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Abstract

This project aims to introduce (K_,; ,Q, B) -contractions of type-A in b-metric-like spaces
(BMLS) utilizing (¢, B) -Geraghty contractions [9] introduced in 2019. In the first section
of this work, a new class Yp is defined as a collection of maps with certain appropriate
constraints. Then, using this class { :[0,0)" —[0,), some fixed point findings are presented
with an illustration for efficacy check. Many results in the literature are supported by our
findings.
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1. Introduction

In 1922, Banach [12] started researching constructive theory in metric
space. One of the most valuable and significant theorems in traditional
functional analysis is the Banach Contraction Theorem (BCT). Numerous
results have been proved to expand this renowned finding. In 1969, Nadler
[4] established some related findings for multi-value maps. This idea has
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several more expansions, which one may find in ([1], [3], [5], [6], [10]). In
order to generalize BCT, Samet et al. [2] created o —y -contractive map
and investigated some results using this class. In 2015, S.Chandok [13]
developed the idea of (¢, B) -admissible mappings. Later on, Pant and
Panicker [11] worked on (o'c,B) -Geraghty contractions in 2016 and then
Mlaiki et al. [9] extended the research of [11] in 2019 and obtained some
findings for this family of maps.
Czerwik [14] defined the concept of b-metric space as follows:

Definition 1.1: [14] Assume that K>1 isareal. Amap f,:ExE — [0,]
if satisfies the axioms for I,w,p € E, is referred to as a b-metric space.

(fbl) fb(l,ZU)=0<:> l=w;
(fhz)fh(l/w) = fb(w,l)/

(/,3) £, (L, p) < K[ f,(Lw) + f,(w, p)].

A bMS is defined as a pair (E, f,).
We require the ideas and literary findings listed below to support our
findings.

Definition 1.2: [13] For a bMS (E, f,), let G:E—E and 0'{, ﬁ:ExE -
[0,%0). Then map G is .(d’.ﬁ) -admissible, if a(l,w) >1 and B(,w) 21 =
&(Gl, Gw) > 1 and B(GI, Gw) > 1 forall [,weE.

Definition 1.3: [13] For G:E —E and o'c,B : ExE — [0,), set E is called
(c, B) -regular, if for a sequence {[ }€E such that {l}—>1; a(l, )>1
and B(l,/lm) > 1 for all 7, there is a corresponding subsequence {I } of
{L} suchthat o(I , I )=>1and B(lr ;1 )=1forall k, a(l, Gl) > 1 and
pa, éy=1. s

Definition 1.4: [13] Let ¥ be the collection of maps y :[0,50) — [0,0)
which are strictly increasing and continuous with (0) =0.

Definition 1.5: [13] Let © be the collection of maps 6:[0,0) — [0,1) such
that 0'(57) — 1= 5 — 0 for abounded sequence {s,} of +ve reals.

The following contractive mapping was introduced by Pant and
Panicker [11] in 2016.
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Definition 1.6: [11] Let (E, f,,K21) be a bMS. Then a map G:E—E is
called (d, B)-Geraghty contraction map, if there are ¢, 8 : ExE — [0,),
v eW, 0e0O such that

a1, GhB(w, Gy (K f,(GL, Gw)) < 6y (N(L, w)y (N, w)); |, w e E,

where N(I,w) = max| £,(L,w), f,(,Gl), f,(w,Gw), W

The following contraction was established by Mlaiki ef al. [9] in 2019
by giving extension to the work of Pant and Panicker [11].

Definition 1.7: [9] Let (E, f,,K >1) be abMS. Then map G:E—E iscalled
an (&, B) -contraction, if there are ¢, : ExE — [0,00), ¥ e ¥, £>1 such
that a(l,GI) B(w,Gw) yr(K* fb(Gl, Gw)) < y(N(I, w)); I, w e E, where

N, 0) = max ), 0,61, £, G P ),

Definition 1.8: [9] Let (E, f,, K >1) be a complete bMS and G:E—E bea
map holding following claims:

G is (¢, B)-contraction;
G is (a, /3) -admissible;
there is I, e E with ¢(l,,Gl,)>1 and B(,,Gl))>1;

E is (&, B) -regular or G is continuous.

=W

Then G has a single fixed point.

Mohammed Ali Alghamdi [7] presented an extension to bMS in 2013
that took non-zero self distance into account and went by the name of
b-metric-like space (bMLS).

Definition 1.9: [7] A b-metric-like on the set E is a map f,, : ExE —
[0,+00) if the following claims hold for [, w,z€E:

(f, D) f,(Lw)=0=1=w;

(fblz) fbl(l/ w) = fbl (w, l)/
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(f,3) f,(L,w) <K(f,(,z)+ f,(z,w)) where K>1.
The triplet (E, f,, K >1) is called a bMLS.

Definition 1.10: [7] Let be a bMLS. For a sequence {/.}€E and €>0, there
exists 7, eN with lim,.. f,(,])= f, (L) for I€E, then [ is called the
limit of this sequence.

