

that
0 <R(u) < RO). (7

2. Main Results

Here integral formulae containing product of two generalized special
functions are established and the outcomes are stated in connection with
(Wright) hypergeometric function, as in theorem 2.1 and theorem?2.2.

Theorem 2.1: Let k €R, a, y, 0, b, ce C, R(9)>0 and for peC,an+#
0,—1,—-2..; p,c ERY, p<owhens,zeC; p=o and s €C when |z| <
1; p =0 and R(s — & +n)>1 when |z| = 1 then

fx” Yx +a+Vx% + 2ax)7? wkgbc(z)d) 9(z,s,d)dx



INTEGRAL TRANSFORM OF PRODUCT OF GENERALIZED K-BESSEL FUNCTION 1759

:ZOO () pm ymte 21—u—ga,u.—a—m—gp(2H)
=0 b
=0 Mom (d+m)S I‘(%)(k%‘—%kl_ )

(’—',1) @+o+m—u,2),@+o0+m+1,2)

1

=’
(1,1)( +22, 5) @+o+m2),(1+0+0+u+m2) sa2kk’

2k 'k
(®)

3Py

Proof: Let | represent the left hand side of equation (8).

1= J;"x# " (x + a + Va2 + 2ax) wkebc(@wcwyﬁ)

d)g n ((x+a+\/x2+2ax) ) dx

By suitable arrangements, we get

_ Yo (f)pm ym+9 1-u—p ,u—0-m—o
1 - Zm:O M gm (d+m)s 2 a

3o (+n) reu) r@1+0+o+m+2n) r(@+o+m—u+2n)
n=0 (—) nr(n+1) r(@+m+e+2n) r(@+o+m+u+2n+1)

1 ( —-cy )
© e b+1 . a_
VAR @, b+1 an 4a2kk !
GO )F( +2k+k)

g ) pm y™+e 21-K-Cqi-0-m=er(3y)
“4m=0

= b
(Mom (d+m)® F(%)(k%"%_l)

34

(%,1) @+m+po—u,2),@+m+o+12) ey

(1,1), ( +% %) (0+m+09,2),(0+m+0d+u+12) #a?kk™

which is the main result.

Theorem 2.2: Let k €R, o, 7, g b, ceC, R(g) > 0 and forueC,a, o +
0,—1,-2..; p,c ERY; p<owhens,zeC; p=0 and se€C when |z| <
1, p=cand R(s —u+)>1 when|z| =1

Then
u-1 2 Y
fo XM x +a+ Va2 +2a0) 0 gy, ((x+a+m))
_vo  Epm ymte 21- “‘Q‘maﬂ“"r(a-u)
=2m= 4
¢ ((x+a+\/x2+2ax) S d)dx Lim=0 (Mom (d+m)S F(;_I:)(k%’%l—l) T4
(Z 1) (m+0+0+12),(20+2m+2u,4) o
¢ ;=2 | (9
WD, (3+225), n+0+0,2), (140 +20 +2m+p,4) 10k

Proof: Let £ represent the left hand side of (9).
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— u—-1 2 vy
£= [ x"(x+a+Vx?+2ax) wkebc<(x+a+m))
00 —F——,5,d)d
¢€'77 ((x+a+x/x2+2ax)'s’ ) X
By suitable arrangements, we get

_vo ©pm ymte 1-pu—o-m u—0
£= Zm:O M gm (d+m)® 2 a

Z (Z+n) r@-uw) r(e+d+m+2n+1) r(2o+2m+2u+4n)
n=0 (%) nir(n+1) r(e+d+m+2n) I(1+0+20+2m+u+4n)

1 -cy? \n
-1

o, b+1 . a

T+5 -1 @, ,b+1 an

k" 2k —_— 16kk
(k )F(k+ 2k + k )

O pm y™te 21-H-0-mau=3 r(g_yu)

“XLm=0 M gm (d+m)s (kgﬂ—*,j—l) r()
(Z 1) (14+0+0+m2), (20 +2m +2u,4) Coy?
v, ) a
(1,1), ( +% %) @+0+m2),(1+0+20+2m+pu4) 16Kk

This is the main result.

3. Special cases and Corollaries
In this part, Relation of generalized k Bessel functionw};‘g’b'c (z)with some

generalized special functions is discussed and interesting corollaries have been
given

Corollary 3.1: For b = 1 and ¢ = 1, theorem 2.1reduces as follows, where
]Z:Z (2) is another form of k-Bessel function.

foo Y x+a+
/2 a p,o

o Zax) ]kg ((x+a+\/x2+2ax)) ¢ ((x+a+m) )dx
(©pm y™+e 21-k-egh-d-m-er(zy) ¥,

Mom (@+m)s ( )(kk __1)

:Z?Z 0

(%,1),(6+Q+m—u,2),(6+Q+m+1,2) 2

1,1, (%+%%) @+o0+m2),1+0+0 +m+u,2)' 4a21k T

(10)

Corollary 3.2: With ¢ = -1 and b = 1, theorem 2.1reduces as follows, where
Iy a(z) is k-modified Bessel function

p—1 2 i) y )
f XM +a+ Va2 + 2ax) 7 I (X+a+m))¢ ((X+a+m),s,d dx
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_ywo (&pm y™*e 2171 o-m-er(zy)
M=0 ()om (d+m)s ()(kk 1)

({.1),(m+a+g—u,2),(m+1+g+a,2) e an
4 H 3
(1,1, (E+%,%),(m +0+02),(m+0d+0+u+12) 4akk’

-1

W

Corollary 3.3: For b = 2 and ¢ = 1 theorem 2.1 reduces as follows, where
K} a(z) is k-spherical Bessel function

u—-1
Jy e M x+a+

V200 K () 2 (e 5.

