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Abstract

In this article, by employing the notion of locally f — transitivity binary relation in
relational theoretic metric space, to find the existence and uniqueness of fixed point for single
self-map with satisfying C‘;ﬂ - rational type contractive mapping. Moreover, some examples

* E-mail: anjanabhardwaj1999Qgmail.com (Corresponding Author)
" E-mail: naveenmani81l@gmail . com

$ E-mail: dba .amitsharma@gmail .com

¥ E-mail: meghakothawadel7@gmail.com

© @ Taru PuBLicaTIONS


http://www.tarupublications.com
http://dx.doi.org/10.47974/JIM-2042

1788 ANJANA ET AL.

are also presented to justify the importance of our proved results. Our main outcome extends
and generalize in several existing results of literature.
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1. Introduction

Numerous extensions of pivotal result of the contraction principle based on
metric fixed point theory can be found in the existing literature. In the realm of
Mathematics, this principle assures the “existence and uniqueness of fixed
points” for self-maps with contraction characteristics in complete metric spaces.
Moreover, it presents a useful approach for determining the fixed point of the
underlying mapping. In recent times, this theorem improved by number of
authors by utilizing further inclusive contractive mappings on many different
kinds of spaces. Few of them are rational-type contractions. Many results in
existing literature deal with self-maps and pairs of maps verifying rational
expressions in various spaces, can be found in [7,8]. The weaker C - contractive
condition and established certain theorems concerning fixed points introduced
by Suzuki [9] in 2007. A self — map f:E — E satisfies the € — condition if,
v{,n €E,

PO < pEm) = S ) < (pEm))-
Motivated by work of the Suzuki [10], Gupta and Mani [10] introduced the

concept of “generalized C;!) - contraction condition” and proved certain fixed
point theorems in metric spaces with and without partial order relation.

Theorem 1.1: [11] Let a metric space (E, p) and self — map f on E satisfy C;;p-
condition if

~p(CfO < pm) = p(p(fS 1) < B(pCm),Vin E€E,

where ¢ € ¥ and function § : R* — R* is continuous.

Some more relevant literature on study of fixed points defined on above for
maps are examined in [3,4,13,14]. In recent times, by utilizing an arbitrary
binary relation, Alam and Imdad [2] provided a major extensions of the “Banach
contraction principle” introduced the interesting concept which generalized by
several authors.

In this paper our main motive is to find some fixed point theorem with

“C;f - rational contraction” condition in relational metric spaces by employing
locally f — transitivity property. Our findings broaden and improve the results of
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Alam [2] and Mani [11]. Additionally, to get the uniqueness of the fixed point,
we’ve assumed range space to be R® — connected.

2. Foundational concepts:

Here the following section, using notations E,R,N and N stands for a
non-void set, nonempty binary relation, set of non-zero positive integers and set
of whole numbers as our abbreviations for the various concepts throughout the
papers. The following notations along with relevant findings should be studied.

Definition 2.1: [1] Define a binary relation R on E, where E # @ and {,n € E.
If either ({,n) € Ror (n,{) € R, then we state that { and n are R -
comparative . We written it as [{,n] € R.

Definition 2.2: [2] Define a binary relation R on E, where E # 0,
i) R 1={(n) € E*: (n,{) € R}is said to be inverse relation of R.
(i) RS =R URL, formally known as symmetric closure.

Definition 2.3: [2] Define a binary relation R and self - mapping f on E, where
E + @, then

@ ©n eR e [(n] €R
(i) If for any {,n € E,({,n) € Re (f{,fn) € R. Then R is called f-
closed.

(iii) R’ is also f- closed, if R is f- closed.

(iv) v n € Ny,ifRis f- closed, say R is also f"- closed, where f™ denotes nth
iterate.

V) If (¢n, Cny1) € R,n € Ny, then the sequence {(,,} contained in E is called
R- preserving.

(vi) For all k € N, 3 a subsequences {{y, } of {{,} with [{,, ,{] € R, if

whenever {{,} is R - preserving sequence and (, 5 {asn — oo, thenR
is called p — self closed.

Definition 2.4: [1] A subset D C E is described by R - connected if for every
pair {,n € D, 3 apathinR from { ton.

Definition 2.5: [2] Define a binary relation R on a metric space (E,p) and a
pair of points {,nin E. Then, {1y, 44,4;,....,4x} € E be a finite sequence
satisfying the conditions are as follows: forevery j (0 <j < k — 1)

(i) Ao = dand A, =,
i) (4,441 € R

Definition 2.6: [5] A function ¥ € W (collection of all functions), ¥ : R* —
R* is continuous, monotone increasing and Y(7) = 0 & 17 = 0.
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Now, Alam and Imdad [1] introduce by localizing the “notion of
transitivity” employed in the framework of binary relation modified by Turinici
[6]. Also, for a detailed understanding of R- completeness and R- continuity,
readers can turn to the insights provided in [1].