Definition 1.11: [7] In a bMLS:

(a) Asequence {I}€E is called Cauchy if lim f, (/[ ) finitely exists.
r,p—0
(b) (E,f,) is called a complete space iff every Cauchy sequence {l }
converges in it and lim fb,(lr,lp) = f,(L1) =lim f, (D).
r,p—w© r—o

Proposition 1.12: [7] Let (E, f,,K21) beabMLS and {I,} € E such that for
leE, lim, . fy(L,1)=0. Then,

i) lisunique,

i) o f,(lw)< lim £, (1, w) < Kf, (,w) ¥ weE.

Lemma 1.13: [8] Let (E, f,,,K>1) be a bMLS and {l .} eE with f, (I, )<
Afy(_,1) for 1€[0,1) and reN. Then, {I} is Cauchy with lim, .
ful,1) =0.

2. Main Results

In this paper, we offer a type-A (£, 6, B) -contractive map in b-metric-
like spaces. These novel ideas are used to establish certain original fixed
point theorems, and the results extend numerous findings in the literature.

Definition 2.1 For any peN, define Y"p as the set of functions C :[0,00)"
— [0,) such that

(£)6(5,,5,,,5,) <maxis,,s,,...,s }if (5,,5,,..,5,) #(0,0,...,0);
(,)if s} ., 1<i < p, are psequences in [0,)such that

limsups"” =s, <o foralli=1top, then,

r—00
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liminfé’(si’),sg’),...,s;’)) <§(s,,5,,05,)-

r—0

Definition 2.2: Let (E, f,;,K=1) be a bMLS. Thgn map G:E—E is callgd
type-A (¢, @, B) -contraction, if there are @, f: ExE — [0,), yeV,
{eY,, £€>1 suchthat

(1, G B(w, Gy (K* f, (Gl, Gw)) <
(K2 0,00, £, 0,60, £ o, Gro), MO TGS 1)) (2.

forl,wekE.

Theorem 2.3: Let (E, f,,K>1) be a bMLS and G:E—E be a map such
that the following conditions hold:

G is type-A (C ,0., B) -contraction;

G is (a, /3) -admissible;

there is I, € E with 6(l,,Gl,)>1 and B(,,Gl))>1;
E is (&, B) -regular w.r.t. G or G is continuous;

£, (,Gw) + £, (GLw) > f, (w,w).

AR

Then G admits a fixed point. Also, if Gl=1 and B(,1)>1, then G
admits a single fixed point.

Proof: Define the sequence {l }€E as [ =Glr_1 for r>1. Assume that
elements of G are consecutively distinct else G admits a fixed point.
Using induction and the conditions (ii) and (iii), we now arrive to:

a1 )=1and &(l,l_)>1Vr=1

r+1 r+1

Now we claim that {I } is Cauchy for reN,

WK £, (0,1 ))
<6l 1)BA,1 WK £, (01 ,)

=a(l,,,GlL ), GL W (K £, (Gl ,,GL))

i 14 lrf flr+ lrllr — lrllr
<KL (A ) 01 1), P o))
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which implies that

Kyl K Full ) Full ), £y 1,0, P e
= Fu0 L)< k(i) ful ) £ 0 B )
<1 max{fbl(lrl,l)fbl(l”,l)fbl(l zm),fbf(l”’rﬂ’}
= pmax{ £, 0, 1), )

1 r1:0r41)
Sfmax{fb/(lr b %}, (2:3)

NOW’ fbl(lr—l’Glr)+ fbl(Glr’lr) = fbl(lr—l’lr+l)+ fbl(lr’lr) 2 fbl(lr’lr)
Therefore, we obtain

Full ) S max{ £, 1), Bt el (24)

which implies for r>1, f, (I ,l )< %fhl(lv—l’lr)

Case 1: If K>1, then [ is Cauchy according to Lemma 1.13 in light of
(2.4).

Case 2: If K=1, the sequence {f,(l,,,,,)} is monotonically decreasing and
is bounded below (by (2.4)), where

l’ — hm Sup fbl(lr—zlllwrl) < hmsup fbl(lr—lllr);fbl(lr/lrﬂ) — l

Now, [ < é‘(l, LLIN<max{l,,LI''=1, a contradiction, thus,
11m sz (l A.)= (2.5)
AISO/ fbl(lr 4 lr) = ﬁal(lr’ lr+1) + f;JZ(lHl ’lr )’
By (2.5) and taking limsupr — o, we get
limf,, (I ,1)=0. (2.6)

If {I} is not Cauchy, then for £€>0 and for each r €N, there exists
p, >t 2r such that
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full, 1 )ze 2.7)

Assume as well that p_>7 is the lowest natural that allows (2.7) to
hold. Now,

e< fbl(lpr’lrr)
< full, 1, )+ £, 1)
< sz(lpr ,lpr_l)+e
<f,(,1 -1)+¢,

so0, by taking limr — c and using (2.6),

full 1) =e. (2.8)

Let’s say there are infinitely many r such that f,( , Gl) + be(Glp ,

L) < ful,,
Usmg (2 5) and taking limsupr — o, we get

tim(£, (0, 1)+ £,(GI, .1, ) =0.