(x+a+Vx2+2ax) (x+a+vVx2+2ax)
zzoo (§)pm y™te 21-H—0gh=0-m=0r (3
=0 () g (@+m)S r(®) P
(%, )(m+9+6 w,2),(m+1+0+0p,2) _yz
4 (12)
WD, (2429, tmto+0,2),(m+a+o+ut12) ek

Similarly, following corollaries (from 3.4 to 3.6) are given with the help of
theorem 2.2

Corollary 3.4: For b = ¢ = 1 theorem2.2reduces in the following form where
Kg (z) is another form of k-Bessel function.

foo *Yx+a+
[v2 d
Xt 2ax) ]kg ((x+a+\/x2+2ax)) ¢ ((x+a+x/x2+2ax) 5 d)

Zoo (&) pm ymte pl-p-e-mgp- ar(a D)
M0 Wom (@rm oy friy

dx=

4

(%,1),(1+6+Q+m,2),(29+2m+2u,4)

—y2

1, 0 a ’ T (13)
WD), (2+8,9),m+0+0,2), (20 +2m+0+1+p,4) 16k

Corollary 3.5: With ¢ = -1 and b = 1, theorem 2.2 transform as follows where
Iy a(z) is k-modified Bessel function

1
fo X tx+a+

T T 5 o\-0 V& p.o d)
Xt Zax) IkQ ((x+a+\/x2+2ax)> ¢ ((x+a+\/x2+2ax) 5

Zoo (s)pm ym+g 21-p-e-mgpu— al"(a N y
=0 () gm (d-+m)* F(%)(k%f%_l) 304

dx=

(% 1) (A+0+0+m2), (20 +2m+2u4)

Y| a4
WD, (3 +2.5),@+e+m2),(0+20+2m+1+u,4) g
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Corollary 3.6: For b = 2 and ¢ = 1, theorem 2.2 reduces as follows, where
KZ:Z (z) is k-spherical Bessel function

fom Yx+a+

Vx2 V.a
Xt + Zax) Kk@ ((x+a+x/x2+2ax)> ¢ ((x+a+\/x2+2ax) S d)

Zoo &) pm ymte pl-p-o-mgp- aI"(O —-u) llll
=0 () gm (d+m)S ()(kk+2k ; 4

(% ) 1+3+0+m2),(20+2m+2u,4)

dx=

2| (s

(1,1),(% e ;) (@+0+m,2), (1+6+29+2m+y,4) 16KE

Corollary 3.7: Let all the situations of theorem 2.1 be fulfilled and Hurwitz-
Lerch Zeta function become unity qbg ;]T (T,s,d) — 1then following result holds
true due to Menaria et al. [2]

f x* x4+ a+Vx? + 2ax)”
921 H-egh=0-er(2u)
(o
(E1),e+0-1m2)(1+0+02) o

4
1,1), (% b;: %) (@+0,2),Q1+0+0+ u,Z) T

(1)
k Q b,c ((x+a+x/x2+2ax))

2

(16)

Corollary 3.8: Let all the situations of theorem2.2 be satisfied and Hurwitz-
Lerch Zeta function become unity qﬁg : (T,s,d) — 1then following result holds
true due to Menaria et al. [2]

© u-1
J, X M x+a+

Q1-pU-2Q,1—0pcg_
Vx2 + 2ax)” wkgbc( 2 )dx*y 2 Sy,

2 @, b+1
(x+a+\/x +2ax) F(%)(kkJr >k 1)

(£,1),(1+0 +0,2), 20 + 214 o
(1,1), (% h ﬁ) @+0+.,2),(14+0+20+u,4) Iﬁk%_l

2kk

2

(17)

Corollary 3.9: Assuming that all the conditions of Corollary (3.7) fulfilled then
following result holds true due to Menaria et al. [2]

f x*H(x +a+ Vx? + 2ax)” a]ke<

_y 21-H-Qak=0-er(2)

(x+a+\/x2+2ax)) F(%)(k%rki_l)

(11),@0+0-p2),1+0+02) N
4 0,1« ; a -
(11, (3+2.5),@+0.2),(1+0+0+12) saruk

2

3 (18)
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Corollary 3.10: Assuming that all the conditions of corollary (3.7) fulfilled then
following result holds true due to Menaria et al. [2]

-0 Qp1-pu—Q u—-0-0
© pu-1 2 V. y _y<2 a reuw
Jo xF M (x +a+VxZ+2ax) 17 ((x+a+m))dx F(%)(k%+%_1) :

(L1),@+e-w2),(1+0+02) ,
4 ; 3
WD), (3+2,2),@0+02), A +u+0+02) a2k

2

i

(19)

4. Conclusion

In present paper, new generalized integral formulae including the product
of generalized k-Bessel function and Hurwitz-Lerch Zeta (HLZ) function are
obtained and presented in form of the generalized hypergeometric function.
Useful and interesting special cases of the main results are also deliberated. In
future more integral transform formulae will be used on above functions to find
out more interesting results.
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