3. Fixed Point Results with Binary Relation
Lets begin this section to state and prove our main findings as follows:

Theorem 3.1: Consider a metric space (E, p) and arbitrary binary relation R on
E. A mapping f : E — E satisfying generalized C;),/J - rational contraction and
remaining conditions are follows as:

a) 3IY € E,f(E) €Y c E suchthat (Y,p) is R - complete,

b) E(f,R) is non -void,

c) Rislocally f - transitivity and f - closed,

d) either f is R - continuous or R|y is p - self closed,

e) forall{,n € Ewith({,n) € R,

%p(i.fi) < p(,n) implies Y(p(f, fn)) < B(Mp ($,1)),

where,
M — i ’p(c',fc')p(n.fn) ’p(n.fn)[1+p(€.f€)]
F G =max {p(.n) [+ p(Cm)] [L+p@m)] }
Y € Wand function S : [0,00) — [0,00) remains continuous satisfying
0 < B(r) < Y(r),T > 0. Then f admits a fixed point.

Proof: Here three steps, we finish the proof of theorem.

Step 1: We have E(f,R) is non -void. Let {, € E(f,R) then ({y, f{,) € R.
Construct a Picard sequence {{,} based at initial point {, with iteration i.e.,
{n = f™({y), foralln € N.

Since ({p, f{y) € Rand R is f - closed therefore
(f(o:fzqo): (fZ{O'f3{O)’ AR (fn€0!fn+1 (0)! o€ R

and

(G ns1) € R,V E N )

which yields {¢,,} is R - preserving sequence. Now, from Theorem 3.1(e) we
obtain, Vn € N, that

20 fG) = 5 PG Gner) < PG Gnsn)
implies
YO G [l )) < BMy GG ), @)

where on solving , we get,

Mf((n: Cn+1) < max {p(Cn, 1) P(Gns1s Cnaa) -
Using (2), we get
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1/’(P(f§n; f(n+1)) < ﬁ(max {p ((nr (n+1): p((n+1r (n+2)}) (3)

If Y(P(Cn+1,Gn+2)) S B(P(Cn+1,Gns2), then it contradicts to our
assumption and hence, from (3), we have

lp(p((n+ll (n+2)) = ﬁ(p ((n: (n+1)) (4)

We get, p(Gns1s nsz) < PG Gns) [by the property of ¥ and B

Thus, the sequence {p({,, {+1)} is bounded and monotone non-increasing.
Therefore, 3 £ = 0 such thatlim,, .o, p({n, (ne1) = € = 0

Letting the limit as n — oo in inequality (4), we get Y (¥) < B(¥), which
contradicts to our assumption. Thus, we conclude that £ = 0, therefore,

1im p(Gu Gnia) = €= 0 5)

Step 2: On contrary, suppose that {(,} is not Cauchy sequence. Then for an
€> 0, 3Ny € N and N;= max {m;,Ny} such that Vm, > n, > N;, we
obtain

p({nk '(nk+1) <es 'D((nk ’(mk)’

Applying the assumption of locally f - transitivity of binary relation R
yields ((nk s $mye ) € R and from assumption (e), we have

ip((nk ’ (nk+1 ) = p((nk ’ (mk )

implies YO Cnpr flmy D) < B(Mg (S » my ))- (6)

On solving and letting the limit as k — oo in (6) and by using
Lemma,(Lemma 2.9, [12]), we obtain (e) < [(€) which contradicts to our
assumption. Since (Y,p)is R - complete, I lim,_, {, = v. Therefore, the
sequence {(,,} is a R- preserving Cauchy in Y. Step 3. Now, we claim that v is a
fixed point of f.

Case (i): Firstly, if f is continuous mapping and {{,}is R - preserving with
Cn 5 v, then R - continuity of f implies {,.1 = f{, 5 fv and by uniqueness
of the limit, i.e., fu = v thatis, v is a fixed point of f.

Case (ii): Alternatively, 3 a subsequences {{p, } of {(,} with [, ,z] € Rif
Ry is p - self closed. So, using condition Theorem 3(e) , we have
1 1
Py p((nk 'fznk ) = 2 p((nk 'znkﬂ ) < p((nk ,2U)VEk €N,
this implies
Yy f1)) < BMy ($nyrv))s (7

where, on solving, we get, M ({nk ,v) <max {p(v, fv), p({n, ,V)}-
If My (S, v) = p(v, fv), then (7) give that

Y (fln , f0)) < Blp(, fv)). ®)
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On taking the limit as k — oo and using the fact that p(v, fv) > 0, we
have Y(p(v, fv)) < B(p(v, fv)). This contradicts our assumption. Thus, our
findings that p(v, fv) = 0= fv = v.

Secondly, if M¢ ({n, ,v) = p({n, V) , then on using (7), we get

Y (PG 19)) = (p(fln 1)) < B (p(Gnov)) . Yk € No. (9

Let us consider a partition {N,,N*} of N due to the two distinct
possibilities that find here , i.e., Ny U N* = N and Ny, n N* = @ satisfying
that

(1) p(Gn,,v) = 0V k €Ng.(ii) p({n,,v) > 0VEk € N,.

In case (1), if p({y, ,v) = Oforall€ Ny, thatis P(p(fy,, fv)) = 0 &
pP(fn,, fv) = 0,forall k € Ny, then condition (9) holds forall k € Nj.