which implies

tim £, (1, ,1, ) =1lim £, (G, .,,1,)=0.

p+17

Now, €= hmfhl(l ) )<limsup(fhl(l , y+1)+fm(Glr+1/l )=0,
This seems’ incongruous. “As a result there is 7 € N such that for

rxr,

ful, ,G'ln )+ £, (G'lpy A4)2 £, 1)
Forall r >, consider
y(f,d, 1 <ad, 1L DB L D(hd, 00))
= a(l,,, ,GL,)B(, Gl (f,(GL, ,GL))
<€, 1) £y, L ) ful L),

fbl(lpy rlry+l )+fb1(lp +1 /lr )_fbl(lr Ilr )

)]

that lmphes fhl(lpyH’ lry+1) = C.(fbl(lp, 4 lvr )’fhl(lpy 4 lpy+1 )’ fbl(lr, 4 lrr+1 )’

fbl(lpy /lry+l )+fhl(lp +1 Ilr )7fbl(lr /lr )

2vv 7y

Now,
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fbl (lpr 4 lry ) = fbl(lpy ’lpﬁ-l ) + fbl (lpr+1’lr,+1) + fbl(lrﬁl ’lrr )
< fbl (lp, 4 lp,+1 ) + fbl (lr,+1 4 lry ) + g(f;ﬂ (lpy 4 lr, )’ fbl (lp, 4 lpr+1 )’

L, Lol
f‘hl(lrr’lyy-ﬂ)’ Jo(ly, 1 1);fbl(py 1 y))/
Using (2.5) and (2.8) as well as imposing liminfr — o, we obtain
£<0+0+{(g,0,0,&"), where
E, —lim fbl (lpr /lr,+1 )+fb1(lp,+1 rlry )_fbl (lrr rlry )

<limsup JorCy, e )+ for (L oy 1)+ for (B 1.0y, )+ for (1, 1 )=0

r—0 2

_ e+0+0+¢
2

= E&.

Hence, €< § (¢,0,0,&") <maxle,0,0,€'} = €; a contradictory situation.
So, {l } is Cauchy in (E, f,,K>1). Butas (E, f,,, K=1) is complete,
therefore, there is I € E such that I, - and

full D =limf, (= Hm £, (1,,1,)=0.

If we assume G to be continuous, then I >l=1 = Gl, -Gl

But, unicity of limit implies Gl =lor if E is (¢, B)-regular w.rt. G,
then a&(I,Gl)>1 and B(I,Gl)>1.

Let’s take GI#1. Now

W(K £, (GL,G) <6l ,GL)B(L,GL Wr(K* £, (G ,GI))

<YKEL @D, fu L), £y LG,

For (L GO+ fin (LGl )= fur (l,l)))
2K ’

that implies
Kyl GO <K £y0,0), £, ), £, 0,0, PO I

. : : : 1,,GI LGL)~ fu (L1
i, £y (0, OO S S0, £y 0,0, 0), £, 1, G, PC S EL Ty,
Applying liminfr — o and by Proposition 1.12, we get
2 L LG <2:8(0,0, £,(1,GD, ),
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= f,(1,G)<£(0,0, £, (1,GI), D),

where

I=limsup

r—m

ol GO+ f (L) Kfy (1L,GD+0 _ fu(1,G])
—or- <limsup .

r—om 2K 2

Thus, f,(I,G)<¢(0,0, f,(,GI),I)<max{0,0, f,(,GI), 1} = f,(,GI)
This is contradictory; as a result, Gl=1.

If Gw=w for weE, therefore, given the circumstance, B(w,w) >1.
Assume that [ # w and consider

y(K* £, (1,w)) = y(K* £, (GL, Gw))
<61, G B(w, Gy (K* f, (Gl, Gw))

<W(K€_1é(fbl(l w), fbl(l Gl),fb,(w,Gw),

for(LGw)+ fiu (w,Gl)~fiu (1, l)))
2K

that implies
stbz(l/w) < Ke—lé(fbl(l,w)lfbl(Z’Gl),fbl(w GZU) fu( le)*beZIZU G- fu(L1)
. l,
- fbl(z,w)s%g( fb,(z,w),o,o,w)

1 (Lw)
< fmax{fbl(l,w),0,0, fble }

_ full,w)
=,

which is contradictory. Therefore, I =w.

Example 2.4: Let E=[0,+w) and define f,,: EXE — [0,+) by f, (l,w) =
(I+w)* ¥V I, weE. Then, f,is bML, but not a b-metric on E.

Define G:E—E as G(l)—f and aﬂ ExE — [0,4), ¥ ¥,
{,’eY’ as:

a(l,w) = B(l,w) = { if LweE 2.9)

0 otherwise,
y()=land {(s,,5,,5,,5,) = ymaxis, s, s,,5,}
For I,w e E; (2.1)is satisfied. Also, G is (¢, ) -admissible; E is (¢, B)

-regular w.r.t. G; a(l,, Gl ,)=1 and ﬁ(l Gl ,)=1 for [ =1€E.
Thus, all claims of Theorem 2.3 aremetand O is sole fixed point of G
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