In  case (i), if p(fp,,v) > 0VEk € N,, then we obtain
Y (fln,» fV)) < B(p(n, ,v)) forall k € N*. Letting limit as k — oo and
by the continuity of ¢ and 8, we get Y(p(v, fv)) < L(p(v,v)) = 0. By using
the property of ¥, we get p(u, fv) = 0 = fv = v, which concludes condition
also holds for all k € N*. Thus, the condition (9) holds for all n € N. Letting
limit as k — oo in (9) and using ¢y, 5 v, we get &, 5 fv. Since the limit is
unique, we get fu = vthat is, v is a fixed point of f. Hence, the result is
proved.

Remark 3.2: If the assumption of Theorem 3.1 that locally f- transitivity of R
remains true is replaced by the assumptions are follows as: (a) R-transitivity, (b)
f-transitivity of R and (c) locally transitivity of R.

Theorem 3.3: In addition to the assumptions of Theorem 3.1, if f(E)is R°-
connected, then f admits a unique fixed point.

Proof: Let two fixed points ¢ and 7 of f in relation metric space (E, p). Then,
f*" = {and f"n = n, foralln € N.

Clearly, {,n € f(E)and f(E)is R°- connected, 3 a path, say
(Ao» A1y Az, - ..., Ay) of some finite length k in R°, from ¢ to 1 such that 4, = (,
A = 1, and [Aj ,A]-H] € R.As Ris f - closed, we get [f"4;,f™ 4j,1] € R,
Vn € Nyand j (0 < j < k — 1). If ({,n) € R® then either (f"{,f"n) €
Ror (f™n, f*() € R and by f - closedness of R, we have (f"*{,f™n) € R,
forn = 0,1,2,....

From Theorem 3.1. (e), we get,

~p(&.fO) < pEm)

implies, on solving

P(p@m) = $(e(efrm) < B(My (28 ") < B(p(Cm) (10)
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This leads to a contradiction. Thus, we obtain thattp(p(( , r])) = 0 implies
p(¢,n) = 0,thatis { = 7n. Hence f admits a unique fixed point.
Instead, 3a path of length k > 1 inR%if ({,n) # R°. We define

th = p(f*A,f"s) € R°, for j(0 <j < (k—1) and n € N,
Moreover, from the Theorem 3.1 and for any fix j, we have

w(t) = ¥ (p(F*y f"411)) < B (Mp (F1 f"A100)

where My (f"7'4;, f" " Aj41) = p(f™ A, f7A4,) foralln € N
By using (10), we get

w(th) = W (p(f"2 f241)) < B (p(F" 2, f 7 200)) < B(EL) (1)

Consequently,  {(t])} = W™, f" A1)} is  a  positive
decreasing sequence. Monotonicity of ¥ gives us the sequence {t)} is also a

decreasing and consequently, 3¢t > 0 such thatlim,_ t, = t.Taking the
limitan — oo in (11) and utilizing the monotonicity of functions ¥ and 5, we

get, P(t) < (1)

This implies ¥(t) = 0 and consequently t = 0, for every j (0 < j <
k — 1). Lastly, from above conclusion and using triangular inequality, we
obtain

p(Cm) = p(f™ A, ™) < 2 + tL+..... +tk"1 5 0,asn - .

Hence f admits a unique fixed point.

Remark 3.4: If the assumption of Theorem 3.3 replace by the assumption that
either R|fp)is complete or f(E)is R°- directed [2]. Then the Theorem
3.1 remains true.

Example 3.5: Define binary relation ({,n) € R implies { <7 on E and a self
mapping f on E , where E = [0, o) with usual metric p such that

fl=2"v(€E.

7+1°
Then, it is verify that Ris f-closed and mapping f is R is continuous.
Again, V{,n € E with ({,n) € R, define Y and B :[0,00) » [0,0) be an
altering distance function and continuous function respectively by () =
T; B(T) = gr,V‘r > 0, we have

Y(p(fS, fm) < BMs(S,m).
Thus, Theorem 3.1 are verified all the assumptions and f has a fixed points
inE (ie,at{ =0).

Example 3.6: Define binary relation ({,n) € R implies { <7 on E and a self
mapping f on E , where E = [0, c0) with usual metric p such that

fi=%vieE,
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Then, it is verify that Ris f-closed and mapping f is R is continuous.
Again, V{,n € E with ({,n) € R, define Y and B :[0,0) = [0,0) be an
altering distance function and continuous function respectively by (1) =
T; (1) = %T,V t > 0. we have

W(p(fS fm) < B(M($,m)).
Thus, Theorem 3.1 are verified all the assumptions and f has a fixed points
inE (ie.,at{ = 0).

4. Conclusion

In the present study, we've demonstrated the “existence of a fixed point”
that satisfies “generalized C;;p - rational contraction” mapping in “Relational
Theoretic Metric Spaces”. To ensure the “uniqueness of the fixed point”, we've
assumed that the range space is R® — connected. This proof relies in the
utilization of the concept of locally f - transitivity within relational theoretic
metric spaces. Furthermore, to support the validity of our findings, examples 3.5
and 3.6 are provided.
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